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Abstract 



This Dissertation collects results of my own work on the interpretation, characterization, quan- 
tification and application of bipartite and multipartite entanglement in Gaussian states of 
continuous variable (CV) systems0 

In the context of investigating connections between bipartite entanglement and global and 
local degrees of information [GAll [GA6] . we show how entanglement of two-mode Gaussian 
states can be accurately quantified in terms of the global and local amounts of mixedness 
[GA2|[GA3] . and efFiciently estimated experimentally by direct measurements of the associated 
purities [GA2I [gas] . More generally, we discuss different measures of bipartite entanglement 
and show their inequivalence in ordering two-mode Gaussian states [GA7] . For multimode 
Gaussian states endowed with local symmetry with respect to a given bipartition, we show 
how the multimode block entanglement can be completely and reversibly localized onto a 
single pair of modes by local, unitary operations [GA4|[GA5] . 

We then analyze the distribution of entanglement among multiple parties in multimode 
Gaussian states [GA12], introducing a new entanglement monotone, the 'contangle', adapted 
to a CV scenario [GAIO] , We prove that, in all Gaussian states of an arbitrary number of modes, 
entanglement distributes (as already observed for qubit systems) according to a monogamy 
law [GAlOllGAlS] . Focusi ng on three-mode Gaussian states, we study their genuine tripartite 
entanglement by means of the residual contangle [GAIO] . we discuss their usefulness for quan- 
tum communication implementations [GA16] . and we investigate in detail their distributed 
entanglement structure [GAll] . evidencing how, under a strong symmetry, an arbitrary tripar- 
tite entanglement coexists with a limited, nonzero bipartite entanglement: a feature named 
'promiscuous' entanglement sharing [GAIO] , We then unfold how in four-mode Gaussian states 
with more relaxed symmetry constraints, entanglement can be infinitely promiscuous (at vari- 
ance with the corresponding states of qubits), with a coexistence of an unlimited four-partite 
entanglement and an unlimited residual bipartite entanglement in two pairs of modes [GA19] . 

We moreover study entanglement distribution in harmonic lattices with an underlying 'va- 
lence bond' structure [GA13, GA17], and, in the general case of pure A/-mode Gaussian states, 
we provide standard forms under local operations [GA18], which yield an efficient character- 
ization of generic entanglement, together with an optimal scheme to engineer such states in 
the lab with minimal resources [GA14] . Operationally, multipartite entanglement in symmetric 
A/-mode Gaussian resources is qualitatively and quantitatively proven to be equivalent to the 
success of multiparty CV quantum teleportation networks [GA9J. We conclude with an applica- 
tion of our machinery to a relativistic setting: namely, we study Gaussian entanglement sharing 
between modes of a free scalar field from the perspective of observers in relative acceleration, 
interpreting the entanglement loss due to the Unruh effect in the light of a redistribution of 
entanglement between accessible and unaccessible causally disconnected modes [GA20]. Such 
studies are of relevance in the context of the information loss paradox in black holes [GA21j . 



Most of the researc h ach ievements presented here are published in (or under consideration for) scientific 
papers, as listed on page I27l1 My publications will be quoted as [GAx] througho ut the Dissertation. Some 
results, excluding the most recent advances, are also summarized in a book c hapter [GA22] . The structural and 
theoretical parts of this Dissertation are the basis for a review article [GA231 . 
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Introduction 



About eighty years after their inception, quantum mechanics and quantum theory 
are still an endless source of new and precious knowledge on the physical world 
and at the same time keep evolving in their mathematical structures, conceptual 
foundations, and intellectual and cultural implications. This is one of the reasons 
why quantum physics is still so specially fascinating to all those that approach it 
for the first time and never ceases to be so for those that are professionally involved 
with it. In particular, since the early nineties of the last century and in the last 
ten-fifteen years, a quiet revolution has taken place in the quantum arena. This 
revolution has progressively indicated and clarified that aspects once thought to be 
problematic, such as quantum non-separability and "spooky" actions at a distance, 
are actually not only the origin of paradoxes but rather some of the key ingredients 
that are allowing a deeper understanding of quantum mechanics, its applications 
to new and exciting fields of research (such as quantum information and quantum 
computation) , and tremendous progress in the development of its mathematical and 
conceptual foundations. Among the key elements of the current re-foundation of 
quantum theory, entanglement certainly plays a very important role, also because it 
is a concept that can be mathematically qualified and quantified in a way that allows 
it to provide new and general characterizations of quantum properties, operations, 
and states. 

The existence of entangled states, stemming directly from the superposition 
principle, can be regarded as a founding feature, or better "the characteristic trait" 
(according to Schrodinger) of quantum mechanics itself. Entanglement arises when 
the state of two or more subsystems of a compound quantum system cannot be 
factorized into pure local states of the subsystems. The subsystems thus share 
quantum correlations which can be stronger than any classical correlation. Quan- 
tum information science was born upon the key observation that the exploitation 
of such nonclassical correlations enables encoding, processing and distribution of 
information in ways impossible, or very inefficient, with classical means. Hence 
the possibility of implementing entangled resources resulted in futuristic proposals 
(quantum teleportation, quantum cryptography, quantum computation, ...) which 
are now made, to a certain extent, into reality. On a broader perspective, it is now 
recognized that entanglement plays a fundamental role in the physics of many-body 
systems, in particular in critical phenomena like quantum phase transitions, and in 
the description of the interactions between complex systems at the quantum scale. 

Despite its prominent role in the physics of microscopic but also macroscopic 
systems, it still stands as an open issue to achieve a conclusive characterization 
and quantification of bipartite entanglement for mixed states, and especially to 
provide a definition and interpretation of multipartite entanglement both for pure 
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states and in the presence of mixedness. While important insights have been gained 
on these issues in the context of qubit systems (two-level quantum systems tradi- 
tionally employed as the main logical units for quantum computing and quantum 
information in general), a less satisfactory understanding has been achieved until 
recent times on higher-dimensional systems, as the structure of entangled states 
in Hilbert spaces of high dimensionality scales exhibiting a formidable degree of 
complexity. 

However, and quite remarkably, in systems endowed with infinite-dimensional 
Hilbert spaces (where entanglement can arise between degrees of freedom with con- 
tinuous spectra) , recent advances have been recorded for what concerns the under- 
standing and the quantification of the entanglement properties of a restricted class 
of states, the so-called Gaussian states. Gaussian states distinctively stand out of 
the infinite variety of continuous variable systems, because on one hand they allow 
a clean framework for the analytical study of the structure of non-local correla- 
tions, and on the other hand they are of great practical relevance in applications to 
quantum optics and quantum information. Two-mode and multimode coherent and 
squeezed Gaussian states are indeed key resources, producible and manipulatable 
in the lab with a high degree of control, for a plethora of two-party and multi-party 
quantum communication protocols, ranging from deterministic teleportation and 
secure key distribution, to quantum data storage and cluster computation. 

This PhD Dissertation collects my personal contributions to the understanding, 
qualification, quantification, structure, production, operational interpretation, and 
applications of entanglement in Gaussian states of continuous variable systems. Let 
us briefiy mention some of the most important results, the majority of which have 
appeared in Refs. [GA2l - [GA20] . 

In the first place we enriched the well-established theory of bipartite entan- 
glement in two-mode Gaussian states, providing new physically insightful connec- 
tions between the entanglement and the degrees of information associated with 
the global system and its subsystems. We thus showed that the negativity (an 
entanglement monotone) can be accurately qualified and quantitatively estimated 
in those states by direct purity measurements. We also proved that different en- 
tanglement quantifiers (negativities and Gaussian entanglement measures) induce 
inequivalent orderings on the set of entangled, nonsymmetric two-mode Gaussian 
states. We then extended our scope to investigate multimode, bipartite entangle- 
ment in A^-mode Gaussian states endowed with some symmetry constraints, and 
its scaHng with the number of the modes; this study was enabled by our central 
observation that entanglement in such states is unitarily localizable to an effec- 
tive two-mode entanglement. We could thus extend the validity of the necessary 
and sufficient positive-partial-transposition condition for separability to bisymmet- 
ric Gaussian states of an arbitrary number of modes, and exactly quantify the block 
entanglement between different mode partitions, revealing signatures of a genuine 
multipartite entanglement arising among all modes. Under these premises, we de- 
veloped ex novo a theory of multipartite entanglement for Gaussian states, based 
on the crucial fact that entanglement cannot be freely shared and its distribution 
is constrained to a monogamy inequality, which we proved to hold for all (pure 
and mixed) A^-mode Gaussian states distributed among N parties. To this aim, we 
introduced new continuous variable entanglement monotones, namely (Gaussian) 
'contangle' and Gaussian tangle, for the quantification of entanglement sharing in 
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Gaussian states. Implications of this analysis include, in particular, the definition 
of the 'residual contangle' as the first bona fide measure of genuine multipartite 
(specifically, tripartite) entanglement in a continuous variable setting, a complete 
quantitative analysis of multipartite entanglement in the paradigmatic instance of 
three- mode Gaussian states, the discovery of the promiscuous nature of entangle- 
ment sharing in symmetric 'GHZ/W Gaussian states, and the demonstration of 
the possible coexistence of unHmited bipartite and multipartite entanglement in 
states of at least four modes. 

Our investigation was not confined to theoretical and structural aspects of en- 
tanglement only. Along parallel lines, we got interested on one hand in how to 
produce bipartite and/or multipartite entanglement in the lab with efficient means, 
and on the other hand in how to optimally employ such entanglement for practical 
applications, endowing the entanglement itself with an operational interpretation. 
In the case of two-mode Gaussian states, we joined an experiment concerning pro- 
duction, characterization and manipulation of entanglement in the context of quan- 
tum optics. In the three- and four-mode instances, we proposed several schemes to 
efficiently engineer family of Gaussian states with relevant entanglement properties. 
In general, we devised an optimal scheme to produce generic pure A^-mode Gaussian 
states in a standard form not encoding direct correlations between position and mo- 
mentum operators (and so encompassing all the instances of multimode Gaussian 
states commonly employed in practical implementations); such an analysis allows 
to interpret entanglement in this subclass of Gaussian states entirely in terms of the 
two-point correlations between any pair of modes. In this respect, one theoretical 
result of direct interest for the characterization of entanglement in Gaussian states, 
is the qualitative and quantitative equivalence we established between the presence 
of bipartite (multipartite) entanglement in two-mode (A^-mode) fully symmetric 
Gaussian states shared as resources for a two-party teleportation experiment (A^- 
party teleportation network), and the maximal fidelity of the protocol, optimized 
over local single-mode unitary operations performed on the shared resource. In the 
special case of three-mode, pure GHZ/iy states, this optimal fidelity is a mono- 
tonically increasing function of the residual contangle (which quantifies genuine tri- 
partite entanglement), providing the latter with a strong operational significance. 
Based on this equivalence, we presented a proposal to experimentally verify the 
promiscuous sharing structure of tripartite Gaussian entanglement in such states 
in terms of the success of two-party and three-party teleportation experiments. 
Telecloning with three-mode Gaussian resources was also thoroughly investigated. 

We finally considered two applications of the Gaussian machinery to the com- 
panion areas of condensed matter/statistical mechanics, and relativity theory. Con- 
cerning the former, we studied entanglement distribution in ground states of trans- 
lationally invariant many-body harmonic lattice systems endowed with a Gaussian 
'valence bond' structure. We characterized the range of correlations in such har- 
monic models, connecting it to the degree of entanglement in a smaller Gaussian 
structure, named 'building block', which enters in the valence bond construction. 
We also discussed the experimental production of Gaussian valence bond states of 
an arbitrary number of modes, and their usefulness for multiparty telecloning of 
coherent states. On the other hand, in a relativistic setting we studied the distri- 
bution of entanglement between modes of a free scalar field from the perspective 
of observers in relative acceleration. The degradation of entanglement due to the 
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Unruh effect was analytically characterized for two parties sharing a two-mode 
Gaussian state in an inertial frame, in the cases of either one or both observers 
undergoing uniform acceleration. Within the monogamy framework, we precisely 
explained the loss of entanglement as a redistribution of the inertial entanglement 
into multipartite quantum correlations among accessible and unaccessible modes 
from a non-inertial perspective. 

This Dissertation is organized as follows. 

Part U is devoted to introducing the main ingredients of our analysis, entan- 
glement on one side, and Gaussian states on the other. In particular. Chapter 
[U contains the basics of entanglement theory: how to quantify quantum informa- 
tion, the separability problem, different entanglement measures, and a discussion 
on entanglement sharing. In Chapter [2] we give a self-contained introduction to 
phase-space and symplectic methods in the study of Gaussian states of infinite- 
dimensional bosonic systems, we discuss the covariance matrix formalism, and we 
provide a classification of pure and mixed Gaussian states according to the various 
standard forms that the associated covariance matrices can take. 

We collect in Part HIl all results concerning bipartite entanglement of Gauss- 
ian states with two or more modes. In Chapter [3] we illustrate the machinery of 
bipartite entanglement qualification and quantification in Gaussian states. The 
massive Chapter |4] contains our specific results on two-mode Gaussian states, in- 
cluding the existence of extremally (minimally and maximally) entangled states at 
given degrees of mixedness, and the different orderings induced on entangled states 
by different measures of entanglement. In Chapter [5] we describe the unitary (and 
therefore reversible) localization of bipartite multimode entanglement to a bipartite 
two-mode entanglement in fully symmetric and bisymmetric multimode Gaussian 
states, and its scaling with the number of modes. 

Multipartite entanglement of Gaussian states is the topic of Part IIIII In Chap- 
ter [6] we present our crucial advances in the understanding of entanglement sharing 
in multimode Gaussian states, including the proof of the monogamy inequality 
on distributed entanglement for all Gaussian states. Multipartite entanglement of 
three-mode Gaussian states is analyzed in Chapter [7] by discussing the structural 
properties of such states, and the main consequences of the monogamy inequality, 
such as the quantification of genuine tripartite entanglement, and the promiscuous 
nature of entanglement sharing in Gaussian states with symmetry properties. Chap- 
ter [8] deals with the remarkable property of multipartite entanglement in Gaussian 
states (as opposed to low-dimensional systems), to coexist to an arbitrary extent 
with bipartite entanglement, in simple famihes of states of at least four modes, 
within the holding of the monogamy inequality. 

In Part llVl we show how to engineer multimode Gaussian resources with optical 
means. Chapter[9] contains schemes for the production of extremally entangled two- 
mode states, as well as experimental results on the production, characterization and 
manipulation of two- mode entanglement with a novel optical setup. In Chapter [TOl 
we provide a systematic investigation on the preparation of several families of three- 
and four-mode Gaussian states with peculiar entanglement properties, providing 
efficient schemes. Chapter [TT] deals instead with the general instance of pure TV- 
mode Gaussian states, in which case for the relevant family of 'block-diagonal' 
states an optimal state engineering recipe is proposed, which enables to connect 
generic entanglement to operationally meaningful resources. 
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The companion Part [V] looks at entanglement from a practical perspective for 
quantum information and communication implementations, and other less conven- 
tional applications. Bipartite and multipartite teleportation-based communication 
(including telecloning) with Gaussian states is studied in Chapter [121 where the 
equivalence between optimal teleportation fidelity and shared entanglement is es- 
tablished, together with an experimentally testable connection between teleporta- 
tion efficiency, multipartite entanglement, and promiscuous sharing structure. En- 
tanglement distribution and the investigation of the correlation range in many-body 
harmonic rings with a Gaussian valence bond structure is addressed in Chapter [T3l 
The degradation of Gaussian entanglement as detected by accelerated observers is 
instead investigated in Chapter [HI and interpreted in terms of an entanglement 
re-distribution in multipartite form among accessible and unaccessible modes from 
a non-inertial perspective. 

Part I VII concludes this Dissertation with a summary on the various applications 
of Gaussian entanglement not covered by our personal research, a brief discussion 
about recent advances in the qualification and quantification of entanglement in 
non-Gaussian states — a field of investigation that is to a large extent yet to be 
fully explored — and an overview on open problems and current research directions. 
Appendix [A] contains some tools of symplectic analysis necessary for the structural 
characterization of the covariance matrix of pure Gaussian states. 



CHAPTER 1 



Characterizing entanglement 

According to Erwin Schrodinger, quantum entanglement is not "one but rather the 
characteristic trait of quantum mechanics, the one that enforces its entire departure 
from classical lines of thought" [201j . Entanglement has been widely recognized as 
a fundamental aspect of quantum theory, stemming directly from the superposition 
principle and quantum non-factorizability. Remarkably, it is now also acknowl- 
edged as a fundamental physical resource, much on the same status as energy and 
entropy, and as a key factor in the realization of information processes otherwise 
impossible to implement on classical systems. Thus the degree of entanglement and 
information are the crucial features of a quantum state from the point of view of 
Quantum Information Theory [16311111) . Indeed, the search for proper mathemati- 
cal frameworks to quantify such features in general (mixed) quantum states cannot 
be yet considered accomplished. In view of such considerations, it is clear that the 
full understanding of the relationships between the quantum correlations contained 
in a multipartite state and the global and local {i.e. referring to the reduced states 
of the subsystems) degrees of information of the state, is of critical importance. 
In particular, it would represent a relevant step towards the clarification of the 
nature of quantum correlations and, possibly, of the distinction between quantum 
and classical correlations in mixed quantum states [1121 flSl llOlj . 

We open this Chapter with a discussion about the interpretation and measures 
of information in quantum systems. We then move to a detailed discussion about 
quantum entanglement, its definition, qualification and quantification in the bi- 
partite and, to some extent, in the multipartite setting. Special attention will be 
devoted to the fundamental property of entanglement to be distributed in a so-called 
"monogamous" way, and the implications of such feature for the characterization of 
many-body entanglement sharing. 



1.1. Information contained in a quantum state 

Both discrete- variable and continuous- variable systems, endowed respectively with 
a finite-dimensional and a infinite-dimensional Hilbert space, can be efficiently em- 
ployed in quantum information theory for the encoding, manipulation and transmis- 
sion of information. In this context, it is natural to question how much information 
a quantum state contains. 

Suppose we have prepared a physical system in a certain state and we would 
like to test the system somehow, for instance with a measurement. Before perform- 
ing the experimental verification, we can only predict the probabilities pi,. . . ,pn 
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associated to the possible outcomes. After the measurement, one of these out- 
comes will have occurred and we will possess a complete information (certainty) 
about the state of our system. 

The degree of information contained in a state corresponds to how much cer- 
tainty we possess a priori on predicting the outcome of any test performed on the 
state pTT] . 

1.1.1. Purity and linear entropy 

The quantification of information will in general depend not only on the state 
preparation procedure, but also on the choice of the measurement with its associated 
probabilities {pk}- If for any test one has a complete ignorance (uncertainty), i.e. for 
a system in a A''-dimensional Hilbert space one finds pk = 1/N V k, then the state is 
maximally mixed, in other words prepared in a totally random mixture, with density 
matrix proportional to the identity, Qm = 1n/N. For instance, a photon emitted 
by a thermal source is called 'unpolarized', reflecting the fact that, with respect 
to any unbiased polarization measurement, the two outcomes (horizontal/ vertical) 
have the same probability. The opposite case is represented by pure quantum states, 
whose density matrix is a projector Qp = such that Qp = Qp ■ A pure state of 

a quantum system contains the maximum information one has at disposal on the 
preparation of the system. All the intermediate instances correspond to a partial 
information encoded in the state of the system under consideration. 

A hint on how to quantify this information comes from the general properties 
of a quantum density operator. We recall that 

rj, 2 f = 1 P pure state ; 

^ ^ I < 1 ^ 6 mixed state . 

It is thus natural to address the trace of as purity /i of a state g, 

fiig) = Ti-g\ (1.1) 

The purity is a measure of information. For states of a Hilbert space Jff with 
dimJ^ = N, the purity varies in the range 

— < u < 1 , 

reaching its minimum on the totally random mixture, and equating unity of course 
on pure states. In the limit of continuous variable systems (TV oo), the minimum 
purity tends asymptotically to zero. 

Accordingly, the "impurity" or degree of mixedness of a quantum state g, which 
characterizes our ignorance before performing any quantum test on g, can be quan- 
tifled via the functional 

SL{g) = j/^^{l-f^) = ^^{l-Trg') . (1.2) 

The quantity Sl (ranging between and 1) defined by Eq. (|1.2p is known as linear 
entropy and it is a very useful measure of mixedness in quantum information the- 
ory due to its direct connection with the purity and the effective simplicity in its 
computation. Actually, the name 'linear entropy' follows from the observation that 
Sl can be interpreted as a first-order approximation of the canonical measure of 
lack-of-information in quantum theory, that is Von Neumann entropy. In practice, 
the two quantities are not exactly equivalent, and differences between the two will 
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be singled out in the context of characterizing entanglement, as we will see in the 
next Part. 

1.1.2. Shannon-Von Neumann entropy 

Let us go back to our physical system and to our ensemble of a priori known proba- 
bilities pi, . . . ,pn, associated to the possible outcomes of a particular measurement 
we are going to perform on the system. If we imagine to repeat the measurement 
on n copies of the system, all prepared in the same state, with n arbitrarily large, 
we can expect the outcome "system in state /' be obtained ~ nj = npj times. 
Based on our knowledge on the preparation of the system, we are in the position 
to predict the statistical frequencies corresponding to the different outcomes, but 
not the order in which the single outcomes will be obtained. Assuming that, on n 
measurement runs, outcome 1 is obtained ni times, outcome 2 n2 times, and so on, 
the total number of permutations of the n outcomes is given by (jT-l/IIfc "-fcO ■ For 
n — > oo, also the individual frequencies will diverge, nj — npj ^ co, so that by 
using StirHng's formula one finds 

log -pr"' , ~ nlogn - ?i - ^ (rife log rifc - rife) = -n'^pklogPk ■ 
The expression 

N 

S = ~^Pk^ogpk (1.3) 
fe=i 

is named entropy associated to the probability distribution {pi, . . . ,pn}: it is a 
measure of our ignorance prior to the measurement. 

The notion of entropy, originating from thermodynamics, has been reconsid- 
ered in the context of classical information theory by Shannon [213j . In quantum 
information theory the probabilities {pk} of Eq. (jl.Sp are simply the eigenvalues of 
the density matrix g, and Shannon entropy is substituted by Von Neumann entropy 
12581 

Sv = -Tr [g log (?] = - ^Pfe logpk . (1.4) 

k 

Purity /i, linear entropy Sl and Von Neumann entropy Sy of a quantum state 
g are all invariant quantities under unitary transformations, as they depend only 
on the eigenvalues of g. Moreover, Von Neumann entropy Sv{g) satisfies a se- 
ries of important mathematical properties, each reflecting a well-deflned physical 
requirement [260| . Some of them are listed as follows. 

• Concavity. 

Sv{Xigi + . . . + XnQn) > \iSvigi) + • . . + A„S'y(e„) , (1.5) 

with Xi > 0, — 1- Elq. (|1.5P means that Von Neumann entropy 

increases by mixing states, i.e. is greater if we are more ignorant about 
the preparation of the system. This property follows from the concavity 
of the log function. 

• Suhadditivity. Consider a bipartite system S (described by the Hilbert 
space = J>fi ® M2) in the state g. Then 

Sv[Q)<Sv{gi) + Sv{g2), (1.6) 
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where Qi^2 are the reduced density matrices gi,2 = Tr2,i g associated to 
subsystems 5i,2- For states of the form p*^ = gi®g2, Eq. (|1.6p is saturated, 
yielding that Von Neumann entropy is additive on tensor product states: 

Sv{gi®g2) = Sv{gi) + Sv{g2)- (1.7) 

The purity, Eq. (jl.ip . is instead multiplicative on product states, as the 
trace of a product equates the product of the traces: 

Kqi Q2) = f^igi) ■ Kq2) ■ (1.8) 

• Araki-Lieb inequality [9]. In a bipartite system, 

Sv{g)>\Svigi)~Sv{g2)\ ■ (1.9) 

Properties (|1.6p and ()1.9p are typically grouped in the so-called triangle 
inequality 

\Sv{gi) - Sv{g2)\ < Sv{g) < Sv{gi) + Sv{g2) • (1.10) 

It is interesting to remark that Ineq. (|1.6p is in sharp contrast with the analo- 
gous property of classical Shannon entropy, 

S{X,Y)>S{X),S{Y). (1.11) 

Shannon entropy of a joint probability distribution is always greater than the Shan- 
non entropy of each marginal probability distribution, meaning that there is more 
information in a global classical system than in any of its parts. On the other hand, 
consider a bipartite quantum system in a pure state g = \ip){ip\ ■ We have then 
for Von Neumann entropies: Sv{g) = 0, while Sv{gi) Svig2) > 0. The global 
state g has been prepared in a well defined way, but if we measure local observ- 
ables on the subsystems, the measurement outcomes are unavoidably random and 
to some extent unpredictable. We cannot reconstruct the whole information about 
how the global system was prepared in the state g (apart from the trivial instance 
of g being a product state g — pi (8) ^2), by only looking separately at the two sub- 
systems. Information is rather encoded in non-local and non-factorizable quantum 
correlations — entanglement — between the two subsystems. The comparison be- 
tween the relations Eq. (|1.6p and Eq. (jl.lip clearly evidences the difference between 
classical and quantum information. 

1.1.3. Generalized entropies 

In general, the degree of mixedness of a quantum state g can be characterized 
completely by the knowledge of all the associated Schatten p-norms [18j 

lbllp = (Tr|gr)^ = (Tr^^f)^ withp>l. (1.12) 

In particular, the case p ~ 2 is directly related to the purity fi, Eq. (jl.ip . as it is 
essentially equivalent (up to normalization) to the linear entropy Eq. (|1.2p . The 
p-norms are multiplicative on tensor product states and thus determine a family of 
non-extensive "generalized entropies" Sp [171 1232] . defined as 

1 - TipP 

These quantities have been introduced independently Bastiaans in the context of 
quantum optics [17], and by Tsallis in the context of statistical mechanics [232] . 
In the quantum arena, they can be interpreted both as quantifiers of the degree of 
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mixedness of a state g by the amount of information it lacks, and as measures of 
the overall degree of coherence of the state. 

The generalized entropies Sp's range from for pure states to l/{p — 1) for 
completely mixed states with fully degenerate eigenspectra. We also mention that, 
in the asymptotic limit of arbitrary large p, the function Tr (f becomes a function 
only of the largest eigenvalue of g: more and more information about the state is 
discarded in such an estimate for the degree of purity; considering for any non- 
pure state Sp in the limit p — *■ oo, yields a trivial constant null function, with no 
information at all about the state under exam. We also note that, for any given 
quantum state, Sp is a monotonically decreasing function of p. 

Finally, another important class of entropic measures includes the Renyi en- 
tropies [194] 

S-^^^, P>1. (1.14) 

It can be shown that [207] 

lim Sp = lim S^^-Tt {g\og g) = Sy , (1.15) 

SO that also the Von Neumann entropy, Eq. (|1.4p . can be defined in terms of p-norms 
and within the framework of generalized entropies. 

1.1.4. Mutual information 

The subadditivity property (|1.6p of Von Neumann entropy is at the heart of the 
measure typically employed in quantum information theory to quantify total — 
classical and quantum — correlations in a quantum state, namely the mutual in- 
formation [lOlj 

I{g) = Sv{gi) + Sv{g2)'Sv{g), (1.16) 

where g is the state of the global system and gi,2 correspond to the reduced density 
matrices. Mutual information quantifies the information we obtain on g by looking 
at the system in its entirety, minus the information we can extract from the separate 
observation of the subsystems. It can in fact be written as relative entropy between 
g and the corresponding product state g^ = gi^ g2, 

IiQ)^SR{g\\g^), (1.17) 

where the relative entropy, a distance-like measure between two quantum states in 
terms of information, is defined as [243] 



SR{g\\a) = -Sv{g)-Tr [gloga]=Tr [g (log g - log a)] . (1.18) 

If g is a pure quantum state [Sv{g) = 0], the Von Neumann entropy of its 
reduced states Svigi) = Sv{g2) quantifies the entanglement between the two par- 
ties, as we will soon show. Being I{g) = 2Svigi) = 2Sv{g2) in this case, one says 
that the pure state also contains some classical correlations, equal in content to the 
quantum part, Sv{gi) = Sv{g2)- 

In mixed states a more complex scenario emerges. The mere distinction between 
classical correlations, i.e. producible by means of local operations and classical com- 
munication (LOCC) only, and entanglement, due to a purely quantum interaction 
between subsystems, is a highly nontrivial, and not generally accomplished yet, 
task fTT2lfl0l1. 
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We are now going to summarize the most relevant results to date concerning 
the qualitative and quantitative characterization of entanglement. 

1.2. Entanglement and non-locality 

From a phenomenological point of view, the phenomenon of entanglement is fairly 
simple. When two physical systems come to an interaction, some correlation of a 
quantum nature is generated between the two of them, which persists even when 
the interaction is switched off and the two systems are spatially separatecH. If we 
measure a local observable on the first system, its state collapses of course in an 
eigenstate of that observable. Surprisingly, also the state of the second system, 
wherever it is (in the ideal case of zero environmental decoherence) , is modified 
instantly. Responsible for this "spooky action at a distance" [73j is the non-classical 
and non-local quantum correlation known as entanglement. 

Suppose we have a bipartite or multipartite quantum state: well, the answer 
to an apparently innocent question like 

Does this state contain quantum correlations? 

is extremely hard to be achieved [1111 fl3l 1188) . The first step concerns a basic 
understanding of what such a question really means. 

One may argue that a system contains quantum correlations if the observables 
associated to the different subsystems are correlated, and their correlations cannot 
be reproduced with purely classical means. This implies that some form of in- 
separability or non-factorizability is necessary to properly take into account those 
correlations. For what concerns globally pure states of the composite quantum sys- 
tem, it is relatively easy to check if the correlations are of genuine quantum nature. 
In particular, it is enough to check if a Bell-CHSH inequality [191 EH] is violated 
[96] . to conclude that a pure quantum state is entangled. There are in fact many 
different criteria to characterize entanglement, but all of them are practically based 
on equivalent forms of non- locality in pure quantum states. 

These equivalences fade when we deal with mixed states. At variance with a 
pure state, a mixture can be prepared in (generally infinitely) many different ways. 
Not being able to reconstruct the original preparation of the state, one cannot 
extract all the information it contains. Accordingly, there is not a completely 
general and practical criterion to decide whether correlations in a mixed quantum 
state are of classical or quantum nature. Moreover, different manifestations of 
quantum inseparability are in general not equivalent. For instance, one pays more 
(in units of Bell singlets) to create an entangled mixed state g — entanglement cost 
[24] — than what one can get back from reconverting g into a product of singlets 
— distillable entanglement [24] — via LOCC [276] . Another example is provided 
by Werner in a seminal work [264] . where he introduced a parametric family of 
mixed states (known as Werner states) which, in some range of the parameters, 
are entangled (inseparable) without violating any Bell inequality on local realism, 
and thus admitting a description in terms of local hidden variables. It is indeed 
an open question in quantum information theory to prove whether any entangled 
state violates some Bell-type inequality [11 1229] . 



Entanglement can be also created without direct interaction between the subsystems, via 
the so-called entanglement swapping [22|. 



1.3. Theory of bipartite entanglement 
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In fact, entanglement and non- locality are different resources [42]. This can 
be understood within the general framework of no-signalling theories which exhibit 
even more non-local features than quantum mechanics. Let us briefly recall what 
is intended by non- locality according to Bell [20] : there exists in Nature a channel 
that allows one to distribute correlations between distant observers, such that the 
correlations are not already established at the source, and the correlated random 
variables can be created in a configuration of space-like separation, i.e. no normal 
signal (assuming no superluminal transmission) can be the cause of the correlations 
[731 119] . A convenient description of the intriguing phenomenon of non-locality is 
already known: quantum mechanics describes the channel as a pair of entangled 
particles. But such interpretation is not the only one. In recent years, there has 
been a growing interest in providing other descriptions of this channel, mainly 
assuming a form of communication [227] , or the usage of an hypothetical "non-local 
machine" [189] able to violate the CHSH inequality [58] up to its algebraic value 
of 4 (while the local realism threshold is 2 and the maximal violation admitted by 
quantum mechanics is 2-\/2, the Cirel'son bound [57]). Usually, the motivation for 
looking into these descriptions does not come from a rejection of quantum mechanics 
and the desire to replace it with something else; rather the opposite: the goal is 
to quantify how powerful quantum mechanics is by comparing its achievements to 
those of other resources. The interested reader may have a further look at Ref. [98] . 



1.3. Theory of bipartite entanglement 

1.3.1. Pure states: qualification and quantification 

Definition 1. A pure quantum state \^) £ Jf ^ Jifi (g) is separable if it can be 
written as a product state, i.e. if there exist \lp)i e -Jfi and \x)2 S such that 



Otherwise, is an entangled state. 

Qualifying entanglement means having an operational criterion which would 
allow us to answer our original question, namely if a given state is entangled or not. 

To this aim, it is useful to write a pure quantum state in its unique Schmidt 
decomposition [191] . 



\tp) = |(/3)l (g) |x)2 = I'P^X) ■ 



(1.19) 



d 




(1.20) 



k=l 



where 



d = min{(ii, ^2} , 



(1.21) 



d 




(1.22) 



The number d of non-zero terms in the expansion ()1.20p is known as Schmidt 
number, the positive numbers {Xk} are the Schmidt coefficients, and the local 
bases {|wfe)} G Jfi and {|wfc)} G are the Schmidt bases. 
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From the Schmidt decomposition it follows that the reduced density matrices 
of IV), 

d 

k=l 
d 

Q2 = ^A2|t;,)(z;fc|. (1.23) 
k=l 

have the same nonzero eigenvalues (equal to the squared Schmidt coefficients) and 
their total number is the Schmidt number d. One can then observe that product 
states \ip) = \(p,x) cire automatically written in Schmidt form with d = 1, i.e. the 
reduced density matrices correspond to pure states {gi = | </?)(</? | , g2 = |x)(xl)- On 
the other hand, if a state admits a Schmidt decomposition with only one coefficient, 
then it is necessarily a product state. We can then formulate an entanglement 
criterion for pure quantum states. Namely, a state \tp) of a bipartite system is 
entangled if and only if the reduced density matrices describe mixed states, 

IV') entangled <^ d > 1 , (1-24) 

with d defined by Eq. (fl^ . 

We thus retrieve that bipartite entanglement of pure quantum states is quali- 
tatively equivalent to the presence of local mixedness, as intuitively expected. This 
connection is in fact also quantitative. The entropy of entanglement Ev{\ip)) of a 
pure bipartite state \ip) is defined as the Von Neumann entropy, Eq. (|1.4p . of its 
reduced density matrices [21] . 

d 

Evim = Svigi) = Svig2) - -E^' l^S^fe- (1-25) 

k=l 

The entropy of entanglement is the canonical measure of bipartite entanglement in 
pure states. It depends only on the Schmidt coefficients A^, not on the correspond- 
ing bases; as a consequence it is invariant under local unitary operations 

Ev[iUi®U2M) ^ Ev^W). (1.26) 

It can be shown [190| that Ev{\tp}) cannot increase under LOCC performed on the 
state \ip): this is a fundamental physical requirement as it refiects the fact that 
entanglement cannot be created via LOCC only [24511249] . It can be formaHzed as 
follows. Let us suppose, starting with a state \ip) of the global system S, to perform 
local measurements on Si and 52, and to obtain, after the measurement, the state 
\(pi) with probability pi, the state \ip2) with probability p2, and so on. Then 

Evm)>Y.PkEv{\ipk)). (1.27) 

A: 

Note that entanglement cannot increase on average, i.e. nothing prevents, for a 
given k, that Ev{\(pk)) > Ev{\ip))- On this the concept of entanglement distillation 
is based [23l [24l [97] : with a probability pk , it is possible to increase entanglement 
via LOCC manipulations. 



1.3. Theory of bipartite entanglement 
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1.3.2. Mixed states: entanglement vs separability 

A mixed state g can be decomposed as a convex combination of pure states, 

g^^Pfel^fcXV'fcl. (1.28) 

k 

Eq. (|1.28p tells us how to create the state described by the density matrix g: we 
have to prepare the state l-^i) with probability pi, the state \ip2) with probability 
P2, etc. For instance, we could collect N copies {N ^ 1) of the system, prepare 
Uk — Npk of them in the state {ipk), and pick a random system. 

The problem is that the decomposition of Eq. (|1.28p is not unique: unless 
g is already a pure state, there exist infinitely many decompositions of a generic 
g in ensembles of pure states, meaning that the mixed state can be prepared in 
infinitely many different ways. One can expect that this has some consequence on 
the entanglement. Let us suppose we have a bipartite system and we detect, by local 
measurements, the presence of correlations between the two subsystems. Given the 
ambiguity on the state preparation, we cannot know a priori if those correlations 
arose from a quantum interaction between the subsystems (meaning entanglement) 
or were induced by means of LOCC (meaning classical correlations). It is thus 
clear that a mixed state can be defined separable (classically correlated) if there 
exist at least one way of engineering it by LOCC; on the other hand it is entangled 
(quantumly correlated) if, among the infinite possible preparation procedures, there 
is no one which relies on LOCC only [264] . 

Definition 2. A mixed quantum state g of a bipartite system, described by the Hilbert 
space = .yf\ ® is separable if and only if there exist coefficients {pk \pk > 
0, J2kP>^ ^ 1}' states {dk} e r^fi and {rk} G such that 

£' = H?'fe • (1-29) 

fc 

Otherwise, g is an entangled state. 

For pure states, the expansion Eq. (|1.29p has a single term and we recover 
Def. [H i.e. the only separable pure states are product states. For mixed states, not 
only product states (containing zero correlations of any form) but in general any 
convex combination of product states is separable. This is obvious as the state of 
Eq. (|1.29p contains only classical correlations, since it can be prepared by means of 
LOCC. 

However, Def. [2] is in all respects impractical. Deciding separability according 
to the above definition would imply checking all the infinitely many decomposition 
of a state g and looking for at least one of the form Eq. (|1.29p . to conclude that 
the state is not entangled. This is clearly impossible. For this reason, several 
operational criteria have been developed in order to detect entanglement in mixed 
quantum states [1441 [43l I143| . Two of them are discussed in the following. 

1.3.2.1. Positive Partial Transposition criterion. One of the most powerful results 
to date in the context of separability criteria is the Peres-Horodecki condition 
[1781 1118] . It is based on the operation of partial transposition of the density 
matrix of a bipartite system, obtained by performing transposition with respect to 
the degrees of freedom of one subsystem only. Peres criterion states that, if a state 
gs is separable, then its partial transpose gj^ (with respect e.g. to subsystem iSi) is 
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a valid density matrix, in particular positive semidefinite, gj^ > 0. The same holds 
naturally for gj^ . Positivity of the partial transpose (PPT) is therefore a necessary 
condition for separability [178j . The converse {i.e. > =4> g separable) is in 
general false. The Horodecki's have proven that it is indeed true for low-dimensional 
systems, specifically bipartite systems of dimensionality 2x2 and 2 x 3, in which 
case PPT is equivalent to separability [118] . For higher dimensional systems, PPT 
entangled states (with > 0) have been shown to exist [122] . These states are 
known as bound entangled [119] as their entanglement cannot be distilled to obtain 
maximally entangled states. The existence of bound entangled (undistillable) states 
with negative partial transposition is conjectured as well (7T][68], yet a fully rigorous 
analytical proof of this fact is still lacking [1]. 

Recently, PPT criterion has been revisited in the continuous variable scenario 
by Simon [218] . who showed how the transposition operation acquires in infinite- 
dimensional Hilbert spaces an elegant geometric interpretation in terms of time 
inversion (mirror refiection of the momentum operator). It follows that the PPT 
criterion is again necessary and sufficient for separability in all (1 -f iV)-mode 
Gaussian states of continuous variable system^ with respect to 1 x bipartitions 
[2181 ITOI 1265] ■ We have extended its vaHdity to "bisymmetric" M x N Gaussian 
states [GA5] . i.e. invariant under local mode permutations in the M-mode and in 
the iV-mode partitions, as detailed in Sec. 13.1.11 

1.3.2.2. Entanglement witnesses. A state g is entangled if and only if there exists 



a Hermitian operator W such that Tr 



< and Tr 



> for any state 



Wg 

a G Si, where ^ C is the convex and compact subset of separable states 
[11811229] . The operator W is the witness responsible for detecting entanglement in 
the state g. According to the Hahn-Banach theorem, given a convex and compact 
set ^ and given g ^ ^, there exists an hyperplane which separates g from ^. 
Optimal entanglement witnesses induce an hyperplane which is tangent to the set 
^ [145] . A sharper detection of separability can be achieved by means of nonlinear 
entanglement witnesses, curved towards the set ^ of separable states [1051 1125) . 

Entanglement witnesses are quite powerful tools to distinguish entangled from 
separable states, especially in practical contexts. With some preliminary knowledge 
about the form of the states one is willing to engineer or implement in a quantum 
information processing, one can systematically find entanglement witnesses in terms 
of experimentally accessible observables, to have a direct tool to test the presence 
of quantum correlations, as demonstrated in the lab [151 [30l ri06l 1148] . 

1.3.3. Mixed states: quantifying entanglement 

The issue of quantifying bipartite entanglement cannot be considered accomplished 
yet. We are assisting to a proliferation of entanglement measures, each motivated 
by a special context in which quantum correlations play a central role, and each 
accounting for a different, sometimes inequivalent quantification and ordering of 
entangled states. Detailed treatments of the topic can be found e.g. in Refs. [43M117I 
11881 154] . In general, some physical requirements any good entanglement measure 
E should satisfy are the following. 



^Gaussian states of a Af-mode continuous variable system are by definition states whose 
characteristic function and quasi-probability distributions are Gaussian on a 2A'^-dimensional real 
phase space. See Chapter [2] for a rigorous definition. 
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1.3.3.1. Properties of entanglement monotones. 

• Nullification. E{g) > 0. If g is separable, then E{g) = 0. 

• Normalization. For a maximally entangled state in d x d dimension, 
1$) = {Eto /Vrf, it should be 

=logd. (1.30) 

• Local invariance. The measure E{g) should be invariant under local 
unitary transformations, 

E ((?7i ® U2) g {Ul ® J/l)) = E{g) . (1.31) 

• LOCC monotonicity. The measure E{g) should not increase on average 
upon application of LOCC transformations, 

E{d^^^^{g))<E{g), (1.32) 

• Continuity. The entanglement difference between two density matrices 
infinitely close in trace norm should tend to zero, 

\\g-a\\^0 E{g) - E{a) 0. (1.33) 

Additional requirements (not strictly needed, and actually not satisfied even by 
some 'good' entanglement measures), include: additivity on tensor product states, 
E{g^^) = NE{g); convexity, E{Xg+ (1 - X) a) < XE{g) + (1 - X) E{a) with 
< A < 1; reduction to the entropy of entanglement Eq. (|1.25p on pure states. 
The latter constraint is clearly not necessary, as it is enough for a quantifier E'{g) 
to be a strictly monotonic and convex function of another measure E"{g) which 
satisfies the above listed properties, in order for E'{g) to be regarded as a good 
entanglement measure. Another interesting property a good entanglement measure 
should satisfy, which becomes crucial in the multipartite setting, is monogamy in 
the sense of Coffman-Kundu-Wootters [59] . In a tripartite state gABC , 

E{gA\(BC)) > E{gAiB) + E{gA\c) ■ (1-34) 

A detailed discussion about entanglement sharing and monogamy constraints [GA12] 
will be provided in Sec. 11.41 as it embodies the central idea behind the results of 
Part mil of this Dissertation. 

1.3.3.2. Entanglement measures. We will now recall the definition of some 'popular' 
entanglement measures, which have special relevance for our results obtained in the 
continuous variable scenario. The author is referred to Refs. [1881 [54] for better 
and more comprehensive reviews. 

• Entanglement of formation. — The entanglement of formation Epig) [S^ is 
the convex-roof extension [167] of the entropy of entanglement Eq. (|1.25p . 
i.e. the weighted average of the pure-state entanglement, 

Epig)^ mm T^PkEvili^k)), (1.35) 
{pk, \i>k)} ^ 

minimized over all decompositions of the mixed state g = X^fcPfelV'fcXV'fcl- 
An explicit solution of such nontrivial optimization problem is available 
for two qubits [273] . for highly symmetric states Hke Werner states and 
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isotropic states in arbitrary dimension [2311 1257| , and for symmetric two- 
mode Gaussian states [95] . The additivity of the entanglement of forma- 
tion is currently an open problem [l]. 

• Entanglement cost. — The entanglement cost Ec{q) [24] quantifies how 
much Bell pairs |$) = (|00) + |ll))/-\/2 one has to spend to create the 
entangled state g by means of LOCC. It is defined as the asymptotic ratio 
between the minimum number M of used Bell pairs, and the number TV 
of output copies of p, 

Ec(q) = min lim — — - . (1-36) 

^ ' {LOCC} w^oo 7V™t V ; 

The entanglement cost, a difficult quantity to be computed in general 
[252] . is equal to the asymptotic regularization of the entanglement of 
formation [llOj . Ec{g) = \imN^oo[EF{Q'^^)/N], and would coincide with 
Ep{g) if the additivity of the latter was proven. 

• Distillable entanglement. — The converse of the entanglement cost is the 
distillable entanglement [24] . which is defined as the asymptotic fraction 
M/N of Bell pairs which can be extracted from N copies of the state g 
by using the optimal LOCC distillation protocol, 

ED{g)= max lim -ttj^ ■ (1.37) 

{LOCC} N^CO I\ 

The distillable entanglement vanishes for bound entangled states. The 
quantity Ec{g) — ED(g) can be regarded as the undistillable entanglement. 
It is strictly nonzero for all entangled mixed states [276] . meaning that 
LOCC manipulation of quantum states is asymptotically irreversible apart 
from the case of pure states (one loses entanglement units in the currency 
exchange!). 

• Relative entropy of entanglement. — An intuitive way to measure entangle- 
ment is to consider the minimum "distance" between the state g and the 
convex set ^ C of separable states. In particular, the relative entropy 
of entanglement Ef{{g) [244] is the entropic distance [i.e. the quantum 
relative entropy Eq. (jl.lSp ] between g and the closest separable state a*, 

Enig) = min Tr [g (log g - log a*)] . (1.38) 

Note that the closest separable state a* is typically not the corresponding 
product state g'^ = gi®g2', the relative entropy between g and g® is indeed 
the mutual information Eq. (|1.17p , a measure of total correlations which 
therefore overestimates entanglement (being nonzero also on separable, 
classically correlated states). 

Let us recall that the all the above mentioned entanglement measures coincide 
on pure states, Ef{\'4>)) = i^cdV')) = Er{\'iI>)) = Ed{\-4>)) = Ev{\ip)), while for 
generic mixed states the following chain of analytic inequalities holds [120l[69lfll7] . 

Epig) > Ec{g) > Enig) > Eoig) . (1.39) 



• Negativities. — An important class of entanglement measures is constituted 
by the negativities, which quantify the violation of the PPT criterion for 
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separability (see Sec. I1.3.2?T|) . i.e. how much the partial transposition of 
Q fails to be positive. The negativity N {g) [2831 [74] is defined as 

A^(^')-^^y^, (1-40) 

where 



IIOIIi = Tr V(5td (1.41) 

is the trace norm of the operator O. The negativity is a computable 
measure of entanglement, being 

AA(e)=max|o,-^A^| , (1.42) 

where the {A^rj's are the negative eigenvalues of the partial transpose. 

In continuous variable systems, the negativity is still a proper entan- 
glement measure [253] . even though a related measure is more often used, 
the logarithmic negativity Ej^{g) [2531 [74l 1186] . 

E^{g) = log ^ log [1 + 2Af{g)] . (1.43) 

The logarithmic negativity is additive and, despite being non-convex, is 
a full entanglement monotone under LOCC [186j : it is an upper bound 
for the distillable entanglement [74], Ejs/{g) > Eoig), and it is the ex- 
act entanglement cost under operations preserving the positivity of the 
partial transpose [12] . The logarithmic negativity will be our measure of 
choice for the quantification of bipartite entanglement of Gaussian states 
(see Part |ll| and on it we will base the definition of a new entanglement 
measure for continuous variable systems, the contangle [GAIO] . which will 
be exploited in the analysis of distributed multipartite entanglement of 
Gaussian states (see Part lllip . 

Squashed entanglement. — Another interesting entanglement measure is 
the squashed entanglement Esq{g) [55] which is defined as 



EsqigAs) = inf 

E 



^I{gABE) 



i'CEigABE} = gAB , (1-44) 



where I{gABE) = S{gAE) + S{gBE) - S{gABE) - S{gE) is the quantum 
conditional mutual information, which is often also denoted as I {A; B\E). 
The motivation behind Esq comes from related quantities in classical cryp- 
tography that determine correlations between two communicating parties 
and an eavesdropper. The squashed entanglement is a convex entangle- 
ment monotone that is a lower bound to Epig) and an upper bound to 
ED{g), and is hence automatically equal to Ev{g) on pure states. It 
is also additive on tensor products, and continuous (Ij. Cherry on the 
cake, it is also monogamous i.e. it satisfies Eq. (|1.34p for arbitrary sys- 
tems [133] . The severe drawback which affects this otherwise ideal mea- 
sure of entanglement is its computability: in principle the minimization 
in Eq. ()1.44p must be carried out over all possible extensions, including 
infinite-dimensional ones, which is highly nontrivial. Maybe the task can 
be simplified, in the case of Gaussian states, by restricting to Gaussian 



22 



1. Characterizing entanglement 



extensions. This is currently under our investigation, but no significant 
progress has been achieved yet. 

1.3.3.3. Entanglement-induced ordering of states. Let us remark that having so many 
entanglement measures (of which only a small portion has been recalled here) means 
in particular that different orderings are induced on the set of entangled states. One 
can show that any two LOCC-monotone entanglement measures can only impose 
the same ordering on the set of entangled states, if they are actually exactly the 
same measure [255| . Therefore there exist in general pairs of states qa and qb 
such that E'{qa) > E'{qb) and E"{qa) < E"{qb), according to two different 
entanglement monotones E'{q) and E"{q) (see Sec. 14.51 for an explicit analysis in 
the case of two- mode Gaussian states [GA7| ). Given the wide range of tasks that 
exploit entanglement [163] . one might understand that the motivations behind the 
definitions of entanglement as 'that property which is exploited in such protocols' 
are manifold. This means that situations will almost certainly arise where a state qa 
is better than another state qb for achieving one task, but for achieving a different 
task g_B is better than qa- Consequently, the fact that using a task-based approach 
to quantifying entanglement will certainly not lead to a single unified perspective, 
is somehow expected. 

In this respect, it is important to know that (in finite-dimensional Hilbert 
spaces) all bipartite entangled states are useful for quantum information processing 
[151j . For a long time the quantum information community has used a 'negative' 
characterization of the term entanglement, essentially defining entangled states as 
those that cannot be created by LOCC alone [188] . However, remarkably, it has 
been recently shown that for any non-separable state q according to Def. [21 one 
can find another state a whose teleportation fidelity may be enhanced if q is also 
presenlQ [1511 11501 [35] . This is interesting as it allows us to positively characterize 
non-separable states as those possessing a useful resource that is not present in 
separable states. The synonymous use of the terms non-separable and entangled is 
hence justified. 

1.4. Multipartite entanglement sharing and monogamy constraints 

It is a central trait of quantum information theory that there exist limitations to 
the free sharing of quantum correlations among multiple parties. Such monogamy 
constraints have been introduced in a landmark paper by Coffman, Kundu and 
Wootters, who derived a quantitative inequality expressing a trade-off between the 
couplewise and the genuine tripartite entanglement for states of three qubits [59] . 
Since then, a lot of efforts have been devoted to the investigation of distributed en- 
tanglement in multipartite quantum systems. In this Section, based on Ref. [GA12] . 
we report in a unifying framework a bird's eye view of the most relevant results 
that have been established so far on entanglement sharing. We will take off from 
the domain of A'' qubits, graze qudits {i.e. d-dimensional quantum systems), and 
drop the premises for the fully continuous-variable analysis of entanglement sharing 
in Gaussian states which will presented in Part IIIIl 



We have independently achieved a somehow similar operational interpretation for (generally 
multipartite) continuous-variable entanglement of symmetric Gaussian states in terms of optimal 
teleportation fidelity [GA9| . as will be discussed in Sec. 112.21 
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1.4.1. Coffman-Kundu-Wootters inequality 

The simplest conceivable quantum system in which multipartite entanglement can 
arise is a system of three two- level particles (qubits). Let two of these qubits, say A 
and B, be in a maximally entangled state (a Bell state). Then no entanglement is 
possible between each of them and the third qubit C. In fact entanglement between 
C and A (or B) would imply A and B being in a mixed state, which is impossible 
because they are sharing a pure Bell state. This simple observation embodies, in 
its sharpest version, the monogamy of quantum entanglement [230] . as opposed to 
classical correlations which can be freely shared. 

We find it instructive to look at this feature as a simple consequence of the 
no-cloning theorem [2741 [67] . In fact, maximal couplewise entanglement in both 
bipartitions AB and AC of a three-particle ABC system, would enable perfect 1^2 
telecloning [159j of an unknown input state, which is impossible due to the linearity 
of quantum mechanics. The monogamy constraints thus emerge as fundamental 
properties enjoyed by quantum systems involving more than two parties, and play 
a crucial role e.g. in the security of quantum key distribution schemes based on 
entanglement [ST], Hmiting the possibilities of the malicious eavesdropper. Just like 
in the context of cloning, where research is devoted to the problem of creating the 
best possible approximate copies of a quantum state, one can address the question 
of entanglement sharing in a weaker form. If the two qubits A and B are still 
entangled but not in a Bell state, one can then ask how much entanglement each of 
them is allowed to share with qubit C, and what is the maximum genuine tripartite 
entanglement that they may share all together. The answer is beautifully encoded 
in the Coffman-Kundu-Wootters (CKW) inequality [59] 

where iJ^K^*^) denotes the entanglement between qubit A and subsystem (BC), 
globally in a state g, while iJ^I^^ denotes entanglement between A and B in the 
reduced state obtained tracing out qubit C (and similarly for E^^^^ exchanging 
the roles of B and C). Ineq. (|1.45p states that the bipartite entanglement between 
one single qubit, say A, and all the others, is greater than the sum of all the possible 
couplewise entanglements between A and each other qubit. 

1.4.2. Which entanglement is shared? 

While originally derived for system of three qubits, it is natural, due to the above 
considerations, to assume that Ineq. (|1.45p be a general feature of any three-party 
quantum system in arbitrary (even infinite) dimensions. However, before proceed- 
ing, the careful reader should raise an important question, namely how are we 
measuring the bipartite entanglement in the different bipartitions, and what the 
symbol E stands for in Ineq. (|1.45p . 

Even if the system of three qubits is globally in a pure state, its reductions will 
be obviously mixed. As seen in Sec. 11.3.31 there is a piebald scenario of several, 
inequivalent measures of entanglement for mixed states, and each of them must be 
chosen, depending on the problem one needs to address, and/or on the desired use 
of the entangled resources. This picture is consistent, provided that each needed 
measure is selected out of the cauldron of bona fide entanglement measures, at least 
positive on inseparable states and monotone under LOCC. Here we are addressing 
the problem of entanglement sharing: one should not be so surprised to discover that 
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not all entanglement measures satisfy Ineq. (|1.45p . In particular, the entanglement 
of formation, Eq. (|1.35p . fails to fulfill the task, and this fact led CKW to define, 
for qubit systems, a new measure of bipartite entanglement consistent with the 
quantitative monogamy constraint expressed by Ineq. (|1.45p . 

1.4.2.1. Entanglement of two qubits. For arbitrary states of two qubits, the entan- 
glement of formation, Eq. (|1.35p . has been expHcitly computed by Wootters [273] . 
and reads 

Epig) = nCig)] , (1.46) 
with T{x) = H[{1 + Vl - ^2)/2] and H{x) = -xlogja; - (1 - a;)log2(l - x). The 
quantity C{g) is called the concurrence [113j of the state g and is defined as 



C{g) = max{0, ^/Xl - VAa - V A3 - VA4} , (1.47) 

where the {A^j's are the eigenvalues of the matrix g((jy®<jy)g* {(Ty®ay) in decreasing 
order, (jy is the Pauli spin matrix and the star denotes complex conjugation in the 
computational basis = |z) ® i,j = 0,1}. Because ^{x) is a monotonic 

convex function of a; e [0, 1], the concurrence C{g) and its square, the tangle [59] 

T{g)^C^{g), (1.48) 

are proper entanglement monotones as well. On pure states, they are monotonically 
increasing functions of the entropy of entanglement, Eq. (|1.25p . 

The concurrence coincides (for pure qubit states) with another entanglement 
monotone, the negativity [283j . defined in Eq. (|1.40p . which properly quantifies 
entanglement of two qubits as PPT criterion [1781 1118] is necessary and sufficient 
for separability (see Sec. 11.3. 2.ip . On the other hand, the tangle is equal (for pure 
states IV')) to the linear entropy of entanglement El, defined as the Hnear entropy 
S'l(^)a) = 1 — TrA^?Al ^Q- P-^P - of the reduced state gA = TrB|'0)(V'| of one party. 

1.4.3. Residual tripartite entanglement 

After this survey, we can now recall the crucial result that, for three qubits, the 
desired measure E such that the CKW inequality (|1.45p is satisfied is exactly the 
tangle [59] r, Eq. (|1.48p . The general definition of the tangle, needed e.g. to compute 
the leftmost term in Ineq. (|1.45p for mixed states, involves a convex roof analogous 
to that defined in Eq. (|1.25p . namely 

t(£)) = min Vp,r(|^,)(V'.|). (1.49) 

{pi,ipi} 

With this general definition, which implies that the tangle is a convex measure on 
the set of density matrices, it was sufficient for CKW to prove Ineq. (|1.45p only for 
pure states of three qubits, to have it satisfied for free by mixed states as well [59] . 

Once one has established a monogamy inequality like Ineq. (|1.45p , the following 
natural step is to study the difference between the leftmost quantity and the right- 
most one, and to interpret this difference as the residual entanglement, not stored in 
couplewise correlations, that hence quantifies the genuine tripartite entanglement 
shared by the three qubits. The emerging measure 

^A\B\C ^ ^A\iBC) _ ^A\B0 _ ^A\C f3 ^ jq^ 

known as the three-way tangle [59], has indeed some nice features. For pure states, it 
is invariant under permutations of any two qubits, and more remarkably it has been 
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proven to be a tripartite entanglement monotone under LOCC [72] . However, no 
operational interpretation for the three-tangle, possibly relating it to the optimal 
distillation rate of some canonical 'multiparty singlet', is currently known. The 
reason lies probably in the fact that the notion of a well-defined maximally entangled 
state becomes fuzzier when one moves to the multipartite setting. In this context, 
it has been shown that there exist two classes of three-party fully inseparable pure 
states of three qubits, inequivalent under stochastic LOCC operations, namely the 
Greenberger-Horne-Zeilinger (GHZ) state [lOOj 

IV'GHZ>-^(|000)-f |111)), (1.51) 

and the W state [72] 

\^w) = ^ (1001) + 1010) + |100)) . (1.52) 

From the point of view of entanglement, the big difference between them is that 
the GHZ state has maximum residual three-party tangle [t3(?/'ghz) = 1] with zero 
couplewise quantum correlations in any two-qubit reduction, while the W state 
contains maximum two-party entanglement between any couple of qubits in the 
reduced states and it consequently saturates Ineq. (|1.45p [T3{ipw) = 0]. The full 
inseparability of the W state can be however detected by the 'Schmidt measure' 

m- 

1.4.4. Monogamy inequality for N parties 

So far we have recalled the known results on the problem of entanglement sharing in 
finite-dimensional systems of three parties, leading to the definition of the residual 
tangle as a proper measure of genuine tripartite entanglement for three qubits. 
However, if the monogamy of entanglement is really a universal property of quantum 
systems, one should aim at finding more general results. 

There are two axes along which one can move, pictorially, in this respect. One 
direction concerns the investigation on distributed entanglement in systems of more 
than three parties, starting with the simplest case of > 4 qubits (thus moving 
along the horizontal axis of increasing number of parties). On the other hand, 
one should analyze the sharing structure of multipartite entanglement in higher 
dimensional systems, like qudits, moving, in the end, towards continuous variable 
systems (thus going along the vertical axis of increasing Hilbert space dimensions) . 
The final goal would be to cover the entire square spanned by these two axes, in 
order to establish a really complete theory of entanglement sharing. 

Let us start moving to the right. It is quite natural to expect that, in a iV-party 
system, the entanglement between qubit pi and the rest should be greater than the 
total two-party entanglement between qubit pi and each of the other iV — 1 qubits. 
So the generahzed version of Ineq. (|1.45p reads 

EP^W, > , (1.53) 

with Vi — {pi, ■ ■ ■ . . . ,pn)- Proving Ineq. (|1.53p for any quantum system 

in arbitrary dimension, would definitely fill the square; it appears though as a 
formidable task to be achieved for a computable entanglement measure. It is known 
in fact that squashed entanglement [55], Eq. (|1.44p . is monogamous for arbitrary 
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partitions of arbitrary-dimensional systems [133] . yet its impracticality renders this 
result of limited relevance. However, partial encouraging results have been recently 
obtained which directly generalize the pioneering work of CKW. 

Osborne and Verstraete have shown that the generalized monogamy inequality 
(|1.53p holds true for any (pure or mixed) state of a system of N qubits [169] . proving 
a longstanding conjecture due to CKW themselves [59]. Again, the entanglement 
has to be measured by the tangle r. This is an important result; nevertheless, one 
must admit that, if more than three parties are concerned, it is not so obvious why 
all the bipartite entanglements should be decomposed only with respect to a single 
elementary subsystem. One has in fact an exponentially increasing number of ways 
to arrange blocks of subsystems and to construct multiple splittings of the whole set 
of parties, across which the bipartite (or, even more intriguingly, the multipartite) 
entanglements can be compared. This may be viewed as a third, multifolded axis in 
our 'geometrical' description of the possible generalizations of Ineq. (|1.45p . Leaving 
aside in the present context this intricate plethora of additional situations, we stick 
to the monogamy constraint of Ineq. (|1.53p . obtained decomposing the bipartite 
entanglements with respect to a single particle, while keeping in mind that for 
more than three particles the residual entanglement emerging from Ineq. (|1.53p 
is not necessarily the measure of multipartite entanglement. Rather, it properly 
quantifies the entanglement not stored in couplewise correlations, and thus finds 
interesting applications for instance in the study of quantum phase transitions and 
criticality in spin systems [1681 11701 1198] . 

1.4.5. Entanglement sharing among qudits 

The first problem one is faced with when trying to investigate the sharing of quan- 
tum correlations in higher dimensional systems is to find the correct measure for the 
quantification of bipartite entanglement. Several approaches to generalize Woot- 
ters' concurrence and/or tangle have been developed [1991 1156] . In the present 
context, Yu and Song [278] have recently established a CKW-like monogamy in- 
equality for an arbitrary number of qudits, employing an entanglement quantifier 
which is a lower bound to the tangle for any finite d. They define the tangle for 
mixed states as the convex-roof extension Eq. (|1.49p of the linear entropy of entan- 
glement El for pure states. Moreover, the authors claim that the corresponding 
residual tangle is a proper measure of multipartite entanglement. Let us remark 
however that, at the present stage in the theory of entanglement sharing, trying to 
make sense of a heavy mathematical framework (within which, moreover, a proof 
of monotonicity of the iV-way tangle under LOCC has not been estabhshed yet for 
iV > 3, not even for qubits) with little, if any, physical insight, is likely not worth 
trying. Probably the CKW inequality is interesting not because of the multipartite 
measure it implies, but because it embodies a quantifiable trade-off between the 
distribution of bipartite entanglement. 

In this respect, it seems relevant to address the following question, raised by 
Dennison and Wootters [66] . One is interested in computing the maximum possible 
bipartite entanglement between any couple of parties, in a system of three or more 
qudits, and in comparing it with the entanglement capacity log2 d of the system. 
Their ratio e would provide an immediate quantitative bound on the shareable 
entanglement, stored in couplewise correlations. Results obtained for d = 2, 3 and 
7 (using the entanglement of formation) suggest for three qudits a general trend of 
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increasing e with increasing d |6^. While this is only a preliminary analysis, it raises 
intriguing questions, pushing the interest in entanglement sharing towards infinite- 
dimensional systems. In fact, if e saturated to 1 for d oo, this would entail the 
really counterintuitive result that entanglement could be freely shared in this limit! 
We notice that, being the entanglement capacity infinite for c? — ^ oo, e vanishes 
if the maximum couplewise entanglement is not infinite. And this is the case, 
because again an infinite shared entanglement between two two-party reductions 
would allow perfect 1^2 telecloning [238j exploiting Einstein-Podolsky-Rosen 
(EPR) [73] correlations, but this is forbidden by quantum mechanics. 

Nevertheless, the study of entanglement sharing in continuous variable systems 
yields surprising consequences, as we will show in Part [ini of this Dissertation. We 
will indeed define proper infinite-dimensional analogues of the tangle [GAIOIIUAIS] . 
and establish the general monogamy inequality (jl SSp on entanglement sharing for 
all A^-mode Gaussian states distributed among N parties [GA15j . An original, 
possibly "promiscuous" structure of entanglement sharing in Gaussian states with 
some symmetry constraints will be also elucidated [GAIOI IGAIII IGA16I IGAlQj . 



CHAPTER 2 



Gaussian states: structural properties 

In this Chapter we will recall the main definitions and set up our notation for the 
mathematical treatment of Gaussian states of continuous variable systems. Some 
of our results concerning the evaluation of entropic measures for Gaussian states 
[GA3j and the reduction of Gaussian covariance matrices into standard forms under 
local operations [GA18] will be included here as well. 



2.1. Introduction to continuous variable systems 

A continuous variable (CV) system [40l [77l [49] of N canonical bosonic modes is 
described by a Hilbert space 

N 

^ = (g).« (2.1) 

k=l 

resulting from the tensor product structure of infinite-dimensional Fock spaces 
J^k^s. One can think for instance to the quantized electromagnetic field, whose 
Hamiltonian describes a system of N harmonic oscillators, the modes of the field. 



N 



k=l 



(2.2) 



Here fifc and a[. are the annihilation and creation operators of a photon in mode k 
(with frequency ujk), which satisfy the bosonic commutation relation 



kk' 



= 0. 



(2.3) 



From now on we will assume for convenience natural units with h — 2. The corre- 
sponding quadrature phase operators (position and momentum) for each mode are 
defined as 



qk = 

Pk = {cLk-aD/i 
We can group together the canonical operators in the vector 



(2.4) 
(2.5) 

(2.6) 



which enables us to write in a compact form the bosonic commutation relations 
between the quadrature phase operators. 
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(2.7) 
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where is the symplectic form 

f7 = 0^, co=^\ ly (2.8) 

The space J^k is spanned by the Fock basis of eigenstates of the number 

operator fik = aj.afc, representing the Hamiltonian of the non- interacting mode via 
Eq. (|2.2p . The Hamiltonian of any mode is bounded from below, thus ensuring the 
stability of the system, so that for any mode a vacuum state |0)fc G Jffk exists, for 
which afc|0)fe = 0. The vacuum state of the global Hilbert space will be denoted by 
|0) = (8)fc |0)fc- In the single-mode Hilbert space the eigenstates of a^- constitute 
the important set of coherent states [259] . which is overcomplete in J^k- Coherent 
states result from applying the single-mode Weyl displacement operator Dk to the 
vacuum |0)fe, \a)k = Dk{a)\0)k, where 

Z)fe(a) = c^'^i-"'^" , (2.9) 

and the coherent amplitude a £ <D satisfies ak\a)k = a\a)k- In terms of the Fock 
basis of mode k a coherent state reads 

OO 

|a),= e-^H^^ « (2.10) 

n—l ^ 

Tensor products of coherent states of different modes are obtained by applying the 
A^-mode Weyl operators I?^ to the global vacuum |0). For future convenience, we 
define the operators in terms of the canonical operators R, 

= e*^^"« , with C e _ (2.11) 

One has then |^) = D^\0), which entails ak\£,) = {£,k +i^k+i)\£.)- 

2.1.1. Quantum phase-space picture 

The states of a CV system are the set of positive trace-class operators {g} on the 
Hilbert space J^, Eq. (|2.ip . However, the complete description of any quantum 
state g of such an infinite-dimensional system can be provided by one of its s-ordered 
characteristic functions [16] 

X.(0= Tr[f?£)5]c-^ll«"'/2, (2.12) 

with ^ G R^^, II • II standing for the Euclidean norm of R^^. The vector ^ belongs 
to the real 2A^-dimensional space r = (R2^,f7), which is called phase space, m 
analogy with classical Hamiltonian dynamics. One can see from the definition of 
the characteristic functions that in the phase space picture, the tensor product 
structure is replaced by a direct sum structure, so that the A^-mode phase space is 
r = 0^ Tk, where Tk = (R^, w) is the local phase space associated with mode k. 

The family of characteristic functions is in turn related, via complex Fourier 
transform, to the quasi-probability distributions Ws, which constitute another set 
of complete descriptions of the quantum states 

^ \ ! nxsi^)e'''"''^ d'^ . (2.13) 

As well known, there exist states for which the function Ws is not a regular proba- 
bility distribution for any s, because it can in general be singular or assume negative 
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values. Note that the value s = — 1 corresponds to the Husimi 'Q-function' [124| 
W^i{£^) = and thus always yields a regular probability distribution. The 

case s = corresponds to the so-called 'Wigner function' [266j . which will be 
denoted simply by W. Likewise, for the sake of simplicity, x will stand for the sym- 
metrically ordered characteristic function xo- Finally, the most singular case s = 1 
brings to the celebrated 'P-representation', which was introduced, independently, 
by Glauber |99] and Sudarshan [223] . 

The quasiprobability distributions of integer order W-i, Wq and Wi are deeply 
related to, respectively, the antinormally ordered, symmetrically ordered and nor- 
mally ordered expressions of operators. More precisely, if the operator O can be 
expressed as O = J{ak,a\) for k = l,...,iV, where / is a, say, symmetrically 
ordered function of the field operators, then one has (HI |45] 

Tr[g6] = / Wo{K)f{K)d^^K, 

J]R2JV 

where /(k) = f{Kk + iKk+i, Hk—ink+i) and / takes the same form as the operatorial 
function previously introduced. The same relationship holds between W-i and 
the antinormally ordered expressions of the operators, and between Wi and the 
normally ordered ones. We also recall that the normally ordered function of a 
given operator is provided by its Wigner representation. This entails the following 
equalities for the trace 

l^Tig= f WiK)d^^K^xiO), (2.14) 

and for the purity 

M = Tr,2=/ WHK)d^^n^[ WOpd^^C, (2.15) 

of a state g, which will come handy in the following. The various Appendixes 
of Ref. [16] contain other practical relations between the relevant properties of a 
density matrix and the corresponding phase-space description. 

The (symmetric) Wigner function can be written as follows in terms of the (non- 
normalized) eigenvectors \x) of the quadrature operators {qj} (for which qj\x) = 
qj\x), X e R^, for j 1, . . . , N) (SB] 

W[x,p) = \ I {x~x'\Q\x + x')c'^'-Pd'^x' , a;,pell^. (2.16) 

From an operational point of view, the Wigner function admits a clear interpretation 
in terms of homodyne measurements [203j : the marginal integral of the Wigner 
function over the variables pi, . . . ,pN,xi, . . . ,xn-i, 

i W{x^p)d^ pdxi . . .dxN-i , 

gives the probability of the results of homodyne detections on the remaining quad- 
rature xn [GAS] (for more details see Sec. 19. 2p . 

Table Ej] is a useful scheme to summarize the properties of quantum phase 
spaces. It will be completed in the next Section, where powerful tools special to 
Gaussian states and Gaussian operations will be reviewed. 
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Hilbert space 


Phase space F 


dimension 


oo 


2N 


structure 


(8) 


e 


description 


Q 





Table 2.1. Schematic comparison between Hilbert-space and phase-space 
pictures for Af-mode continuous variable systems. 



2.2. Mathematical description of Gaussian states 

The set of Gaussian states is, by definition, the set of states with Gaussian char- 
acteristic functions and quasi-probabihty distributions on the multimode quantum 
phase space. Such states are at the heart of information processing in CV systems 
[GA22I IGA23I l40] and are the main subject of this Dissertation. 

2.2.1. Covariance matrix formalism 

From the definition it follows that a Gaussian state g is completely character- 
ized by the first and second statistical moments of the quadrature field opera- 
tors, which will be denoted, respectively, by the vector of first moments R = 

(^{Ri), (Ri), . . . , (Rn), (Rn)^ and by the covariance matrix (CM) cr of elements 

..,^lm,+R,R^-{Rm). (2.17) 

First moments can be arbitrarily adjusted by local unitary operations, namely 
displacements in phase space, i.e. applications of the single-mode Weyl operator 
Eq. ( 12. 9p to locally re-center the reduced Gaussian corresponding to each single 
model- Such operations leave any informationally relevant property, such as entropy 
and entanglement, invariant: therefore, first moments are unimportant to the whole 
scope of our analysis and from now on (unless explicitly stated) we will set them 
to without any loss of generality. 

With this position, the Wigner function of a Gaussian state can be written as 
follows in terms of phase-space quadrature variables 

WiR) = , (2.18) 

Try JJct cr 

where R stands for the real phase-space vector (qi,pi, . . . , gAr,PAr) € F. Despite the 
infinite dimension of the Hilbert space in which it lives, a complete description of an 
arbitrary Gaussian state (up to local unitary operations) is therefore encoded in the 
2N X 2N CM cr, which in the following will be assumed indifferently to denote the 
matrix of second moments of a Gaussian state, or the state itself. In the formalism 
of statistical mechanics, the CM elements are the two-point truncated correlation 
functions between the 2N canonical continuous variables. We notice also that the 
entries of the CM can be expressed as energies by multiplying them by the quantity 
hujk, where ujk is the frequency of each mode k, in such a way that Tr cr is related 
to the mean energy of the state, i.e. the average of the non-interacting Hamiltonian 
Eq. (|2.2p . This mean energy is generally unbounded in CV systems. 



Recall that the reduced state obtained from a Gaussian state by partial tracing over a subset 
of modes is still Gaussian. 
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As the real <t contains the complete locally-invariant information on a Gaussian 
state, we can expect some constraints to exist to be obeyed by any bona fide CM, re- 
flecting in particular the requirements of positive-semideflniteness of the associated 
density matrix g. Indeed, such condition together with the canonical commutation 
relations imply 

cr + in>0, (2.19) 

Ineq. (|2.19p is the only necessary and sufficient constraint the matrix a has to fulflll 
to be the CM corresponding to a physical Gaussian state [22011219] . More in general, 
the previous condition is necessary for the CM of any, generally non-Gaussian, CV 
state (characterized in principle by the moments of any order). We note that 
such a constraint implies cr > 0. Ineq. (|2.19p is the expression of the uncertainty 
principle on the canonical operators in its strong, Robertson-Schrodinger form 
[T971 [2001 [208] . 

For future convenience, let us define and write down the CM cri...jv of an iV- 
mode Gaussian state in terms of two by two submatrices as 



4,2 



(2.20) 



£n-i.n 



1.7V 



'N-1,N 



CTN J 



Each diagonal block cTk is respectively the local CM corresponding to the reduced 
state of mode k, for all A; = 1, . . . , iV. On the other hand, the off-diagonal matrices 
Eij encode the intermodal correlations (quantum and classical) between subsystems 
i and j. The matrices £ij all vanish for a product state. 

In this preliminary overview, let us just mention an important instance of two- 



mode Gaussian state, the two-mode squeezed state \ip' 



sq\ 



with squeezing factor r € R, where the (phase-free) two-mode squeezing operator 
is given by 



Uz.jir) = exp --i^a] - d,dj) 



(2.21) 



In the limit of infinite squeezing (r — *■ oo), the state approaches the ideal Einstein- 
Podolsky- Rosen (EPR) state [73], simultaneous eigenstate of total momentum and 
relative position of the two subsystems, which thus share infinite entanglement. 
The EPR state is unnormaHzable and unphysical: two-mode squeezed states, being 
arbitrarily good approximations of it with increasing squeezing, are therefore key 
resources for practical implementations of CV quantum information protocols [40] 
and play a central role in the subsequent study of the entanglement properties of 
general Gaussian states. A two-mode squeezed state with squeezing degree r (also 
known in optics as twin-beam state [259] ) will be described by a CM 



/ cosh(2r) sinh(2r) \ 

cosh(2r) - sinh(2r) 

sinh(2r) cosh(2r) 

\ -sinh(2r) cosh(2r) / 



(2.22) 
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The CM of A^-mode coherent states (including the vacuum) is instead the 2N x 
2N identity matrix. 

2.2.2. Symplectic operations 

A major role in the theoretical and experimental manipulation of Gaussian states 
is played by unitary operations which preserve the Gaussian character of the states 
on which they act. Such operations are all those generated by Hamiltonian terms at 
most quadratic in the field operators. As a consequence of the Stone- Von Neumann 
theorem, the so-called metaplectic representation [219j entails that any such unitary 
operation at the Hilbert space level corresponds, in phase space, to a symplectic 
transformation, i.e. to a linear transformation S which preserves the symplectic 
form fl, so that 

S^nS^n. (2.23) 
Symplectic transformations on a 2A^-dimensional phase space form the (real) sym- 
plectic group Sp(^2N,B.) |10] - Such transformations act linearly on first moments and 
by congruence on CMs, <t i-^ 5*0- S*^. Eq. (|2.23p implies Bets' = 1, VS* G Sp(^2N,TR)- 
Ideal beam-splitters, phase shifters and squeezers are all described by some kind of 
symplectic transformation (see e.g. [GA8] ). For instance, the two-mode squeezing 
operator Eq. (|2.2ip corresponds to the symplectic transformation 

/ coshr sinhr \ 

cosh r — sinh r 

cosh r 

- sinh r cosh r 



sinh r 




(2.24) 



where the matrix is understood to act on the couple of modes i and j. In this way, 
the two- mode squeezed state, Eq. (|2.22p . can be obtained as f ^ j ('') = Sij{r)lSjj (r) 
exploiting the fact that the CM of the two-mode vacuum state is the 4x4 identity 
matrix. 

Another common symplectic operation is the ideal (phase-free) beam-splitter, 
whose action Bij on a pair of modes i and j is defined as 



Gi cos f 

■ di sin ^ 



(2.25) 



with ai being the annihilation operator of mode k. A beam-splitter with trans- 
mittivity r corresponds to a rotation of 6* = arccosy^ in phase space {9 = 7r/4 



amounts to a balanced 50:50 beam-splitter, 
transformation 

/ 



1/2), 














described by a symplectic 
\ 











(2.26) 



Single-mode symplectic operations are easily retrieved as well, being just com- 
binations of planar (orthogonal) rotations and of single-mode squeezings of the 
form 

S,(r) = diag(e^ e-'^), (2.27) 
acting on mode j, for r > 0. In this respect, let us mention that the two-mode 
squeezed state Eq. (|2.22p can also be obtained indirectly, by individually squeezing 
two single modes i and j in orthogonal quadratures, and by letting them interfere 
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at a 50:50 beam-splitter. The total transformation realizes what we can call a 
"twin-beam box", 

T,,,(r) = i?.,,(l/2) . © S,i-r)) , (2.28) 

which, if applied to two uncorrelated vacuum modes i and j (whose initial CM is the 
identity matrix), results in the production of a pure two- mode squeezed Gaussian 
state with CM exactly equal to T, ^ (r)r^^ (r) = <T^'^.(r) from Eq. ([Z22l) . 

In general, symplectic transformations in phase space are generated by exponen- 
tiation of matrices written as Jfl, where J is antisymmetric [lOj . Such generators 
can be symmetric or antisymmetric. The operations Bijlr), Eq. (|2.26p . generated 
by antisymmetric operators are orthogonal and, acting by congruence on the CM <t, 
preserve the value of Tr cr. Since Tr cr gives the contribution of the second moments 
to the average of the Hamiltonian ©fcoj^Sfc, these transformations are said to be 
passive (they belong to the compact subgroup of Sp(^2N,'R))- Instead, operations 
Sij{r), Eq. (|2.24p . generated by symmetric operators, are not orthogonal and do 
not preserve Trcr (they belong to the non-compact subgroup of Sp(^2N,'R})- This 
mathematical difference between squeezers and phase-space rotations accounts, in a 
quite elegant way, for the difference between active (energy consuming) and passive 
(energy preserving) optical transformations [268] . 

Let us remark that local symplectic operations belong to the group S'p(2.]r)®^. 
They correspond, on the Hilbert space level, to tensor products of unitary transfor- 
mations, each acting on the space of a single mode. It is useful to notice that the 
determinants of each 2x2 submatrix of a A^-mode CM, Eq. (|2.20p . are all invariant 
under local symplectic operations S € 'S'P(2,r)®^0 This mathematical property 
reflects the physical requirement that both marginal informational properties, and 
correlations between the various individual subsystems, cannot be altered by local 
operations only. 

2.2.2.1. Symplectic eigenvalues and invariants. A crucial symplectic transformation is 
the one reaHzing the decomposition of a Gaussian state in normal modes. Through 
this decomposition, thanks to Williamson theorem [267] . the CM of a iV-mode 
Gaussian state can always be written in the so-called Williamson normal, or diag- 
onal form 

cr = S'^i^S , (2.29) 
where S £ Sp(2NM) and v is the CM 

- = ©(0:)- 

fc=i ^ ^ 

corresponding to a tensor product state with a diagonal density matrix given 
by 




(2.31) 



where \n)k denotes the number state of order n in the Fock space Mk- In the 
Williamson form, each mode with frequency ujk is a Gaussian state in thermal 



The invariance of the ofF-diagonal terms Dete^j follows from Binet's formula for the deter- 
minant of a matrix [18|. plus the fact that any symplectic transformation S has Det 5 = 1. 



36 



2. Gaussian states: structural properties 



equilibrium at a temperature Tk , characterized by an average number of thermal 
photons fik which obeys Bose-Einstein statistics, 

' -P (&) - 1 
The A'' quantities f^'s form the symplectic spectrum of the CM a, and are 
invariant under the action of global symplectic transformations on the matrix <t. 
The symplectic eigenvalues can be computed as the orthogonal eigenvalues of the 
matrix |iO<T| [207| and are thus determined by invariants of the characteristic 
polynomial of such a matrix [208] . One global symplectic invariant is simply the 
determinant of the CM (whose invariance is a consequence of the fact that Det 5 = 1 
V5 G <5'p(2Arjf.)), which once computed in the Williamson diagonal form reads 

N 

Bet cr ='[[1^1. (2.33) 

k=l 

Another important invariant under global symplectic operations is the so-called 
seralian A [GA6j . defined as the sum of the determinants of all 2 x 2 submatrices 
of a CM cr, Eq. (|2.20p . which can be readily computed in terms of its symplectic 
eigenvalues as 

N 

^{a)=Y.^l. (2.34) 

fc=i 

The invariance of An- in the multimode case [208] follows from its invariance in the 
case of two-mode states, proved in Ref. [211] . and from the fact that any symplectic 
transformation can be decomposed as the product of two-mode transformations 
[1231. 



2.2.2.2. Symplectic representation of the uncertainty principle. The symplectic eigen- 
values ffc encode essential information on the Gaussian state cr and provide pow- 
erful, simple ways to express its fundamental properties [211j . For instance, let us 
consider the uncertainty relation (|2.19p . Since the inverse of a symplectic operation 
is itself symplectic, one has from Eq. (|2.23p . S'^^^HS'^^ = 17, so that Ineq. (|2.19p is 
equivalent to -f iJl > 0. In terms of the symplectic eigenvalues Vk the uncertainty 
relation then simply reads 

i/fe > 1 . (2.35) 

Inequality (|2.35p is completely equivalent to the uncertainty relation (|2.19p provided 
that the CM cr satisfies <t > 0. 

We can, without loss of generality, rearrange the modes of a A^-mode state such 
that the corresponding symplectic eigenvalues are sorted in ascending order 

= Vl < V2 < ■ ■ ■ < vn-1 < ^ v+ . 

With this notation, the uncertainty relation reduces to > 1. We remark that the 
full saturation of the uncertainty principle can only be achieved by pure A^-mode 
Gaussian states, for which 

iy, = lVi = l,...,N, 

meaning that the Williamson normal form of any pure Gaussian state is the vacuum 
|0) of the A^-mode Hilbert space J^. Instead, mixed states such that i^iKk = 1 and 
i^i>k > 1, with 1 < A: < A^, only partially saturate the uncertainty principle, with 
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Table 2. II. Schematic comparison between Hilbert-space and phase-space 
pictures for A^-mode Gaussian states. The first two rows are taken from Table 
12. II and apply to general states of CV systems. The following rows are spe- 
cial to Gaussian states, relying on the covariance matrix description and the 
properties of the symplectic group. 

partial saturation becoming weaker with decreasing k. Such states are minimum- 
uncertainty mixed Gaussian states in the sense that the phase quadrature operators 
of the first k modes satisfy the Robertson-Schrodinger minimum uncertainty, while 
for the remaining N — k modes the state indeed contains some additional thermal 
correlations which are responsible for the global mixedness of the state. 

We can define in all generality the symplectic rank H of a CM cr as the number 
of its symplectic eigenvalues different from 1 , corresponding to the number of non- 
vacua normal modes [GA14] . A Gaussian state is pure if and only if H = 0, while 
for mixed iV-mode states one has 1 < H < according to their degree of partial 
minimum-uncertainty saturation. This is in analogy with the standard rank of 
finite-dimensional (density) matrices, defined as the number of non-zero eigenvalues; 
in that case, only pure states g — have rank 1, and mixed states have in 

general higher rank. As we will now show, all the informational properties of 
Gaussian states can be recast in terms of their symplectic spectra. 

A mnemonic summary of the main structural features of Gaussian states in the 
phase-space/CM description (including the definition of purity given in the next 
subsection) is provided by Table [2TT1 

2.3. Degree of information encoded in a Gaussian state 

Several entropic measures able to quantify the degree of information (or lack thereof) 
encoded in a quantum states and, equivalently, its degree of purity (or lack thereof) 
have been introduced in Sec. O Here, based on Ref. [GA3] . we illustrate their eval- 
uation for arbitrary Gaussian states. 

2.3.1. Purity and generalized entropies 

The generalized purities Tr gP defined by Eq. (|1.12p are invariant under global uni- 
tary operations. Therefore, for any A^-mode Gaussian state they are only functions 
of the symplectic eigenvalues i^k oi cr. In fact, a symplectic transformation acting 
on cr is embodied by a unitary (trace preserving) operator acting on g, so that 
Ti gP can be easily computed on the Williamson diagonal state v of Eq. (|2.30p . 
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One obtains [GA3j 

T^(f = Y[9p{'^^) . (2.36) 



TV 



1=1 



where 



^P^^^" {x + 1)P - {x - 1)P 



A first remarkable consequence of Eq. (|2.36p is that 

Regardless of the number of modes, the purity of a Gaussian state is fully determined 
by the global symplectic invariant Deter alone, Eq. (|2.33p . We recall that the 
purity is related to the linear entropy Sl via Eq. (|1.2p . which in CV systems simply 
becomes Sl = ^ — fJ-- A second consequence of Eq. (|2.36p is that, together with 
Eqs. (|1.13p and (jl.isp . it allows for the computation of the Von Neumann entropy 
Sv, Eq. (|1.4p . of a Gaussian state g, yielding [211j 

TV 

= (2.38) 



where 



fi^) = log - log ■ (2.39) 



Such an expression for the Von Neumann entropy of a Gaussian state was first 
explicitly given in Ref. [115] . Notice that Sy diverges on infinitely mixed CV 
states, while Sl is normalized to 1. Let us remark that, clearly, the symplectic 
spectrum of single- mode Gaussian states, which consists of only one eigenvalue i^i, 
is fully determined by the invariant Deter = i^f. Therefore, all the entropies Sp's 
(and Sv as well) are just increasing functions of Det er {i.e. of Sl) and induce the 
same hierarchy of mixedness on the set of one-mode Gaussian states. This is no 
longer true for multi-mode states, even for the relevant, simple instance of two-mode 
states [GA3| . as we will show in the following. 

Accordingly, for an arbitrary Gaussian state the mutual information, Eq. (|1.16p . 
quantifying the total (classical and quantum) correlations between two subsystems 
[lOlj . can be computed as well. Namely, for a bipartite Gaussian state with global 
CM (Ta\b, the mutual information yields [1151 1211] 

I{(Ta\b) - SvitTA) + Sv{(Tb) - Svi(TA\B) , (2.40) 

where each Von Neumann entropy can be evaluated from the respective symplectic 
spectrum using Eq. (|2.38p . 



2.3.2. Comparison between entropic measures 

Here we aim to find extremal values of Sp (for p 7^ 2) at fixed Sl in the general TV- 
mode Gaussian instance, in order to quantitatively compare the characterization 
of mixedness given by the different entropic measures [GA3j . For simplicity, in 
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calculations we will employ ^ instead of Sl- In view of Eqs. (|2.36p and (|2.37p . the 
possible values taken by Sp for a given fi are determined by 

{p-l)Sp = l- (ll gpisA gp ( ] , (2.41) 

with 1 < s, < —p^ . (2.42) 

The last constraint on the — 1 real auxiliary parameters Si is a consequence of 
the uncertainty relation (|2.35p . We first focus on the instance p < 2, in which the 
function Sp is concave with respect to any Si, for any value of the s^'s. Therefore 
its minimum with respect to, say, s^^i occurs at the boundaries of the domain, 
for sn-i saturating inequality (|2.42p . Since Sp takes the same value at the two 
extrema and exploiting gp{l) — 1, one has 

(p - 1) min S-p = 1 - f J] gp{sA gp ( — -i-^ ) . (2.43) 

Iterating this procedure for all the s^'s leads eventually to the minimum value 
Spmini^J') of Sp at given purity /z, which simply reads 

Spn.M = , P<2. (2.44) 

For p < 2, the mixedness of the states with minimal generaHzed entropies at given 
purity is therefore concentrated in one quadrature: the symplectic spectrum of such 
states is partially degenerate, with i^i = . . . = vn-i = 1 and vn — I/a^- We have 
identified states of this form as being mixed states of partial minimum uncertainty. 

The maximum value Sp max (m) is achieved by states satisfying the coupled tran- 
scendental equations 

(^) ''^^''^ ^ ''^''^''^ (^) ' ^'-''^ 

where all the products Y\ run over the index i from 1 to — 1, and 

It is promptly verified that the above two conditions are fulfilled by states with a 
completely degenerate symplectic spectrum: vi = . . . — vjq = fj,~^/^ , yielding 

Spn^M = ' , P<2. (2.47) 

The analysis that we carried out for p < 2 can be straightforwardly extended to 
the limit p —> 1, yielding the extremal values of the Von Neumann entropy for given 
purity fi of iV-mode Gaussian states. Also in this case the states with maximal Sv 
are those with a completely degenerate symplectic spectrum, while the states with 
minimal Sy are those with all the mixedness concentrated in one quadrature. The 
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Figure 2.1. Plot of the curves of maximal (red line) and minimal (blue line) 
Von Neumann entropy at given linear entropy for two-mode Gaussian states. 
All physical states lie in the shaded region between the two curves. 



extremal values Svmini^J') and S'vmax(M) read 



s 



V max 



(2.48) 



(2.49) 



The behaviors of the Von Neumann and of the linear entropies for two-mode Gauss- 
ian states are compared in Fig. 12.11 

The instance p > 2 can be treated in the same way, with the major difference 
that the function Sp of Eq. (|2.4ip is convex with respect to any Si for any value 
of the Si's. As a consequence we have an inversion of the previous expressions: for 
p > 2, the states with minimal S'p min(M) at given purity fi are those with a fully 
distributed symplectic spectrum, with 

1 - .9p ( 



p-1 



p>2. 



(2.50) 



On the other hand, the states with maximal Spmax at given purity fi are those with 



a spectrum of the kind vi 



i^N-i = 1 and i^N = ^/fJ-- Therefore 



P 



1 



p>2. 



(2.51) 



The distance 15. 



p max 



-^p min 



decreases with increasing p [gas] . This is due 
to the fact that the quantity Sp carries less information with increasing p, and the 
knowledge of ^ provides a more precise bound on the value of Sp. 

2.4. Standard forms of Gaussian covariance matrices 

We have seen that Gaussian states of A^-mode CV systems are special in that 
they are completely specified by the first and second moments of the canonical 
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bosonic operators. However, this already reduced set of parameters (compared 
to a true infinite-dimensional one needed to specify a generic non-Gaussian CV 
state) contains many redundant degrees of freedom which have no effect on the 
entanglement. A basic property of multipartite entanglement is in fact its invariance 
under unitary operations performed locally on the subsystems, Eq. (|1.3ip . To 
describe entanglement efficiently, is thus natural to lighten quantum systems of the 
unnecessary degrees of freedom adjustable by local unitaries, and to classify states 
according to standard forms representative of local-unitary equivalence classes [146] . 
When applied to Gaussian states, the freedom arising from the local invariance 
immediately rules out the vector of first moments, as already mentioned. One is 
then left with the 2N{2N + l)/2 real parameters constituting the symmetric CM 
of the second moments, Eq. (|2.20p . 

In this Section we study the action of local unitaries on a general CM of a 
multimode Gaussian state. We compute the minimal number of parameters which 
completely characterize Gaussian states, up to local unitaries. The set of such 
parameters will contain complete information about any form of bipartite or mul- 
tipartite entanglement in the corresponding Gaussian states. We give accordingly 
the standard form of the CM of a completely general A^-mode Gaussian state. We 
moreover focus on pure states, and on (generally mixed) states with strong sym- 
metry constraints, and for both instances we investigate the further reduction of 
the minimal degrees of freedom, arising due to the additional constraints on the 
structure of the state. The analysis presented here will play a key role in the inves- 
tigation of bipartite and multipartite entanglement of Gaussian states, as presented 
in the next Parts. 

2.4.1. Mixed states 

Here we discuss the standard forms of generic mixed TV-mode Gaussian states under 
local, single-mode symplectic operations, following Ref. [GA18] . Let us express the 
CM cr as in Eq. (|2.20p . in terms of 2 x 2 sub-matrices cr^-fe, defined by 

(Cll • ■ • CTlW \ 
■ ■•• ■■ ] 
^ IN ' ■ ' NN j 

each sub-matrix describing either the local CM of mode j (fjj ) or the correlations 
between the pair of modes j and fc {(Tjk)- 

Let us recall the Euler decomposition (see Appendix IA.1|) of a generic single- 
mode symplectic transformation S'i(i9', iS" , z), 

f cosi?' sini^' \ f z \ f cost?" sin,?" \ 

into two single-mode rotations ("phase shifters", with reference to the "optical phase" 
in phase space) and one squeezing operation. We will consider the reduction of a 
generic CM cr under local operations of the form Si = Si{d'p'd'- , Zj). The 

local symmetric blocks a-jj can all be diagonalized by the first rotations and then 
symplectically diagonalized (i.e., made proportional to the identity) by the subse- 
quent squeezings, such that (Tjj = aj\2 (thus reducing the number of parameters in 
each diagonal block to the local symplectic eigenvalue, determining the entropy of 
the mode) . The second series of local rotations can then be applied to manipulate 
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the non-local blocks, while leaving the local ones unaffected (as they are propor- 
tional to the identity) . Different sets of N entries in the non-diagonal sub-matrices 
can be thus set to zero. For an even total number of modes, all the non-diagonal 
blocks <Ti2, <T34,. . . ,(T(^_i)^ describing the correlations between disjoint pairs of 
quadratures can be diagonalized (leading to the singular- value diagonal form of each 
block), with no conditions on all the other blocks. For an odd number of modes, 
after the diagonalization of the blocks relating disjoint quadratures, a further non- 
diagonal block involving the last mode (say, ctin) can be put in triangular form by 
a rotation on the last mode. 

Notice finally that the locally invariant degrees of freedom of a generic Gaussian 
state of TV modes are {2N+1)N-3N = 2N^-2N, as follows from the subtraction of 
the number of free parameters of the local symplectics from the one of a generic state 
— with an obvious exception for = 1, for which the number of free parameters 
is 1, due to the rotational invariance of single- mode Williamson forms (see the 
discussion about the vacuum state in Appendix IA.2.ip . 

2.4.1.1. Standard form of two-mode Gaussian states. According to the above counting 
argument, an arbitrary (mixed) Gaussian state of two modes can be described, up 
to local unitary operations, by 4 parameters. Let us briefly discuss this instance 
expHcitly, to acquaint the reader with the symplectic playground, and since two- 
mode Gaussian states are the paradigmatic examples of bipartite entangled states 
of CV systems. 

The expression of the two- mode CM cr in terms of the three 2x2 matrices a, 
f3, 7, that will be useful in the following, takes the form [see Eq. (|2.20p ] 



a 7 
7T f3 



(2.53) 



For any two-mode CM cr there is a local symplectic operation Si = Si (S S2 which 
brings cr in the standard form a-gf [2181 [70] 



Sjcr Si 
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c_ 





b 



(2.54) 



States whose standard form fulfills a = b are said to be symmetric. The covariances 
a, b, c+, and c_ are determined by the four local symplectic invariants Deter = 
{ab — c^)(a6 — Detct = a?, Det/3 = 6^, Det7 = c+c_. Therefore, the standard 
form corresponding to any CM is unique (up to a common sign flip in c_ and c+). 
Entanglement of two- mode Gaussian states is the topic of Chapter IH 

2.4.2. Pure states 

The CM (tP of a generic TV-mode pure Gaussian state satisfles the condition 

-naP VLa^ = 1. (2.55) 

This follows from the Williamson normal-mode decomposition of the CM, cr^ = 
S\S'^ , where S" is a symplectic transformation. Namely, 

-naP^aP = -nss^nss^ = -nsns'^ = -nn = i . 

The matrix identity Eq. (|2.55p provides a set of (not mutually independent) polyno- 
mial equations that the elements of a generic CM have to fulflll in order to represent 
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a pure state. A detailed analysis of the constraints imposed by Eq. (|2.55p . as ob- 
tained in Ref. [GA18j . is reported in Appendix El Here, it suffices to say that by 
proper counting arguments the CM of a pure TV-mode Gaussian state is determined 
by N'^ + N parameters in full generality. If one aims at evaluating entanglement, 
one can then exploit the further freedom arising from local-unitary invariance and 
reduce this minimal number of parameters to (see Appendix IA.2.ip 



An important subset of pure iV-mode Gaussian states is constituted by those whose 
CM which can be locally put in a standard form with zero direct correlations be- 
tween position qi and momentum pj operators, i.e. with all diagonal submatrices in 
Eq. (|2.20p . This class encompasses basically all Gaussian states currently produced 
in a multimode setting and employed in CV communication and computation pro- 
cesses, and in general all Gaussian states of this form are ground states of some 
harmonic Hamiltonian with spring-like interactions |Tl] . For these Gaussian states, 
which we will refer to as block- diagonal — with respect to the vector of canonical 
operators reordered as (gi, 92, • ■ • , 97V, Pi, P2, ■ ■ ■ , Pn) — we have proven that the 
minimal number of local-unitary-invariant parameters reduces to N{N — l)/2 for 
any TV [GA14j . As they deserve a special attention, their structural properties will 
be investigated in detail in Sec. lll.2TTl together with the closely related description 
of their generic entanglement, and with the presentation of an efficient scheme for 
their state engineering which involves exactly N{N — l)/2 optical elements (single- 
mode squeezers and beam-splitters) [GA14] . Notice from Eq. (|2.56p that not only 
single-mode and two-mode states, but also all pure three-mode Gaussian states are 
of this block-diagonal form: an explicit standard form from them will be provided 
in Sec. 17.1.21 and exploited to characterize their tripartite entanglement sharing as 
in Ref. [GAll] . 

2.4.2.1. Phase-space Schmidt decomposition. In general, pure Gaussian states of a 
bipartite CV system admit a physically insightful decomposition at the CM level 
[1161 129I I92] , which can be regarded as the direct analogue of the Schmidt decompo- 
sition for pure discrete- variable states (see Sec. I1.3.il) . Let us recall what happens 
in the finite-dimensional case. With respect to a bipartition of a pure state \i{j)a\b 
into two subsystems Sa and Sb, one can diagonalize (via an operation Ua ® Ub 
which is local unitary according to the considered bipartition) the two reduced 
density matrices gA,B, to find that they have the same rank and exactly the same 
nonzero eigenvalues {Afc} {k = 1, . . . ,min{dim dvaiM'B}). The reduced state 
of the higher-dimensional subsystem (say Sb) will accomodate (dim^ — dim J^) 
additional O's in its spectrum. The state |V')a|s takes thus the Schmidt form of 



Looking at the mapping provided by Table HjH one can guess what happens for 
Gaussian states. Given a Gaussian CM (Ta\b of an arbitrary number N of modes, 
where subsystem Sa comprises Na modes and subsystem Sb, Nb modes (with 
Na -\- Nb = N) , then one can perform the Williamson decomposition Eq. (|2.29p in 
both reduced CMs (via a local symplectic operation Sa © Sb), to find that they 
have the same symplectic rank, and the same non-unit symplectic eigenvalues {vk} 
{k = 1, . . . , mm{NA, Nb}). The reduced state of the higher-dimensional subsystem 
(say iS_b) will accomodate {Nb—Na) additional I's in its symplectic spectrum. With 




iV < 3; 
iV > 3. 



(2.56) 



Eq. OQI. 
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respect to an arbitrary A\B bipartition, therefore, the CM cr^ of any pure iV-mode 



Gaussian state is locally equivalent to the form cr^ 
with 
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(2.57) 



Here each element denotes a 2 x 2 submatrix, in particular the diamonds (o) cor- 
respond to null matrices, 1 to the identity matrix, and 



Ck = 











1 











1 



The matrices Ck contain the symplectic eigenvalues Vk ^ I oi both reduced CMs. 
By expressing them in terms of hyperbolic functions, = cosh(2rfe) and by com- 
parison with Eq. (|2.22p . one finds that each two- mode CM 



Sk 



Sk 
Ck 



encoding correlations between a single mode from Sa and a single mode from 5b , is 
a two- mode squeezed state with squeezing r^. Therefore, the Schmidt form of a pure 
A^-mode Gaussian state with respect to a Na x Nb bipartition (with TV = Na + Nb, 
Nb> Na) is that of a direct sum [22] 



Na 
i=l 



N 

k=2NAA 



'k : 



(2.58) 



where mode i <^ SA^ mode j = i + Na G Sb, and cr" = I2 is the CM of the vacuum 
state of mode k & Sb- This corresponds, on the Hilbert space level, to the product 
of two- mode squeezed states, tensor additional uncorrelated vacuum modes in the 
higher-dimensional subsystem {Sb in our notation) [29] . The phase-space Schmidt 
decomposition is a very useful tool both for the understanding of the structural 
features of Gaussian states in the CM formalism, and for the evaluation of their 
entanglement properties. Notice that the validity of such a decomposition can be 
extended to mixed states with fully degenerate symplectic spectrum, i.e. Williamson 
normal form proportional to the identity (29l 192] . 

As a straightforward consequence of Eq. (|2.58p . any pure two-mode Gaussian 
state is equivalent, up to local unitary operations, to a two-mode squeezed state 
of the form Eq. (|2.22p . therefore the minimum number of local-unitary degrees of 
freedom for pure Gaussian states with = 2 is just one (the squeezing degree), in 
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accordance with Eq. (|2.56p , and as explained by alternative arguments in Appendix 
IA.2.11 In other words, according to the notation of Eq. ()2.54p . any pure two- 
mode Gaussian state is symmetric {b = a) and its standard form elements fulfill 
c± = ±Va2 - 1. 

Notice also that the phase-space decomposition discussed here is special to 
Gaussian states and is independent from the general Schmidt decomposition at the 
Hilbert space level, Eq. (|1.20p . which can be obtained for any pure state. For CV 
systems, it will contain in principle infinite terms, as the local bases are infinite- 
dimensional. To give an example, the two-mode squeezed state, whose CM in its 
"phase-space Schmidt decomposition" is of the form Eq. (|2.22p . admits the following 
Hilbert-space Schmidt decomposition [16] 



1^ 



s<?\ . . _ 



1 



oo 



coshr -^-^ 



tanh" 



(2.59) 



71=0 



with local Schmidt bases given by the number states in the Fock space of each 
mode. 

We will now show that for (generally mixed) Gaussian states with some local 
symmetry constraints, a similar phase-space reduction is available, such that mul- 
timode properties (like entanglement) can be unitarily reduced to two-mode ones 
[GMllGAs] . 

2.4.3. Symmetric states 

Very often in quantum information, and in particular in the theory of entanglement, 
peculiar roles are played by symmetric states, that is, states that are either invariant 
under a particular group of transformations — like Werner states of qudits [264] — 
or under permutation of two or more parties in a multipartite system, like ground 
and thermal states of some translationally invariant Hamiltonians {e.g. of harmonic 
lattices) [llj . Here we will introduce classes of Gaussian states invariant under all 
permutation of the modes (fully symmetric states) or exhibiting such permutation- 
invariance locally in each of the two subsystems across a global bipartition of the 
modes (bisymmetric states). For both we will provide a standard form based on 
the special properties of their symplectic spectrum. We will limit ourself to a 
collection of results, which will be useful for the computation and exploitation of 
entanglement in the corresponding states. All the proofs can be found in Ref. [GA5] . 
Unless explicitly stated, we are dealing with generally mixed states. 

2.4.3.1. Fully symmetric Gaussian states. We shall say that a multimode Gaussian 
state g is "fully symmetric" if it is invariant under the exchange of any two modes. In 
the following, we will consider the fully symmetric M-mode and TV-mode Gaussian 
states Qct^i and q^n , with CMs <Tq,jv/ and ct^n . Due to symmetry, we have that 
the CM, Eq. (|2.20p . of such states reduces to 

/a e ■ ■ ■ £ \ 
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/ /3 C 



c 



/3 
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(2.60) 



• c 

V c ••• c /3 / 

where a, £, (3 and C are 2x2 real symmetric submatrices (the symmetry of £ and 
C stems again from the symmetry under the exchange of any two modes) . 
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Standard form. — Let <t^n be the CM of a fully symmetric A^-mode Gaussian state. 
The 2x2 blocks /3 and C of (t^n , defined by Eq. (|2.60p . can be brought by means of 
local, single-mode symplectic operations S G 5'P(^^-) into the form f3 = diag (6, b) 
and C = diag (zi, Z2). 

In other words, the standard form of fully symmetric iV-mode states is such 
that any reduced two-mode state is symmetric and in standard form, see Eq. (|2.54p . 
Symplectic degeneracy. — The symplectic spectrum of cr^jv is {N — l)-times degen- 
erate. The two symplectic eigenvalues of (T/jn , and i^^jv, read 



ly^ = V (b - zi){b ~ Z2) , 

= Vib+{N-l)zi)ib+iN~l)z2) , 

where t'J is the {N — l)-times degenerate eigenvalue. 

Obviously, analogous results hold for the Af-mode CM ct^m of Eq. (|2.60p . whose 
2x2 submatrices can be brought to the form a = diag (a, o) and e = diag (ei, 62) 
and whose {M — l)-times degenerate symplectic spectrum reads 



J^a = Via- ei)(a- 62) , 

= v/(a + (M-l)ei)(a+(A/-l)e2) . 

2.4.3.2. Bisymmetric Mx N Gaussian states. Let us now generalize this analysis to 
the (M -I- N)--mode Gaussian states, whose CM cr result from a correlated combi- 
nation of the fully symmetric blocks (t^m and cr^w , 

where F is a 2M x 27V real matrix formed by identical 2x2 blocks 7. Clearly, 
r is responsible of the correlations existing between the A/-mode and the A^-mode 
parties. Once again, the identity of the submatrices 7 is a consequence of the local 
invariance under mode exchange, internal to the M-mode and iV-mode parties. 
States of the form of Eq. (|2.63p will be henceforth referred to as "bisymmetric" 
[GA4I IGA5j . A significant insight into bisymmetric multimode Gaussian states can 
be gained by studying the symplectic spectrum of cr and comparing it to the ones 
of (T^M and (TpN . 

Symplectic degeneracy. — The symplectic spectrum of the CM cr Eq. (|2.63p of a 
bisymmetric (M + A^)-mode Gaussian state includes two degenerate eigenvalues, 
with multiplicities M — 1 and N — 1. Such eigenvalues coincide, respectively, with 
the degenerate eigenvalue 1^^ of the reduced CM ct^m , and with the degenerate 
eigenvalue i^^ of the reduced CM <t^n. 

Equipped with these results, we are now in a position to show the following 
central result [GA5j . which applies to all (generally mixed) bisymmetric Gaussian 
states, and is somehow analogous to — but independent of — the phase-space 
Schmidt decomposition of pure Gaussian states (and of mixed states with fully 
degenerate symplectic spectrum). 

Unitary localization of bisymmetric states. — The bisymmetric (Af -|- A^)-mode Gauss- 
ian state with CM cr, Eq. ()2.63p can be brought, by means of a local unitary (sym- 
plectic) operation with respect to the M x N bipartition with reduced CMs ct^m 
and (T^jv , to a tensor product of Af -I- — 2 single- mode uncorrelated states, and of 
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a single two-mode Gaussian state comprised of one mode from the M-mode block 
and one mode from the A^-mode block. 

For ease of the reader and sake of pictorial clarity, we can demonstrate the 
mechanism of unitary reduction by explicitly writing down the different forms of 
the CM cr at each step. The CM cr of a bisymmetric (M + A^)-mode Gaussian state 
reads, from Eq. (|2.63p . 
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(2.64) 



V 7^ 

According to the previous results, by symplectically reducing the block cr^jx 
Williamson normal form, the global CM cr is brought to the form 
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t^^„ I2 and = '^/j I2 are the Williamson normal 



blocks associated to the two symplectic eigenvalues of <t^n. The identity of the 
submatrices 7' is due to the invariance under permutation of the first M modes, 
which are left unaffected. The subsequent symplectic diagonalization of ct^m puts 
the global CM cr in the following form (notice that the first, {AI + l)-mode reduced 
CM is again a matrix of the same form of cr, with iV = 1), 
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(2.65) 
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with = and ~ Eq. (|2.65p shows exphcitly that the state with 

CM <t", obtained from the original state with CM cr by exploiting local unitary 
operations, is the tensor product of M + A^ — 2 uncorrelated single- mode states and 
of a correlated two-mode Gaussian state. 

According to this reduction, one immediately has that the amount of entan- 
glement (quantum correlations) present in any bisymmetric multimode Gaussian 
state can be localized (concentrated) in an equivalent two-mode Gaussian state 
{i.e. shared only by a single pair of modes), via local unitary operations [GA5] . 
These results and their consequences will be discussed in detail in Chapter [5l Let 
us just note that fully symmetric Gaussian states, Eq. (|2.60p . are special instances 
of bisymmetric states with respect to any global bipartition of the modes. 
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Bipartite entanglement 
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CHAPTER 3 



Characterizing entanglement of Gaussian 

states 

In this short Chapter we recall the main results on the qualification and quantifica- 
tion of bipartite entanglement for Gaussian states of CV systems. We will borrow 
some material from [GA22] . 

3.1. How to qualify bipartite Gaussian entanglement 
3.1.1. Separability and distillability: PPT criterion 

The positivity of the partially transposed state (Peres-Horodecki PPT criterion 
|178l I118| . see Sec. I1.3.2.ip is necessary and sufficient for the separability of two- 
mode Gaussian states |218| and, more generally, of all {l + N)-mode Gaussian states 
under 1 x iV bipartitions |265| and — as we are going to show — of symmetric 
and bisymmetric (M + A^)-mode Gaussian states (see Sec. I2.4.3P under M x N 
bipartitions [GA5] . In general, the partial transposition g^^ of a bipartite quantum 
state Q is defined as the result of the transposition performed on only one of the 
two subsystems (say Sa) in some given basis. In phase space, the action of partial 
transposition amounts to a mirror refiection of the momentum operators of the 
modes comprising one subsystem [218] . The CM crA\B, where subsystem Sa groups 
Na modes, and subsystem Sb is formed by Nb modes, is then transformed into a 
new matrix 

0'A\B = Sa\B cr A\B (^A\B , (3.1) 

with 

Oaib = diag{l, -1, 1, -1, ... , 1, -1, 1,1,1,1,..., 1, 1} . (3.2) 

2Na 2Nb 

Referring to the notation of Eq. (|2.20p . the partially transposed matrix <ta|b differs 
from (Ta\b by a sign fiip in the determinants of the intermodal correlation matrices. 
Dot eij , with modes i G Sa and modes j G sb- 

The PPT criterion yields that a Gaussian state ctaib (with Na = 1 and Nb 
arbitrary) is separable if and only if the partially transposed a-A\B is a bona fide 
CM, that is it satisfies the uncertainty principle Eq. (|2.19p . 

<T^|B + jf} > 0. (3.3) 

This reflects the positivity of the partially transposed density matrix g^^ associated 
to the state g. For Gaussian states with Na > 1 and not endowed with special 
symmetry constraints, PPT condition is only necessary for separability, as bound 
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entangled Gaussian states, whose entanglement is undistillable, have been proven 
to exist already in the instance Na = Nb = 2 [265] . 

We have demonstrated the existence of "bisymmetric" {Na + NB)-mode Gauss- 
ian states for which PPT is again equivalent to separability [GA5] . In view of 
the invariance of PPT criterion under local unitary transformations (which can be 
appreciated by the definition of partial transpose at the Hilbert space level) and 
considering the results proved in Sec. 12.4.31 on the unitary locaHzation of bisym- 
metric Gaussian states, see Eq. (|2.65p . it is immediate to verity that the following 
property holds [GA5| . 

>- PPT criterion for bisymmetric multimode Gaussian states. For generic 
Na X Nb bipartitions, the positivity of the partial transpose (PPT) is a 
necessary and sufficient condition for the separability of bisymmetric {Na + 



NB)-mode mixed Gaussian states of the form Eq. (|2.63p . In the case of 
fully symmetric mixed Gaussian states, Eq. (|2.60p . of an arbitrary number of 
modes, PPT is equivalent to separability across any global bipartition of the 
modes. 



This statement is a first important generalization to multimode bipartitions of 
the equivalence between separability and PPT for 1 x TV bipartite Gaussian states 
[265j . In particular, it implies that no bisymmetric bound entangled Gaussian 
states can exist [2651 [9T] and all the Na x Nb multimode block entanglement of 
such states is distillable. Moreover, it justifies the use of the negativity and the 
logarithmic negativity as measures of entanglement for these multimode Gaussian 
states, as will be done in Chapter [H 

In general, the distillability problem for Gaussian states has been also solved 
[91] : the entanglement of any non-PPT bipartite Gaussian state is distillable by 
LOCC. However, we remind that this entanglement can be distilled only resorting to 
non-Gaussian LOCC [76], since distilling Gaussian states with Gaussian operations 
is impossible [78l [2051 [90] . 

3.1.1.1. Symplectic representation of PPT criterion. The partially transposed matrix 
6- of any TV-mode Gaussian CM cr is still a positive and symmetric matrix. As 
such, it admits a Williamson normal-mode decomposition [267] . Eq. (|2.29p . of the 
form 



The N quantities i>k 's are the symplectic eigenvalues of the partially transposed 
CM or. While the symplectic spectrum {vk} of cr encodes the structural and in- 
formational properties of a Gaussian state, the partially transposed spectrum {i>k} 
encodes a complete qualitative (and to some extent quantitative, see next Section) 
characterization of entanglement in the state. Namely, the PPT condition (|3.3p . 
i.e. the uncertainty relation for cr, can be equivalently recast in terms of the pa- 
rameters Dk's as 



(3.4) 



where S £ Sp^2N,R) and u is the CM 




(3.5) 



i>fc > 1 . 



(3.6) 
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Physicality 


Separability 


density matrix 


g>0 


g^^ > 


covariance matrix 


cr + iQ>0 


a- + in>0 


symplectic spectrum 


i^k > 1 


Vk > 1 



Table 3.1. Schematic comparison between the existence conditions and the 
separability conditions for Gaussian states, as expressed in different represen- 
tations. To be precise, the second column qualifies the PPT condition, which 
is always implied by the separability, and equivalent to it in general 1 x A'' and 
bisymmetric M X N Gaussian states. 

We can, without loss of generality, rearrange the modes of a iV-mode state such 
that the corresponding symplectic eigenvalues of the partial transpose cr are sorted 
in ascending order 

i>_ = i>l < I>2 < • • • < P'N-i <vn = v+, 

in analogy to what done in Sec. l2.2.2?2l for the spectrum of cr. With this notation, 
PPT criterion across an arbitrary bipartition reduces to > 1 for all separable 
Gaussian states. As soon as < 1, the corresponding Gaussian state cr is definitely 
entangled. The symplectic characterization of physical versus PPT Gaussian states 
is summarized in Table lOl 

3.1.2. Additional separability criteria 

Let us briefiy mention alternative characterizations of separability for Gaussian 
states. 

For a general Gaussian state of any Na x Nb bipartition, a necessary and 
sufficient condition states that a CM cr corresponds to a separable state if and 
only if there exists a pair of CMs cr^ and ctb, relative to the subsystems Sa and 
Sb respectively, such that the following inequality holds [265] . cr > cta ® ctb- 
This criterion is not very useful in practice. Alternatively, one can introduce an 
operational criterion based on iterative applications of a nonlinear map, that is 
independent of (and strictly stronger than) the PPT condition, and completely 
qualifies separability for all bipartite Gaussian states [93j . 

Note also that a comprehensive characterization of linear and nonlinear en- 
tanglement witnesses (see Sec. I1.3.2.2P is available for CV systems [125] . as well 
as operational criteria (useful in experimental settings) based on the violation of 
inequalities involving combinations of variances of canonical operators, for both 
two-mode [70] and multimode settings [240] . 

However, the range of results collected in this Dissertation deal with classes of 
bipartite and multipartite Gaussian states in which PPT holds as a necessary and 
sufficient condition for separability, therefore it will be our preferred tool to check 
for the presence of entanglement in the states under consideration. 

3.2. How to quantify bipartite Gaussian entanglement 
3.2.1. Negativities 

From a quantitative point of view, a family of entanglement measures which are 
computable for general Gaussian states is provided by the negativities. Both the 
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negativity A/", defined by Eq. (|1.40p . and the logarithmic negativity -Eat, Eq. (|1.43p . 
are entanglement monotones under LOCC [2831 12531 [74l 1186) . Note that they fail 
to be continuous in trace norm on infinite-dimensional Hilbert spaces; however, 
this problem can be circumvented by restricting to physical states with finite mean 
energy [79] . The negativities provide a proper quantification of entanglement in 
particular for arbitrary 1 x and bisymmetric M x N Gaussian states, directly 
quantifying the degree of violation of the necessary and sufficient PPT criterion for 
separability, Eq. (|3.6p . 

Following [2531 1207] and [GA31 IGA4] . the negativity of a Gaussian state with 
CM cr is given by 



= <^ (3.7) 
[ if > 1 Vi . 

Here the set {Dk} is constituted by the symplectic eigenvalues of the partially trans- 
posed CM cr. Accordingly, the logarithmic negativity reads 



For the interpretation and the computation of the negativities, a little lemma 
by A. Serafini may be precious [208] . It states that, in a (A^a + A^s)-inode Gaussian 
state with CM 

^A\Bj cit most 



symplectic eigenvalues i>k of the partial transpose o-^i^ can violate the PPT in- 
equality (|3.6p with respect to a Na x Nb bipartition. Thanks to this result, in 
all 1 X A^ Gaussian states and in all bisymmetric M x A^ Gaussian states (whose 
symplectic spectra exhibit degeneracy, see Sec. I2.4.3"|) . the entanglement is not only 
qualified, but also completely quantified (according to the negativities) in terms of 
the smallest symplectic eigenvalue i>- of the partially transposed CM aloneQ For 
j>_ > 1 the state is separable, otherwise it is entangled; the smaller the more 
entanglement is encoded in the corresponding Gaussian state. In the Hmit of van- 
ishing partially transposed symplectic eigenvalue, i>_ 0, the negativities grow 
unboundedly. 

3.2.2. Gaussian convex-roof extended measures 

In this subsection, based on part of Ref. [GA7] . we consider a family of entanglement 
measures exclusively defined for Gaussian states of CV systems. The formalism of 
Gaussian entanglement measures (Gaussian EMs) has been introduced in Ref. [270] 
where the "Gaussian entanglement of formation" has been defined and analyzed. 
Furthermore, the framework developed in Ref. [270] is general and enables to define 
generic Gaussian EMs of bipartite entanglement by applying the Gaussian convex 
roof, that is, the convex roof over pure Gaussian decompositions only, to any bona 
fide measure of bipartite entanglement defined for pure Gaussian states. 

The original motivation for the introduction of Gaussian EMs stems from the 
fact that the entanglement of formation (24], defined by Eq. (|1.35p . involves a 

^Notice that such a result, in the special instance of two-mode Gaussian states, had been 
originally obtained in [GA2I [GA3] . as detailed in the next Chapter. 




(3.8) 



mm — 



mm{NA, Nb} 



(3.9) 
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nontrivial minimization of the pure-state entropy of entanglement over convex de- 
compositions of bipartite mixed Gaussian states in ensemble of pure states. These 
pure states may be, in principle, non-Gaussian states of CV systems, thus rendering 
the analytical solution of the optimization problem in Eq. (|1.35p extremely difficult 
even in the simplest instance of one mode per side. Nevertheless, in the special 
subset of two- mode symmetric mixed Gaussian states [i.e. with Deta = Det/3 in 
Eq. (|2.53p ]. the optimal convex decomposition of Eq. (|1.35p has been exactly de- 
termined, and it turns out to be realized in terms of pure Gaussian states [95] . 
Apart from that case (which will be discussed in Sec. 14. 2. 2|) . the computation of the 
entanglement of formation for nonsymmetric two-mode Gaussian states (and more 
general Gaussian states) has not yet been solved, and it stands as an open problem 
in the theory of entanglement [l]. However, the task can be somehow simplified by 
restricting to decompositions into pure Gaussian states only. The resulting mea- 
sure, known as Gaussian entanglement of formation [270] . is an upper bound to 
the true entanglement of formation and obviously coincides with it for symmetric 
two-mode Gaussian states. 

In general, we can define a Gaussian EM G_e as follows [GA7j . For any pure 
Gaussian state t/j with CM cr^, one has 

Ge{ctP) = E{^) , (3.10) 

where E can be any proper measure of entanglement of pure states, defined as 
a monotonically increasing function of the entropy of entanglement {i.e. the Von 
Neumann entropy of the reduced density matrix of one party) . 

For any mixed Gaussian state g with CM cr, one has then [270] 

Ge{(t)= inf GEio-P)- (3.11) 

a-P<fT 

If the function E is taken to be exactly the entropy of entanglement, Eq. (|1.25p . then 
the corresponding Gaussian EM is known as Gaussian entanglement of formation 

In general, the definition Eq. (|3.1ip involves an optimization over all pure 
Gaussian states with CM o-p smaller than the CM cr of the mixed state whose 
entanglement one wishes to compute. This corresponds to taking the Gaussian 
convex roof. Despite being a simpler optimization problem than that appearing in 
the definition Eq. (|1.35p of the true entanglement of formation, the Gaussian EMs 
cannot be expressed in a simple closed form, not even in the simplest instance of 
(nonsymmetric) two-mode Gaussian states. Advances on this issue were obtained 
in [GA7] . and will be presented in Sec. 14.51 

Before that let us recall, as an important side remark, that any Gaussian EM 
is an entanglement monotone under Gaussian LOCC. The proof given in Sec. IV 
of Ref. [270] for the Gaussian entanglement of formation, in fact, automatically 
extends to every Gaussian EM constructed via the Gaussian convex roof of any 
proper measure E of pure-state entanglement. 



CHAPTER 4 



Two-mode entanglement 



This Chapter collects our theoretical results on the characterization of the proto- 
typical entangled states of CV systems, i.e. two-mode Gaussian states. Analytical 
quantification of the negativities (and their relationship with global and marginal 
entropic measures) [GA2I IGA3I IGA6] and of the Gaussian entanglement measures 
[GA7j will be presented. An experiment concerning the production and manipula- 
tion of two-mode entanglement with linear optics [GAS] will be described in Chapter 
m The present Chapter represents, in our hope, a comprehensive reading for the 
basic understanding of bipartite entanglement in CV systems. 



4.1. Symplectic parametrization of two-mode Gaussian states 

To study entanglement and informational properties (like global and marginal en- 
tropies) of two-mode Gaussian states, we can consider without loss of generality 
states whose CM cr is in the S'P(2,]r) © S'p(2,R)-invariant standard form, Eq. (|2.54p 
[2181 [70] . Let us recall it here for the sake of clarity, 

\ 
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(4.1) 



For two-mode states, the uncertainty principle Ineq. (|2.19p can be recast as a 
constraint on the 5'p(4_]a) invariants Deter and A(cr) = Deta+ Dct/3 + 2Det7 [211] . 

A(cr) < 1 + Deter . (4.2) 

The symplectic eigenvalues of a two-mode Gaussian state will be denoted as 
ly- and , with i/_ < , with the uncertainty relation (|2.35p reducing to 

iy->l . (4.3) 

A simple expression for the Vzfi can be found in terms of the two 5^(4 k) invariants 
(invariants under global, two-mode symplectic operations) [2531 12111 IGA2I IGA3] 



2iyl = A(cr) =F (cr) - 4 Deter . (4.4) 

According to Eq. (|4.ip . two- mode Gaussian states can be classified in terms of 
their four standard form covariances a, b, c+, and c_. It is relevant to provide a 
reparametrization of standard form states in terms of symplectic invariants which 
admit a direct interpretation for generic Gaussian states [GA2IIGA3I[GA6] . Namely, 
the parameters of Eq. (|4.ip can be determined in terms of the two local symplectic 
invariants 

fii = (Dcta)-^/^ = l/a, /i2 = (Det/3)"^/2 = 1/5, (4.5) 
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which are the marginal purities of the reduced single-mode states, and of the two 
global symplectic invariants 

^= (Dctcr)-i/2 ^ [(a6-4)(afe-c2_)]-i/2^ A ^ 5^ + 2c+c_ , (4.6) 

which are the global purity, Eq. (|2.37p . and the seralian, Eq. (|2.34p . respectively. 
Eqs. (|4.5H4.6p can be inverted to provide the following physical parametrization of 
two-mode states in terms of the four independent parameters ^i, ^2, Mi ^-nd A, 



— , b = —, c± = — (e_±e+), (4.7) 
Ml M2 4 ' ' 



with 



9 9 



The uncertainty principle Eq. (|4.2p and the existence of the radicals appearing 
in Eq. (|4.7p impose the following constraints on the four invariants in order to 
describe a physical state 

< ^lu2 < 1, (4.8) 

< M < jj^ r, (4.9) 

M1M2 + Imi - M2I 

1 < A < mm < 5-^5 , 1 H ^ > . (4.10) 

M I WM2 M M^J 

The physical meaning of these constraints, and the role of the extremal states 
[i.e. states whose invariants saturate the upper or lower bounds of Eqs. (|4.9H4.10|l ] 
in relation to the entanglement, will be carefully investigated in Sec. 14.3.31 



4.2. Entanglement and symplectic eigenvalues 
4.2.1. Partial transposition and negativities 



The PPT condition for separability, Eq. (|3.3p has obviously a very simple form for 
two-mode Gaussian states. In terms of symplectic invariants, partial transposition 
corresponds to flipping the sign of Det7, 

° ;) ^ ..(° I), ,4.u, 

with Det7 = —Dot 7. For a standard form CM, Eq. (|4.ip . this simply means 
c+ — *■ c+, c_ c_. Accordingly, the seralian A = Data -|- Det/3 -|- 2Det7, 
Eq. (|2.34p . is mapped under partial transposition into 



A Dot a + Dot /3 + 2 Dot 7 = Dot a + Dot /3 - 2 Dot 7 
= A - 4 Dot 7 = - A + 2//ii + 2/M2 



(4.12) 



From Eq. (|4.4p . the symplectic eigenvalues of the partial transpose or of a two-mode 
CM <T are promptly determined in terms of symplectic invariants [2111 IGA2] IGA3] . 



S-t-^t^/a^-^. (4.13) 

The PPT criterion can be then recast as the following inequality 

A < 1 + 1/^2^ (4.14) 
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equivalent to separability. In other words, it yields a state cr separable if and only 
if > 1. Accordingly, the logarithmic negativity Eq. (|3.8p is a decreasing function 
of i>_ only, 

Ef^ = max{0, - log , (4.15) 

as for the biggest symplectic eigenvalue of the partial transpose one has v+ > \ for 
all two- mode Gaussian states [GA2, GA3]. 

Note that from Eqs. (|4. 114. 214. 1214. 14p the following necessary condition for 
two-mode entanglement follows [218], 

o- entangled Dct7<0. (4.16) 

4.2.2. Entanglement of formation for symmetric states 

The optimal convex decomposition involved in the definition Eq. (|1.35p of the en- 
tanglement of formation [24] (which, in principle, would run over ensembles of 
non-Gaussian pure states), has been remarkably solved in the special instance of 
two-mode symmetric mixed Gaussian states [i.e. with Deta = Dct/3 in Eq. (|4.ip ] 
and turns out to be Gaussian. Namely, the absolute minimum is realized within 
the set of pure two-mode Gaussian states [95], yielding 

Ef = max[0, ft.(i>-)] , (4.17) 

with 



(1 + x 



i2 



h{x) = — — log 



{l + x) 



{l-x) 
Ax 
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■log 



{i-xY 



Ax 



(4.18) 



Ax 

Such a quantity is, again, a monotonically decreasing function of the smallest sym- 
plectic eigenvalue v- of the partial transpose cr of a two-mode symmetric Gaussian 
CM cr, thus providing a quantification of the entanglement of symmetric states 
equivalent to the one provided by the negativities. 

As a consequence of this equivalence, it is tempting to conjecture that there 
exists a unique quantification of entanglement for all two-mode Gaussian states, 
embodied by the smallest symplectic eigenvalue j>_ of the partially transposed CM, 
and that the different measures simply provide trivial rescalings of the same unique 
quantification. In particular, the ordering induced on the set of entangled Gaussian 
state is uniquely defined for the subset of symmetric two-mode states, and it is 
independent of the chosen measure of entanglement. However, in Sec. 14.51 we will 
indeed show, within the general framework of Gaussian entanglement measures (see 
Sec. 13.2.21) . that different families of entanglement monotones induce, in general, 
different orderings on the set of nonsymmetric Gaussian states, as demonstrated in 
[GAT]. 

Let us mention that, for nonsymmetric two-mode Gaussian states, lower bounds 
on the entanglement of formation are available [196] . 

4.2.3. EPR correlations 

A deeper insight on the relationship between correlations and the smallest symplec- 
tic eigenvalue i>- of the partial transpose is provided by the following observation, 
which holds, again, for symmetric two- mode Gaussian states only [GA3] . 

Let us define the EPR correlation ^ [95l 1196] of a CV two-mode quantum state 

as 

C _ ^qi-q2 + hl+P2 Trcr ^ ,^ A/I IQ^ 

? = 7^ = — cri3 + 0-24 , (4.19) 
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where 60 = {o^) ~ (o)^ for an operator 6. If ^ > 1 then the state does not possess 
non-local correlations [70]. The idealized EPR state [73] (simultaneous eigenstate 
of the commuting observables qi — (72 and pi +P2) has C = 0. As for standard form 
two-mode Gaussian states, Eq. (|4.ip . one has 

6q^-q^ = a + 6-2c+, (4.20) 
5pi+p2 ^ a + 6 + 2c_, (4.21) 
e = a + 5-c+ + c_. (4.22) 

Notice that ^ is not by itself a good measure of correlation because, as one can easily 
verify, it is not invariant under local symplectic operations. In particular, applying 
local squeezings with parameters r.i = log Vi and local rotations with angles ipi to a 
standard form state, we obtain 

- \ (^'? + 4) + ^ [vl + ^) - (c,.U.2 - ^) cos^ , (4.23) 

with I? = (/3i + (/32- Now, the quantity 

I = min^i,^,^) 

has to be Sp (^2,r) ®Sp (^2, r) invariant. It corresponds to the maximal amount of EPR 
correlations which can be distributed in a two-mode Gaussian state by means of 
local operations. Minimization in terms of i? is immediate, yielding ^ = mini,. £,vi, 
with 

a 



The gradient of such a quantity is null if and only if 



C+V1V2 



V1V2 



(4.24) 



-\c+\viV2~- — - = 0, (4.25) 

V1V2 

\]-\c+\viV2-^-^ = 0, (4.26) 
V2J V1V2 

where we introduced the position c+c_ < 0, necessary to have entanglement, see 
Eq. (|4.16p . Eqs. (|4.25l I4.26P can be combined to get 

Restricting to the symmetric (a = b) entangled c+c_ < 0) case, Eq. (|4.27p 
and the fact that Vi > imply vi = V2. Under such a constraint, minimizing 
becomes a trivial matter and yields 



e = 2v/(a-|c+|)(a-|c_|) = 2D- . (4.28) 

We thus see that the smallest symplectic eigenvalue of the partially transposed state 
is endowed with a direct physical interpretation: it quantifies the greatest amount 
of EPR correlations which can be created in a Gaussian state by means of local 
operations. 

As can be easily verified by a numerical investigation, such a simple inter- 
pretation is lost for nonsymmetric two-mode Gaussian states. This fact properly 
exemplifies the difficulties of handling optimization problems in nonsymmetric in- 
stances, encountered, e.g. in the computation of the entanglement of formation of 
such states [95]. It also confirms that, in the special subset of two-mode (mixed) 
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symmetric Gaussian states, there is a unique interpretation for entanglement and 
a unique ordering of entangled states belonging to that subset, as previously re- 
marked. 

4.3. Entanglement versus Entropic measures 

Here we aim at a characterization of entanglement of two- mode Gaussian states and 
in particular at unveiling its relationship with the degrees of information associated 
with the global state of the system, and with the reduced states of each of the two 
subsystems. 

As extensively discussed in Chapter [H the concepts of entanglement and in- 
formation encoded in a quantum state are closely related. Specifically, for pure 
states bipartite entanglement is equivalent to the lack of information (mixedness) 
of the reduced state of each subsystem. For mixed states, each subsystem has 
its own level of impurity, and moreover the global state is itself characterized by 
a nonzero mixedness. Each of these properties can be interpreted as information 
on the preparation of the respective (marginal and global) states, as clarified in 
Sec. 11.11 Therefore, by properly accessing these degrees of information one is intu- 
itively expected to deduce, to some extent, the status of the correlations between 
the subsystems. 

The main question we are posing here is 

What can we say about the quantum correlations existing between 
the subsystems of a quantum multipartite system in a mixed state, 
if we know the degrees of information carried by the global and the 
reduced states? 

In this Section we provide an answer, which can be summarized as "almost every- 
thing", in the context of two-mode Gaussian states of CV systems. Based on our 
published work [GA2I IGA3I IGA6j . we will demonstrate, step by step, how the en- 
tanglement — specifically, measured by the logarithmic negativity — of two-mode 
Gaussian states can be accurately (both qualitatively and quantitatively) charac- 
terized by the knowledge of global and marginal degrees of information, quantified 
by the purities, or by the generaHzed entropies of the global state and of the reduced 
states of the two subsystems. 

4.3.1. Entanglement vs Information (I) - Maximal negativities at fixed global 
purity 

The first step towards giving an answer to our original question is to investigate the 
properties of extremally entangled states at a given degree of global information. 
Let us mention that, for two-qubit systems, the existence of maximally entangled 
states at fixed mixedness (MEMS) was first found numerically by Ishizaka and 
Hiroshima [126| . The discovery of such states spurred several theoretical works [2461 
I158| , aimed at exploring the relations between different measures of entanglement 
and mixedness [261| (strictly related to the questions of the ordering induced by 
these different measures [2551 1247| , and of the volume of the set of mixed entangled 
states [28311282] ). 

Unfortunately, it is easy to show that a similar analysis in the CV scenario is 
meaningless. Indeed, for any fixed, finite global purity /i there exist infinitely many 
Gaussian states which are infinitely entangled. As an example, we can consider the 
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class of (nonsymmetric) two-mode squeezed thermal states. Let C/i,2(?'), Eq. (|2.2ip . 
be the two mode squeezing operator with real squeezing parameter ?' > 0, and let 
Qvi be a tensor product of thermal states with CM = © 12^^-1-, where i^zfi 
denotes, as usual, the symplectic spectrum of the state. Then, a nonsymmetric two- 
mode squeezed thermal state £,^-^r is defined as ^^^.r = U (r) g'^.W (r) , corresponding 
to a standard form CM with 

a = cosh^ r + sinh^ r , b ~ sinh^ r + cosh^ r , (4.29) 

^- + ^+ • 1 r, 

c+ = ± sinh27'. 

2 

Inserting Eqs. (|4.29p into Eq. (|4.14p yields the following condition for a two-mode 
squeezed thermal state ^i/.^^ to be entangled 

smh (2r) > — . (4.30) 

For simplicity we can consider the symmetric instance (y- = v+ = 1/ y/Ji) and 
compute the logarithmic negativity Eq. (|4.15p . which takes the expression 

Notice how the completely mixed state (^ — *■ 0) is always separable while, for 
any /Lt > 0, we can freely increase the squeezing r to obtain Gaussian states with 
arbitrarily large entanglement. For fixed squeezing, as naturally expected, the 
entanglement decreases with decreasing degree of purity of the state, analogously 
to what happens in discrete- variable MEMS [261| . 

It is in order to remark that the notion of Gaussian maximally entangled mixed 
states acquires significance if also the mean energy is kept fixed [153j , in which case 
the maximum entanglement is indeed attained by (nonsymmetric) thermal squeezed 
states. This is somehow expected given the result we are going to demonstrate, 
namely that those states play the role of maximally entangled Gaussian states at 
fixed global anrf local mixednesses (GMEMS) [GA2IIGA3] . 

4.3.2. Entanglement vs Information (II) - Maximal negativities at fixed local 
purities 

The next step in the analysis is the unveiling of the relation between the entan- 
glement of a Gaussian state of CV systems and the degrees of information related 
to the subsystems. Maximally entangled states for given marginal mixednesses 
(MEMMS) had been previously introduced and analyzed in detail in the context 
of qubit systems [GA1| . The MEMMS provide a suitable generalization of pure 
states, in which the entanglement is completely quantified by the marginal degrees 
of mixedness. 

For two- mode Gaussian states, it follows from the expression Eq. ()4.13p of 
that, for fixed marginal purities ^1^2 and seraHan A, the logarithmic negativity 
is strictly increasing with increasing /z. By imposing the saturation of the upper 
bound of Eq. (gJl, 

M = ^^"'"(^1,2) = (a*iA*2)/(miA'2 + - /i2|) , (4.31) 

we determine the most pure states for fixed marginals; moreover, choosing ^ = 
^max^^^^-j immediately impHes that the upper and the lower bounds on A of 
Eq. (|4.10p coincide and A is uniquely determined in terms of /xi,2, A = 1 + 1/ 
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Figure 4.1. Plot of the maximal entanglement achievable by quantum sys- 
tems with given marginal linear entropies: (a) logarithmic negativity of con- 
tinuous variable GMEMMS, introduced in [GA3| . which saturate the upper 
bound of inequality (|4.9|l : (b) tangle of two-qubit MEMMS, introduced in 



EIT]. 



This means that the two-mode states with maximal purity for fixed marginals are 
indeed the Gaussian maximally entangled states for fixed marginal mixednesses 



(GMEMMS) [GA3] . They can be seen as the CV analogues of the MEMMS [GAl] . 
The standard form of GMEMMS can be determined by Eqs. (|4.7p . yielding 



In Fig. 14.11 the logarithmic negativity of GMEMMS is plotted as a function of 
the marginal linear entropies Sli,2 = 1 — Mi, 2, in comparison with the behavior of 
the tangle (an entanglement monotone equivalent to the entanglement of formation 
for two qubits [2731 [59] . see Sec. I1.4.2"?T|) as a function of Sli,2 for discrete variable 
MEMMS. Notice, as a common feature, how the maximal entanglement achievable 
by quantum mixed states rapidly increases with increasing marginal mixednesses 
(like in the pure-state instance) and decreases with increasing difference of the 
marginals. This is natural, because the presence of quantum correlations between 
the subsystems impHes that they should possess rather similar amounts of quantum 
information. Let us finally mention that the "minimally" entangled states for fixed 
marginals, which saturate the lower bound of Eq. (|4.9p (/-t = Mi/^2), are just the 
tensor product states, i.e. states without any (quantum or classical) correlations 
between the subsystems^ 

4.3.3. Entanglement vs Information (III) - Maximal and minimal negativities 
at fixed global and local purities 

What we have shown so far, by simple analytical bounds, is a general trend of in- 
creasing entanglement with increasing global purity, and with decreasing marginal 



Note that this is no longer true in two-qubit systems. In that instance, there exist LPTP 
("less pure than product") states, whose global purity is smaller than the product of their two 
marginal purities, implying that they carry less information than the uncorrelated product states. 
Surprisingly, they can even be entangled, meaning that they somehow encode negative quantum 
correlations. The LPTP states of two qubits have been discovered and characterized in [GA1| . 
Recently, the notion of negative quantum information has been reinterpreted in a communication 
context [121] . 




(4.32) 
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purities and difference between them. We now wish to exploit the joint information 
about global and marginal degrees of purity to achieve a significative characteriza- 
tion of entanglement, both qualitatively and quantitatively. Let us first investigate 
the role played by the seralian A in the characterization of the properties of two- 
mode Gaussian states. To this aim, we analyze the dependence of the eigenvalue 
V- on A, for fixed ^1,2 and n: 



d A 




1 > . (4.33) 



The smallest symplectic eigenvalue of the partially transposed state a is strictly 
monotone in A. Therefore the entanglement of a generic Gaussian state a with 
given global purity ^ and marginal purities /J.1,2, strictly increases with decreasing 
A. The seralian A is thus endowed with a direct physical interpretation: given 
the global and the two marginal purities, it exactly determines the amount of 
entanglement of the state. Moreover, due to inequality (|4.10p . A is constrained both 
by lower and upper bounds; therefore, both maximally and, remarkably, minimally 
entangled Gaussian states exist, at fixed global and local degrees of purity. This fact 
admirably elucidates the relation between quantum correlations and information in 
two-mode Gaussian states [GA2I [GA3l IGA6] . summarized as follows. 

Entanglement at given degrees of information encoded in two-mode 
Gaussian states. The entanglement, quantified by the negativities, of two- 
mode (mixed) Gaussian states is tightly bound from above and from below 
by functions of the global and the marginal purities, with only one remaining 
degree of freedom related to the symplectic invariant A. 

4.3.3.1. GMEMS and GLEM5: Extremally entangled states and purity-based separa- 
bility criteria. We now aim to characterize extremal (maximally and minimally) 
entangled Gaussian states for fixed global and marginal purities, along the lines of 
[GA2I IGA3j . As it is clear from Eq. (|4.5p . the standard form of states with fixed 
marginal purities always satisfies a ~ 1/ fii, b ^ 1/ ^12- Therefore the complete char- 
acterization of maximally and minimally entangled states is achieved by specifying 
the expression of their coefficients Cip. 

GMEMS. — Let us first consider the states saturating the lower bound in Eq. (|4.10p . 
which entails maximal entanglement. They are Gaussian maximally entangled 
states for fixed global and local purities (GMEMS), admitting the following stan- 
dard form parametrization 



c± = ±J^ - - ■ (4.34) 

V M 

It is easily seen that such states belong to the class of asymmetric two-mode 
squeezed thermal states, Eq. (|4.29p . with squeezing parameter and symplectic spec- 
trum given by 

tanh 2r = 2(/^iM2 - l^-ll^l/ I^V^V il^i + M2) , (4.35) 



^2^1^ (A'i - M2)^ _p Imi - M2I / (mi - A^2)^ ^ 4 
^ 2/i^/i^ 2/ii^2 V M1M2 M 
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In particular, any GMEMS can be written as an entangled two-mode squeezed 
thermal state [satisfying Ineq. (|4.30p ]. This provides a characterization of two- 
mode thermal squeezed states as maximally entangled states for given global and 
marginal purities. We can restate this result as follows: given an initial tensor 
product of (generally different) thermal states, the unitary operation providing the 
maximal entanglement for given values of the local purities fii 's is given by a two- 
mode squeezing, with squeezing parameter determined by Eq. (|4.35p . Note that the 
same states have also been proven to be maximally entangled at fixed global purity 
and mean energy [153] . as already mentioned. Nonsymmetric two-mode thermal 
squeezed states turn out to be separable in the range 



(4.37) 



Ml + - f^im 

In such a separable region in the space of purities, no entanglement can occur for 
states of the form Eq. (|4.34p . while, outside this region, they are properly GMEMS. 
As a consequence, we obtain a sufficient entropic condition for separability: all 
two-mode Gaussian states whose purities fafi in the separable region defined by 
inequality (|4.37p . are separable. 

GLEMS. — We now consider the states that saturate the upper bound in Eq. (|4.10p . 
They determine the class of Gaussian least entangled states for given global and 
local purities (GLEMS). Violation of inequality (|4.37p implies that 

1 - (/ii +A^a)' 2 



1 + — 



< 



? 9 
Mi/"2 



(4.38) 



Therefore, outside the separable region, GLEMS fulfill 

1 

Considering the symplectic diagonalization of Gaussian states and the definition of 
the seralian A = i^^+iy^, Eq. (|2.34p . it immediately follows that the <S'p(4.R) invari- 
ant condition (|4.38p is fulfilled if and only if the symplectic spectrum of the state 
takes the form v- — 1, ly^ ~ 1//^. We thus find that GLEMS are characterized by 
a peculiar spectrum, with all the mixedness concentrated in one 'decoupled' quad- 
rature. Moreover, by comparing Eq. (|4.38p with the uncertainty relation (|2.35p . it 
follows that GLEMS are the mixed Gaussian states of partial minimum uncertainty 
(see Sec. I2.2.2.2p . They are therefore the most "classical" mixed Gaussian states 
and, in a sense, this is compatible with their property of having minimum entan- 
glement at fixed purities. GLEMS are determined by the standard form correlation 
coefficients 



c± 



± — 




MViM2 



(4.39) 

Quite remarkably, recaUing the analysis presented in Sec. 12.3.21 it turns out that 
the GLEMS at fixed global and marginal purities are also states of minimal global 
p— entropy for p < 2, and of maximal global p— entropy for p > 2. 
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According to the PPT criterion, GLEMS are separable only if 
Therefore, in the range 

Eltl < ^ < (4.40) 

Ml + ^J■■2 - /^i/^2 y^ni + Mi - 

both separable and entangled states two-mode Gaussian states can be found. In- 
stead, the region 

M > , , , , (4.41) 

VMi + M2 - MiM2 

can only accomodate entangled states. The very narrow region defined by inequality 
(|4.40p is thus the only region of coexistence of both entangled and separable Gauss- 
ian two-mode mixed states, compatible with a given triple of purities. We mention 
that the sufficient condition for entanglement (|4.4ip . first obtained in Ref. [GA2] . 
has been independently rederived in Ref. [87] . 

Let us also recall that for Gaussian states whose purities saturate the rightmost 
inequality in Eq. (|4.9p . GMEMS and GLEMS coincide and we have a unique class 
of entangled states depending only on the marginal purities ^1,2: they are the 
Gaussian maximally entangled states for fixed marginals (GMEMMS), introduced 
in Sec. ITXl 

All the previous necessary and/or sufficient conditions for entanglement — 
which constitute the strongest entropic criteria for separability [164| to date in the 
case of Gaussian states — are collected in Table 14.11 and allow a graphical display 
of the behavior of the entanglement of mixed Gaussian states as shown in Fig. 14.21 
These relations classify the properties of separability of all two-mode Gaussian 
states according to their degree of global and marginal purities. 



Degrees of purity Entanglement properties 



M < M1M2 


unphysical region 


111112 < U < J"'^^ 


separable states 


^1+^2-^1^2 " ^^2+^2_^2^2 


coexistence region 


" ^ - ^1^2+1^1-/^21 


entangled states 


^ ^1^2+1^1—^2! 


unphysical region 



Table 4.1. Classification of two-mode Gaussian states and of their properties 
of separability according to their degrees of global purity fi and of marginal 
purities m and ij.2. 
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Figure 4.2. Summary of entanglement properties of two-mode (nonsymmet- 
ric) Gaussian states in the space of marginal purities /xi 2 (a;- and y-axes) 
and global purity fi. In fact, on the z-axis we plot the ratio fi/fj,ifi2 to gain 
a better graphical distinction between the various regions. In this space, all 
physical states lay between the horizontal plane 2 = 1 representing product 
states, and the upper limiting surface representing GMEMMS. Separable and 
entangled states are well separated except for a narrow region of coexistence 
(depicted in yellow). Separable states fill the region depicted in red, while 
in the region containing only entangled states we have depicted the average 
logarithmic negativity Eq. (|4.56[l . growing from green to magenta. The mathe- 
matical relations defining the boundaries between all these regions are collected 
in Table [4J1 The three-dimensional envelope is cut at 2 = 3.5. 

4.3.4. Entanglement vs Information (IV) - Maximal and minimal negativities 
at fixed global and local generalized entropies 

Here we introduce a more general characterization of the entanglement of generic 
two-mode Gaussian states, by exploiting the generalized p— entropies, defined by 
Eq. ()1.13p and computed for Gaussian states in Eq. (|2.36p . as measures of global 
and marginal mixedness. For ease of comparison we will carry out this analysis 
along the same lines followed before, by studying the explicit behavior of the global 
invariant A, directly related to the logarithmic negativity Ej^ at fixed global and 
marginal purities. This study will clarify the relation between A and the generalized 
entropies Sp and the ensuing consequences for the entanglement of Gaussian states. 

We begin by observing that the standard form CM <t of a generic two-mode 
Gaussian state can be parametrized by the following quantities: the two marginals 
fii,2 (or any other marginal Sp-^ ^ because all the local, single-mode entropies are 
equivalent for any value of the integer p), the global entropy Sp (for some chosen 
value of the integer p), and the global symplectic invariant A. On the other hand, 
Eqs. 1312. 3614. 4p provide an explicit expression for any Sp as a function of fj, and 
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A. Such an expression can be exploited to study the behavior of A as a function 
of the global purity ^, at fixed marginals and global Sp (from now on we will omit 
the explicit reference to fixed marginals). One has 

dfi_ _ ^ dR 2 dSp/dA\j^ 

2 Np{A,R) 
~ Dp{A,R) 

where we have defined the inverse participation ratio 

and the remaining quantities Np and Dp read 

Np{A,R) = 



(4.42) 



(4.43) 



{R + 2 + 2VA + R)P-^ -{R + 2- 2VA + Rf-^ 
{R-2 + 2VA-R)P-^ -{R-2- 2VA - R)p-^ 



VA~R 

VA + R 



p-i 



Dp{A,R) = {VA + R + l){R + 2 + 2VA + R) 

+ (VA + R- l)(i? + 2 - 2VA + Rf-^ 



VA^ 



(VA~R + l)(i? - 2 - 2VA~R)p-^ 



+ iVA~R-l){R-2 + 2VA~R)P-^ VaTr . 



(4.44) 



Now, it is easily shown that the ratio Np{A, R)/Dp{A, R) is increasing with increas- 
ing p and has a zero at p = 2 for any A, R; in particular, its absolute minimum 
(-1) is reached in the limit {A ^ 2, R 2, p ^ 1). Thus the derivative Eq. (|4.42p 
is negative for p < 2, null for p = 2 (in this case A and ^2 = 1 — are of course re- 
garded as independent variables) and positive forp > 2. This implies that, for given 
marginals, keeping fixed any global Sp for p < 2 the minimum (maximum) value of 
A corresponds to the maximum (minimum) value of the global purity fx. Instead, 
by keeping fixed any global Sp for p > 2 the minimum of A is always attained at 
the minimum of the global purity /x. In other words, for fixed marginal entropies 
and global Sv, the quantity A decreases with increasing global purity, while for 
fixed marginal properties and global Sp {p > 2), A increases with increasing /i. 

This observation allows to determine rather straightforwardly the states with 
extremal A. They are extremally entangled states because, for fixed global and 
marginal entropies, the logarithmic negativity of a state is determined only by the 
one remaining independent global symplectic invariant, represented by A in our 
choice of parametrization. If, for the moment being, we neglect the fixed local 
purities, then the states with maximal A are the states with minimal (maximal) 
for a given global Sp with p < 2 (p > 2) (see Sec. 12.3.21 and Fig. 12. ip . As found in 
Sec. 12. 3. 2^ such states are minimum-uncertainty two-mode states with mixedness 
concentrated in one quadrature. We have shown in Sec. l4.3.3m that they correspond 
to Gaussian least entangled mixed states (GLEMS) whose standard form is given 
by Eq. (|4.39p . As can be seen from Eq. (|4.39p . these states are consistent with 
any legitimate physical value of the local invariants fii^2- We therefore conclude 
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that all Gaussian states with maximal A for any fixed triple of values of global and 
marginal entropies are GLEMS. 

Viceversa one can show that all Gaussian states with minimal A for any fixed 
triple of values of global and marginal entropies are Gaussian maximally entangled 
mixed states (GMEMS). This fact is immediately evident in the symmetric case 
because the extremal surface in the Sp vs. Sl diagrams is always represented by 
symmetric two- mode squeezed thermal states (symmetric GMEMS). These states 
are characterized by a degenerate symplectic spectrum and encompass only equal 
choices of the local invariants: = ^2- In the nonsymmetric case, the given 
values of the local entropies are different, and the extremal value of A is further 
constrained by inequality (|4.10p 



A-R>^J^1^^. (4.45) 



From Eq. ([T42ll it follows that 
d{A - R) 



dA 



because Np{A, R) / Dp(A, R) > —1. Thus, A — i? is an increasing function of A 
at fixed ^i_2 and Sp, and the minimal A corresponds to the minimum of A — _R, 
which occurs if inequality (|4.45p is saturated. Therefore, also in the nonsymmetric 
case, the two-mode Gaussian states with minimal A at fixed global and marginal 
entropies are GMEMS. 

Summing up, we have shown that the two special classes of GMEMS and 
GLEMS, introduced in Sec. 14.3.31 for fixed global and marginal linear entropies, 
are always extremally entangled two-mode Gaussian states, whatever triple of gen- 
eralized global and marginal entropic measures one chooses to fix. Maximally and 
minimally entangled states of CV systems are thus very robust with respect to the 
choice of different measures of mixedness. This is at striking variance with the case 
of discrete variable systems, where it has been shown that fixing different measures 
of mixedness yields different classes of maximally entangled states [261] . 



4.3.4.1. Inversion of extremally entangled states. We will now show that the char- 
acterization provided by the generaHzed entropies leads to some remarkable new 
insight on the behavior of the entanglement of CV systems. The crucial observation 
is that for a generic p, the smallest symplectic eigenvalue of the partially trans- 
posed CM, at fixed global and marginal p— entropies, is not in general a monotone 
function of A, so that the connection between extremal A and extremal entan- 
glement turns out to be, in some cases, inverted. In particular, while for p < 2 
the GMEMS and GLEMS surfaces tend to be more separated as p decreases, for 
p > 2 the two classes of extremally entangled states get closer with increasing p 
and, within a particular range of global and marginal entropies, they exchange their 
role. GMEMS {i.e. states with minimal A) become minimally entangled states and 
GLEMS {i.e. states with maximal A) become maximally entangled states. This 
inversion always occurs for all p > 2. 

To understand this interesting behavior, let us study the dependence of the 
symplectic eigenvalue i>- on the global invariant A at fixed marginals and at fixed 
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1 



(3) (b) 

Figure 4.3. Plot of the nodal surface which solves the equation ftp = with 
Kp defined by Eq. I|4.48|l . for (a) p = 3 and (b) p = 4. The entanglement 
of Gaussian states that lie on the leaf-shaped surfaces is fully quantified in 
terms of the marginal purities and the global generalized entropy (a) 53 or (b) 
S4. The equations of the surfaces in the space S'p = {111,112, Sp} are given by 
Eqs. I|4. 51114.5311 . 



Sp for a generic p. Using Maxwell's relations, we can write 



9(2i>2) 



dA 



dA 



dR 



dSp/dA\^ 
^ ■ dSp/dR\^ 



(4.47) 



Clearly, for Kp > GMEMS and GLEMS retain their usual interpretation, whereas 
for Kp < they exchange their role. On the node Kp = GMEMS and GLEMS 
share the same entanglement, i.e. the entanglement of all Gaussian states at Kp = 
is fully determined by the global and marginal p— entropies alone, and does not 
depend any more on A. Such nodes also exist in the case p < 2 in two Hmiting 
instances: in the special case of GMEMMS (states with maximal global purity at 
fixed marginals) and in the limit of zero marginal purities. We will now show that, 
besides these two asymptotic behaviors, a nontrivial node appears for all p > 2, 
implying that on the two sides of the node GMEMS and GLEMS indeed exhibit 
opposite behaviors. Because of Eq. (|4.42p . Kip Cclll be written in the following form 



K2 



R Np{A,R) 



v/A2 - i?2 Dp{A,R) ' 



(4.48) 



with Np and Dp defined by Eq. (|4.44p and 



K2 



2 2 

-A + — + — , 

MI M2 



-1 



A 



v/A2 - i?2 



The quantity Kp in Eq. (|4.48p is a function of p, R, A, and of the marginals; 
since we are looking for the node (where the entanglement is independent of A) , we 
can investigate the existence of a nontrivial solution to the equation Kp = fixing 
any value of A. Let us choose A = 1 + R'^/A that saturates the uncertainty relation 
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and is satisfied by GLEMS. With this position, Eq. (|4.48p becomes 



(4.49) 



The existence of the node depends then on the behavior of the function 

•'^^ '~ {R + 4)(i? + 2)P-2 - (i? - 4)(i? - 2)P-2 • ^ ' 

In fact, as we have already pointed out, K2 is always positive, while the function 
fp{R) is an increasing function of p and, in particular, it is negative for p < 2, null 
for p = 2 and positive for p > 2, reaching its asymptote 2/{R + 4) in the limit 
p ^ oo. This entails that, for p < 2, Hp is always positive, which in turn implies 
that GMEMS and GLEMS are respectively maximally and minimally entangled 
two-mode states with fixed marginal and global p— entropies in the range p < 2 
(including both Von Neumann and linear entropies). On the other hand, for any 
p > 2 one node can be found solving the equation Kp(/ii, ^2, 2/fi) = 0. The solutions 
to this equation can be found analytically for low p and numerically for any p. They 
form a continuum in the space {fix, fj.2, fJ.} which can be expressed as a surface of 
general equation fj. = ^p(/ii,/i2). Since the fixed variable is Sp and not ^ it is 
convenient to rewrite the equation of this surface in the space S'p = {jii, fi2, Sp}, 
keeping in mind the relation (|2.5ip . holding for GLEMS, between /i and Sp. In this 
way the nodal surface (k^ = 0) can be written in the form 

^.^^>...)^ ^'^-^^";j";'"^^^"'^ (4.51) 

The entanglement of all Gaussian states whose entropies lie on the surface Sp{^ii, fj.2) 
is completely determined by the knowledge of ^1, ^2 and Sp. The explicit expres- 
sion of the function ^^(/ii, ^2) depends on p but, being the global purity of physical 
states, is constrained by the inequality 

^ + lAii - M2I 

The nodal surface of Eq. (|4.5ip constitutes a 'leaf, with base at the point ^p(0, 0) = 
and tip at the point /ip(V3/2, a/3/2) = 1, for any p > 2; such a leaf becomes 
larger and fiatter with increasing p (see Fig. 14. 3p . 

For p > 2, the function fp{R) defined by Eq. (|4.50p is negative but decreasing 
with increasing R, that is with decreasing ^. This means that, in the space of 
entropies Sp, above the leaf {Sp > S^) GMEMS (GLEMS) are still maximally 
(minimally) entangled states for fixed global and marginal generalized entropies, 
while below the leaf they are inverted. Notice also that for ^1,2 > V^/2 no node 
and so no inversion can occur for any p. Each point on the leaf-shaped surface 
of Eq. (|4.5ip corresponds to an entire class of infinitely many two-mode Gaussian 
states (including GMEMS and GLEMS) with the same marginals and the same 
global Sp = Sp{^i, ^2), which are all equally entangled, since their logarithmic 
negativity is completely determined by MI1M2 and Sp. For the sake of clarity we 
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provide the explicit expressions of ^p(/ii,^2), as plotted in Fig. 14.31 for the cases 
(a) p = 3, and (b) p = 4, 

MS(/ii,/i2) = {^—^3 ^1 ' (4-52) 



M4(M1'M2) = V3^i//2 y 1^/11+^*2-2^1^2 + 



(4.53) 



4.3.4.2. Classifying entangled states with generalized entropic measures. Apart from 
the relevant 'inversion' feature shown by p— entropies for p > 2, the possibility of 
an accurate characterization of CV entanglement based on global and marginal en- 
tropic measures still holds in the general case for any p. In particular, the set of all 
Gaussian states can be again divided, in the space of global and marginal Sp'a, into 
three main areas: separable, entangled and coexistence region. It can be thus very 
interesting to investigate how the different entropic measures chosen to quantify the 
degree of global mixedness (all marginal measures are equivalent) behave in classi- 
fying the separability properties of Gaussian states. Fig. 14.41 provides a numerical 
comparison of the different characterizations of entanglement obtained by the use 
of different p— entropies, with p ranging from 1 to 4, for symmetric Gaussian states 
(S'pi = = S'pJ. The last restriction has been imposed just for ease of graphical 
display. The following considerations, based on the exact numerical solutions of the 
transcendental conditions, will take into account nonsymmetric states as well. 

The mathematical relations expressing the boundaries between the different 
regions in Fig. 14.41 are easily obtained for any p by starting from the relations 
holding for p = 2 (see Table [4T| and by evaluating the corresponding Sp{fii^2) for 
each ^{fii,2). For any physical symmetric state such a calculation yields 



0<{p-l)Sp < l-gp 




entangled, 



coexistence, (4.54) 



=J> separable. 

Equations (|4.54p were obtained exploiting the multiplicativity of norms on prod- 
uct states and using Eq. (|2.44p for the lower boundary of the coexistence region 
(which represents GLEMS becoming entangled) and Eq. (|2.47p for the upper one 
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Figure 4.4. Summary of the entanglement properties for symmetric Gaussian 
states at fixed global and marginal generalized p— entropies, for (a) p = 1 (Von 
Neumann entropies), (b) p = 2 (linear entropies), (c) p = 3, and (d) p = 4. 
All states in the red region are separable. In the entangled region, the average 
logarithmic negativity E^{Sp^ , Sp) Eq. (|4.56|l is depicted, growing from green 
to magenta. For p > 2 an additional dashed curve is plotted; it represents 
the nodal line of inversion. Along it the entanglement is fully determined by 
the knowledge of the global and marginal generalized entropies Sp-,Sp, and 
GMEMS and GLEMS are equally entangled. On the left side of the nodal line 
GMEMS (GLEMS) are maximally (minimally) entangled Gaussian states at 
fixed Sp-,Sp. On the right side of the nodal line they are inverted: GMEMS 
(GLEMS) are minimally (maximally) entangled states. Also notice how the 
yellow region of coexistence (accommodating both separable and entangled 
states) becomes narrower with increasing p. The equations of all boundary 
curves can be found in Eq. I|4.54p . 



(which expresses GMEMS becoming separable). Let us mention also that the re- 
lation between any local entropic measure Sp. and the local purity fj-i is obtained 
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Figure 4.5. Upper and lower bounds on the logarithmic negativity of sym- 
metric Gaussian states as functions of the global and marginal generalized 
p— entropies, for (a) p = 1 (Von Neumann entropies), (b) p = 2 (linear en- 
tropies), (c) p = 3, and (d) p = 4. The blue (yellow) surface represents 
GMEMS (CLEMS). Notice that for p > 2 GMEMS and GLEMS surfaces in- 
tersect along the inversion line (meaning they are equally entangled along that 
line), and beyond it they interchange their role. The equations of the inversion 
lines are obtained from Eqs. I|4.51H4.53|| . with the position Sp-^ = Sp2 = Sp-. 



directly from Eq. (|2.36p and reads 

S,^ = i^MM . (4.55) 

We notice prima facie that, with increasing p, the entanglement is more sharply 
qualified in terms of the global and marginal p— entropies. In fact the region of 
coexistence between separable and entangled states becomes narrower with higher 
p. Thus, somehow paradoxically, with increasing p the entropy Sp provides less 
information about a quantum state, but at the same time it yields a more accurate 
characterization and quantification of its entanglement. In the limit p ^ oo all 
the physical states collapse to one point at the origin of the axes in the space of 
generaHzed entropies, due to the fact that the measure Soo is identically zero. 
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4.4. Quantifying entanglennent via purity measures: the average loga- 
rithmic negativity 

We have extensively shown that knowledge of the global and marginal generalized 
p— entropies accurately characterizes the entanglement of Gaussian states, provid- 
ing strong sufficient and/or necessary conditions. The present analysis naturally 
leads us to propose an actual quantification of entanglement, based exclusively on 
marginal and global entropic measures, according to the approach introduced in 
Refs. [GA2IIGA3] . 

Outside the separable region, we can formally define the maximal entanglement 
Ej\fmax{Sp^ 2, Sp) as the logarithmic negativity attained by GMEMS (or GLEMS, 
below the inversion nodal surface for p > 2, see Fig. 14. 3p . In a similar way, in 
the entangled region GLEMS (or GMEMS, below the inversion nodal surface for 
p > 2) achieve the minimal logarithmic negativity EMmmiSp,^ ^p)- The explicit 
analytical expressions of these quantities are unavailable for any p ^ 2 due to the 
transcendence of the conditions relating Sp to the symplectic eigenvalues. 

The surfaces of maximal and minimal entanglement in the space of the global 
and local Sp are plotted in Fig. 14.51 for symmetric states. In the plane Sp = the 
upper and lower bounds correctly coincide, since for pure states the entanglement 
is completely quantified by the marginal entropy. For mixed states this is not 
the case but, as the plot shows, knowledge of the global and marginal entropies 
strictly bounds the entanglement both from above and from below. For p > 2, we 
notice how GMEMS and GLEMS exchange their role beyond a specific curve in the 
space of Sp's. The equation of this nodal curve is obtained from the general leaf- 
shaped nodal surfaces of Eqs. (|4.51H4.53l) . by imposing the symmetry constraint 
(S'pj = Sp2 = Sp-). We notice again how the S'p's with higher p provide a better 
characterization of the entanglement, even quantitatively. In fact, the gap between 
the two extremally entangled surfaces in the S'p's space becomes smaller with higher 
p. Of course the gap is exactly zero all along the nodal line of inversion for p > 2. 

Let us thus introduce a particularly convenient quantitative estimate of the 
entanglement based only on the knowledge of the global and marginal entropies. 
Let us define the average logarithmic negativity Ej^ as 

I CI \ E^maxiSpi 2T ^p) ~^ EM^in{Spi 2T ^p) ,. 

Em{Sp^ 2i^p) = 2 ■ ^ ^ ^ 

We will now show that this quantity, fully determined by the global and marginal 
entropies, provides a reliable quantification of entanglement (logarithmic negativ- 
ity) for two-mode Gaussian states. To this aim, we define the relative error 5Em 
on Ejsf as 

maxims p-^ >y ^ Sp") -^A/mini^Spi 2 ^ /. r--7\ 

dEM[Sp^2,Sp) = — TTT^ q~VTWr Tq~^ ^ > 

^Mmax Wpi,2 1 ^p ) ' ^Mmin \^p\^2 i ^p ) 

As Fig. 14.61 shows, this error decreases exponentially both with decreasing global 
entropy and increasing marginal entropies, that is with increasing entanglement. 
In general the relative error SEm is 'small' for sufficiently entangled states; we will 
present more precise numerical considerations in the subcase p = 2. Notice that the 
decaying rate of the relative error is faster with increasing p: the average logarithmic 
negativity turns out to be a better estimate of entanglement with increasing p. For 
p > 2, 5Em is exactly zero on the inversion node, then it becomes finite again and. 
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Figure 4.6. The relative error SEj^ Eq. I|4.57[l on tiie average logaritiimic 
negativity as a function of the ratio Sp-/Sp, for (a) p = 1, (b) p = 2, (c) p = 3, 
(d) p = 4, plotted at (a) Sy = 1, (b) Sl = 1/2, (c) S3 = 1/4, (d) S4 = 1/6. 
Notice how, in general, the error decays exponentially, and in particular faster 
with increasing p. Forp > 2, notice how the error reaches zero on the inversion 
node (see the insets), then grows and reaches a local maximum before going 
back to zero asymptotically. 



after reaching a local maximum, it goes asymptotically to zero (see the insets of 
Fig.BH). 

All the above considerations, obtained by an exact numerical analysis, show 
that the average logarithmic negativity Ej\f at fixed global and marginal p— entropies 
is a very good estimate of entanglement in CV systems, whose reliability improves 
with increasing entanglement and, surprisingly, with increasing order p of the en- 
tropic measures. 

4.4.1. Direct estimate of two-mode entanglement 

In the present general framework, a peculiar role is played by the case p = 2, i.e. 
by the Hnear entropy Sl (or, equivalently, the purity /^). The previous general 
analysis on the whole range of generaHzed entropies Sp, has remarkably stressed 
the privileged theoretical role of the instance p = 2, which discriminates between 
the region in which extremally entangled states are unambiguously characterized 
and the region in which they can exchange their roles. Moreover, the graphical 
analysis shows that, in the region where no inversion takes place {p < 2), fixing the 
global S2 — I — yields the most stringent constraints on the logarithmic nega- 
tivity of the states (see Figs. 14.41 14.5[ 14. 6p . Notice that such constraints, involving 
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no transcendental functions forp — 2, can be easily handled analytically. A crucial 
experimental consideration strengthens these theoretical and practical reasons to 
privilege the role of 82. In fact, S2 can indeed, assuming some prior knowledge 
about the state (essentially, its Gaussian character), be measured through conceiv- 
able direct methods, in particular by means of single-photon detection schemes [87j 
(of which preliminary experimental verifications are available [263] 1 or of the up- 
coming quantum network architectures (8OI [86l 1165] . Very recently, a scheme to 
locally measure all symplectic invariants (and hence the entanglement) of two-mode 
Gaussian states has been proposed, based on number and purity measurements 
|195] . Notice that no complete homodyne reconstruction |62] of the CM is needed 
in all those schemes. 

As already anticipated, for p = 2 we can provide analytical expressions for the 
extremal entanglement in the space of global and marginal purities [GA2] 



log 

EM7nax{fJ-l,2, fJ-) — 



(4.58) 



log 

^'A^mm(Ml,2, M) — 



1,1 1 1 ./^1|1 1 l'\^ 1 



Ml M2 ^M ^ y \ ^1 f^2 *^ / 



(4.59) 

Consequently, both the average logarithmic negativity SEj\f, defined in Eq. (|4.56p . 
and the relative error 6Ej\f, given by Eq. (|4.57p . can be easily evaluated in terms 
of the purities. The relative error is plotted in Fig. 14.6( b) for symmetric states as a 
function of the ratio S'l^/S'l. Notice, as already pointed out in the general instance 
of arbitrary p, how the error decays exponentially. In particular, it falls below 5% in 
the range Sl < (m > Hi), which excludes at most very weakly entangled states 
(states with E^/ < l)o Let us remark that the accuracy of estimating entanglement 
by the average logarithmic negativity proves even better in the nonsymmetric case 
Ml 7^ M2, essentially because the maximal allowed entanglement decreases with the 
difference between the marginals, as shown in Fig. 14.1( a). 

The above analysis proves that the average logarithmic negativity Ej^ is a re- 
liable estimate of the logarithmic negativity Ej^/, improving as the entanglement 
increases |GA2l IGA3) . This allows for an accurate quantification of C V entangle- 
ment by knowledge of the global and marginal purities. As we already mentioned, 
the latter quantities may be in turn amenable to direct experimental determination 
by exploiting recent single-photon-detection proposals |87] or in general interfer- 
ometric quantum-network setups. Let us stress, even though quite obvious, that 
the estimate becomes indeed an exact quantification in the two crucial instances 
of GMEMS (nonsymmetric thermal squeezed states) and GLEMS (mixed states of 
partial minimum uncertainty), whose logarithmic negativity is completely deter- 
mined as a function of the three purities alone, see Eqs. (|4. 58114. 59]! . 



^It is straightforward to verify that, in the instance of two-mode squeezed thermal (sym- 
metric) states, such a condition corresponds to cosh{2r) > /^^Z*. This constraint can be easily 
satisfied with the present experimental technology: even for the quite unfavorable case /i = 0.5 
the squeezing parameter needed is just r ~ 0.3. 
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4.5. Gaussian entanglement measures versus Negativities 

In this Section, based on Ref. [GA7] . we add a further piece of knowledge on the 
quantification of entanglement in two- mode Gaussian states. We compute the 
Gaussian entanglement of formation and, in general, the family of Gaussian en- 
tanglement measures (see Sec. I3.2.2|) . for two special classes of two-mode Gauss- 
ian states, namely the states of extremal, maximal and minimal, negativities at 
fixed global and local purities (GMEMS and GLEMS, introduced in Sec. liXSl 
[GA2I iGASj ). We find that the two families of entanglement measures (negativities 
and Gaussian entanglement measures) are not equivalent for nonsymmetric two- 
mode states. Remarkably, they may induce a completely different ordering on the 
set of entangled two-mode Gaussian states: a nonsymmetric state qa can be more 
entangled than another state qb, with respect to negativities, and less entangled 
than the same state qb, with respect to Gaussian entanglement measures. How- 
ever, the inequivalence between the two families of measures is somehow bounded: 
we show that, at fixed negativities, the Gaussian entanglement measures are rig- 
orously bounded from below. Moreover, we provide strong evidence hinting that 
they should be bounded from above as well. 

4.5.1. Geometric framework for two-mode Gaussian entanglement measures 

The problem of evaluating Gaussian entanglement measures (Gaussian EMs) for 
a generic two-mode Gaussian state has been solved in Ref. [270] . However, the 
expHcit result contains so "cumbersome" expressions (involving the solutions of a 
fourth-order algebraic equation), that they were judged of no particular insight to 
be reported explicitly in Ref. [270j . 

We recall here the computation procedure [GA7] that we will need in the fol- 
lowing. For any two-mode Gaussian state with CM <t = a-gf in standard form 
Eq. (|4.ip . a generic Gaussian EM is given by the entanglement E of the least 
entangled pure state with CM < cr, see Eq. (|3.1ip . Denoting by 7g (respectively 
7p) the 2x2 submatrix obtained from cr by canceling the even (resp. odd) rows 
and columns, we have 

All the covariances relative to the "position" operators of the two modes are grouped 
in 7g, and analogously for the "momentum" operators in 7p. The total CM can then 
be written as a direct sum cr = 7^ © 7^. Similarly, the CM of a generic pure two- 
mode Gaussian state in block-diagonal form (it has been proven that the CM of 
the optimal pure state has to be with all diagonal 2x2 submatrices as well [270] ) 
can be written as cr^ — 7g © 7p, where the global purity of the state imposes 
ilp)~^ = 7P = r (see Appendix IA.2.ip . The pure states involved in the definition 
of the Gaussian EM must thus fulfill the condition 

7p"' < r < 79 • (4.61) 

This problem is endowed with a nice geometric description |270| . Writing 
the matrix T in the basis constituted by the identity matrix and the three Pauli 
matrices, 

\ Xi Xq - Xz J 
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the expansion coefficients {xo,xi,X3) play the role of space-time coordinates in 
a three-dimensional Minkowski space. In this picture, for example, the rightmost 
inequality in Eq. (|4.6ip is satisfied by matrices F lying on a cone, which is equivalent 
to the (backwards) light cone of jq in the Minkowski space; and similarly for the 
leftmost inequality. Indeed, one can show that, for the optimal pure state cr^p^ 
realizing the minimum in Eq. (|3.1ip . the two inequalities in Eq. (|4.6ip have to be 
simultaneously saturated [270] . From a geometrical point of view, the optimal F 
has then to be found on the rim of the intersection of the forward and the backward 
cones of and jq, respectively. This is an ellipse, and one is left with the task 
of minimizing the entanglement of cr^ = F © F~^ [see Eq. (|3.10p ] for F lying on 



At this point, let us pause to briefly recall that any pure two-mode Gaussian 
state cr^ is locally equivalent to a two-mode squeezed state with squeezing parameter 
r, described by the CM of Eq. (|2.22p . The following statements are then equivalent: 
(i) £^ is a monotonically increasing function of the entropy of entanglement; (ii) 
E is a monotonically increasing function of the single-mode determinant = 
Data = Det,9 [see Eq. (|2.53p ]: (iii) E is a. monotonically decreasing function of 
the local purity fii = fii = fi2 [see Eq. (|2.37p ]: (iv) £^ is a monotonically decreasing 
function of the smallest symplectic eigenvalue of the partially transposed CM 
cr^; (v) E is a monotonically increasing function of the squeezing parameter r. This 
chain of equivalences is immediately proven by simply recalling that a pure state 
is completely specified by its single- mode marginals, and that for a single- mode 
Gaussian state there is a unique symplectic invariant (the determinant), so that 
all conceivable entropic quantities are monotonically increasing functions of this 
invariant, as shown in Sec. 12.31 [GA3] . In particular, statement (ii) allows us to 
minimize directly the single-mode determinant over the ellipse. 



with F given by Eq. (|4.62p . 

To simplify the calculations, one can move to the plane of the eUipse with a 
Lorentz boost which preserves the relations between all the cones; one can then 
choose the transformation so that the eUipse degenerates into a circle (with fixed 
radius), and introduce polar coordinates on this circle. The calculation of the Gauss- 
ian EM for any two-mode Gaussian state is thus finally reduced to the minimization 
of from Eq. (|4.63p . at given standard form covariances of cr, as a function of the 
polar angle 6 on the circle [135] . This technique had been applied to the computa- 
tion of the Gaussian entanglement of formation by minimizing Eq. (|4.63p numeri- 
cally [270j (see also [56j). In addition to that, as already mentioned, the Gaussian 
entanglement of formation has been exactly computed for symmetric states, and it 
has been proven that in this case the Gaussian entanglement of formation is the 
true entanglement of formation [95] . 

Here we are going to present new analytical calculations, first obtained in [GA7] . 
of the Gaussian EMs for two relevant classes of nonsymmetric two-mode Gaussian 
states: the states of extremal negativities at fixed global and local purities [GA2I 



The geometric picture describing the optimal two-mode state which enters in the deter- 
mination of the Gaussian EMs is introduced in [270] . A more detailed discussion, including the 
explicit expression of the Lorentz boost needed to move into the plane of the ellipse, can be found 
in [135] . 
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IGA3j . introduced in Sec. 14.3.31 We begin by writing the general expression of the 
single-mode determinant Eq. (|4.63p in terms of the standard form covariances of a 
generic two-mode state, Eq. (|4.ip . and of the polar angle 6. After some tedious but 
straightforward algebra, one finds [gat] 



ml{a,b, c+,c_) 



c+{ab- ci) - c_ + cose ^ [a - b{ab- ct)] [b ~ a{ab - ci)] 



(4.64) 
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\ [a-6(a6-c?.)] [6 - a(a6 - c? 



where we have assumed c+ > |c_| without any loss of generality. This impHes that, 
for any entangled state, c+ > and c_ < 0, see Eq. ()4.16p . The Gaussian EM, 
defined in terms of the function E on pure states [see Eq. (|3.10p ]. coincides then 
for a generic two-mode Gaussian state with the entanglement E computed on the 



pure state with m 



'•opt' 



where 



'opt 



mine(mg). Accordingly, the symplectic 



eigenvalue i>- of the partial transpose of the corresponding optimal pure-state CM 
(T^pt, reahzing the infimum in Eq. (jS.lip . reads [see Eq. (|4.13p ] 



-opt 
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''Opt 
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(4.65) 



As an example, for the Gaussian entanglement of formation [270j one has 



,(<T) = /i(^^„p,) , (4.66) 

with h{x) defined by Eq. (|418l) . 

Finding the minimum of Eq. (|4.64p analytically for a generic state is a difficult 
task. By numerical investigations, we have found that the equation dern^ = can 
have from one to four physical solutions (in a period) corresponding to extremal 
points, and the global minimum can be attained in any of them depending on the 
parameters of the CM <t under inspection. However, a closed solution can be found 
for two important classes of nonsymmetric two- mode Gaussian states, GMEMS and 
GLEMS (see Sec. l4.3.3p . as we will now show. 

4.5.2. Gaussian entanglement measures for extremal states 



We have shown in Sec. 14.3.31 that, at fixed global purity of a two-mode Gaussian 
state cr, and at fixed local purities of each of the two reduced single- mode states, 
the smallest symplectic eigenvalue v- of the partial transpose of the CM a (which 
qualifies its separability by the PPT criterion, and quantifies its entanglement in 
terms of the negativities) is strictly bounded from above and from below. This 
entails the existence of two disjoint classes of extremal states, namely the states of 
maximum negativity for fixed global and local purities (GMEMS), and the states 
of minimum negativity for fixed global and local purities (GLEMS) [GA2I [GA3] . 
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Recalling these results, it is useful to reparametrize the standard form covari- 
ances Eq. (|4.ip of a general entangled two-mode Gaussian states, whose purities 
satisfy Ineq. (|4.4ip (see also Table [4l|) . as follows, 



a ~ s + d , 
1 



b = s-d. 



(4.67) 



4d2 + - (g2 + 1) (A - 1) - (2d2 + g) (A + 1) 



± 



4s2 + - (52 + 1) (A - 1) - (2d2 +g){X + 1) 



(4.68) 



where the two local purities are regulated by the parameters s and d, being = 
(s + c?)~^, fi2 = {s — d)~^, and the global purity is = g~^. The coefHcient A em- 
bodies the only remaining degree of freedom (related to A) needed for the complete 
determination of the negativities, once the three purities have been fixed. It ranges 
from the minimum A = — 1 (corresponding to the GLEMS) to the maximum A = -f 1 
(corresponding to the GMEMS). Therefore, as it varies, A encompasses all possible 
entangled two-mode Gaussian states compatible with a given set of assigned values 
of the purities {i.e. those states which fill the entangled region in Table SjI. The 
constraints that the parameters s, d, g must obey for Eq. (|2.54p to denote a proper 
CM of a physical state are, from Eqs. ([4T8ti4.10p : s > 1, \d\ < s - 1, and 

g>2\d\ + l, (4.69) 

If the global purity is large enough so that Ineq. (|4.69p is saturated, GMEMS 
and GLEMS coincide, the CM becomes independent of A, and the two classes of 
extremal states coalesce into a unique class, completely determined by the marginals 
s and d. We have denoted these states as GMEMMS in Sec. 14.3.21 that is, Gaussian 
two-mode states of maximal negativity at fixed local purities [GA3] . Their CM, 
from Eq. (|4.ip . is simply characterized by c± = ±-\/s2 — [d + 1)2, where we have 
assumed without any loss of generality that d > (corresponding to choose, for 
instance, mode 1 as the more mixed one: /ii < 112)- 

In general (see Table |4j|, a GMEMS (A +1) is entangled for 



5<2s-l, 

while a GLEMS (A = — 1) is entangled for a smaller 5, namely 

g < v/2(s2 +d^)-l. 



(4.70) 



(4.71) 



4.5.2.1. Gaussian entanglement of minimum-negativity states (GLEMS). We want to 
find the optimal pure state a^p^ entering in the definition Eq. (|3.1ip of the Gaussian 
EM. To do this, we have to minimize the single-mode determinant of cr^pt, given by 
Eq. (|4.64p . over the angle 9. It turns out that, for a generic GLEMS, the coefficient 
of sin in the last line of Eq. (|4.64p vanishes, and the expression of the single- mode 
determinant reduces to the simplified form 



2 GLEMS 



1 



[A cosd + Bf 



2{ab- cl)[{g^ -1) cos 



(4.72) 



with A — c+{ab — c?_) -|- c_, B = c+{ab — c^_) — c_, and a, 5, c± are the covariances 
of GLEMS, obtained from Eqs. (|4.67l4.68p setting A = -1. 
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The only relevant solutions (excluding the unphysical and the trivial ones) of 
the equation dgrrig — are 6 ~ n and 

,2 



= ±6* = arccos 



.9 



2c_ 



1 



Studying the second derivative dgnig for 9 



c+{ab — c_) + c- 
TT one finds immediately that, for 



9> 



2c+{ab - c^_) + 



(4.73) 



(remember that c_ < 0), the solution = tt is a minimum. In this range of param- 
eters, the other solution 9 = 6* \b unphysical (in fact | cos 6**1 > 1), so rug^^ is the 
global minimum. When, instead, Ineq. (|4.73p is violated, rrig has a local maximum 
for 6' = TT and two minima appear at 9 — ±9*. The global minimum is attained 
in any of the two, given that, for GLEMS, nig is invariant under reflection with 
respect to the axis 9 = 1:. Collecting, substituting, and simplifying the obtained 
expressions, we arrive at the final result for the optimal m?: 

1, 



g > ■\/2(s2 + (P) — 1 [separable state] ; 



(s'-^-i)'-" 



2GLEMS 

opt = < 



1; (4.74) 



-g'*+2(2<i^+2s^ + l)g^-(4d^-l)(4s^-l)-\/5 
8p 



2|rf| + 1 < .g < i^f±W^±^^WE±M±l 



l){2d + g-l){2d + g+\){g-2s-l){g~2s + l){g- 



Here 5 = {2d- g-l){2d- g- 
2s-l){g + 2s + \). 

Immediate inspection crucially reveals that m?^^™^ is not in general a func- 
tion of the symplectic eigenvalue v- alone. Therefore, the Gaussian EMs, and 
in particular, the Gaussian entanglement of formation, are not equivalent to the 
negativities for GLEMS. Further remarks will be given in the following, when the 
Gaussian EMs of GLEMS and GMEMS will be compared and their relationship 
with the negativities will be elucidated. 

4.5.2.2. Gaussian entanglement of maximum-negativity states (GMEMS). The mini- 
mization of from Eq. ()4.64p can be carried out in a simpler way in the case of 
GMEMS, whose covariances can be retrieved from Eq. (|4.68p setting A = 1. First 
of all, one can notice that, when expressed as a function of the Minkowski coordi- 
nates {xQ,xi,X'i), corresponding to the submatrix T [Eq. (|4.62p ] of the pure state 
cr^' = r © entering in the optimization problem Eq. (jS.lip . the single-mode 
determinant of cr^ is globally minimized for 0:3 = 0. In fact, from Eq. (|4.63p . 



is minimal, with respect to xz, when DctF 



7-2 



is maximal. Next, 



one can show that for GMEMS there always exists a matrix F, with x^ = 0, which 
is a simultaneous solution of the two matrix equations obtained by imposing the 
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saturation of the two sides of inequality (|4.6ip . As a consequence of the above 
discussion, this matrix would denote the optimal pure state cr^opt- By solving the 
system of equations Det (7g — F) = Det (F — 7^7^) =0, where the matrices involved 
are explicitly defined combining Eq. (|4.60p and Eq. (|4.68p with A = 1, one finds the 
following two solutions for the coordinates xq and xi : 

^ (g + l)s ± ^[{g - lY ~ 4d2] + ,2 _ g) 

^ ^' (4.75) 



± _ (g + l)^-(P + s2 - g ± s^{q - If ~ A(P 
2{d^+g) 

The corresponding pure state (t^'^ r='= © F='= ^ turns out to be, in both cases, a 
two-mode squeezed state described by a CM of the form Eq. (|2.22p . with cosh(2r) = 
Xq . Because the single- mode determinant m? = cosh^(2r) for these states, the 
optimal m? for GMEMS is simply equal to {x'^f . Summarizing, 

1, g > 2s — 1 [separable state] ; 

2GMEMS I , , 2 /. 

TO opt = <j [{g+l)s-^[{g-lY-id^\{-d^ + s'—g)] (4.76) 

2\d\ + 1 < g < 2s - 1 . 

Once again, also for the class of GMEMS the Gaussian EMs are not simple functions 
of the symplectic eigenvalue u- alone. Consequently, they provide a quantification 
of CV entanglement of GMEMS inequivalent to the one determined by the nega- 
tivities. Furthermore, we will now show how these results raise the problem of the 
ordering of two-mode Gaussian states according to their degree of entanglement, as 
quantified by different families of entanglement measures [GA7] . 

4.5.3. Entanglement-induced ordering of two-mode Gaussian states 

We have more than once remarked that, in the context of CV systems, when one 
restricts to symmetric, two-mode Gaussian states (which include all pure states) 
the known computable measures of entanglement all correctly induce the same 
ordering on the set of entangled states [GA7j . We will now show that, indeed, this 
nice feature is not preserved moving to mixed, nonsymmetric two-mode Gaussian 
states. We aim at comparing Gaussian EMs and negativities on the two extremal 
classes of two-mode Gaussian states [GA3] . introducing thus the concept of extremal 
ordering. At fixed global and local purities, the negativity of GMEMS (which is the 
maximal one) is obviously always greater than the negativity of GLEMS (which is 
the minimal one) . If for the same values of purities the Gaussian EMs of GMEMS 
are larger than those of GLEMS, we will say that the extremal ordering is preserved. 
Otherwise, the extremal ordering is inverted. In this latter case, which is clearly the 
most intriguing, the states of minimal negativities are more entangled, with respect 
to Gaussian EMs, than the states of maximal negativities, and the inequivalence 
of the orderings, induced by the two different families of entanglement measures, 
becomes manifest. 

The problem can be easily stated. By comparing rrL^^f"^ from Eq. (|4.74p and 
TO-opt"^"^ from Eq. (|4.76p . one has that in the range of global and local purities, or, 
equivalently, of parameters {s,d, g}, such that 

^GMEMS > ^GLBMS ^ (4 77) 
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Figure 4.7. Comparison between tiie ordering induced by Gaussian EMs on 
the classes of states with extremal (maximal and minimal) negativities. This 
extremal ordering of the set of entangled two-mode Gaussian states is studied 
in the space of the CM's parameters {s,d,g}, related to the global and local 
purities by the relations fii = (s + d)~^, ^2 = [s — d)~^ and fi = ■ The 
intermediate, meshed surface is constituted by those global and local mixed- 
nesses such that the Gaussian EMs give equal values for the corresponding 
GMEMS (states of maximal negativities) and GLEMS (states of minimal neg- 
ativities). Below this surface, the extremal ordering is inverted (GMEMS have 
less Gaussian EM than GLEMS). Above it, the extremal ordering is preserved 
(GMEMS have more Gaussian EM than GLEMS). However, it must be noted 
that this does not exclude that the individual orderings induced by the neg- 
ativities and by the Gaussian EMs on a pair of non-extremal states may still 
be inverted in this region. Above the uppermost, lighter surface, GLEMS are 
separable states, so that the extremal ordering is trivially preserved. Below 
the lowermost, darker surface, no physical two-mode Gaussian states can exist. 



the extremal ordering is preserved. When Ineq. (|4.77p is violated, the extremal 
ordering is inverted. The boundary between the two regions, which can be found 
imposing the equality m°^™^ = m°p™^ , yields the range of global and local pu- 
rities such that the corresponding GMEMS and GLEMS, despite having different 
negativities, have equal Gaussian EMs. This boundary surface can be found nu- 
merically, and the result is shown in the 3D plot of Fig. 14.71 

One can see, as a crucial result, that a region where the extremal ordering 
is inverted does indeed exist. The Gaussian EMs and the negativities are thus 
definitely not equivalent for the quantification of entanglement in nonsymmetric 
two-mode Gaussian states. The interpretation of this result is quite puzzHng. On 
the one hand, one could think that the ordering induced by the negativities is 
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i 1 3 4 5 

Figure 4.8. Summary of entanglement properties of two-mode Gaussian 
states, in ttie projected space of ttie local mixedness b = of mode 2, 

and of the global mixedness g = At~^, while the local mixedness of mode 1 
is kept fixed at a reference value a = fj.^^ = 5. Below the thick curve, ob- 
tained imposing the equality in Ineq. I|4.77|l . the Gaussian EMs yield GLEMS 
more entangled than GMEMS, at fixed purities: the extremal ordering is thus 
inverted. Above the thick curve, the extremal ordering is preserved. In the 
coexistence region (see Fig. 14.21 and Table |4J1i . GMEMS are entangled while 
GLEMS are separable. The boundaries of this region are given by Eq. (|47T]| 
(dashed line) and Eq. I|4.70|l (dash-dotted line). In the separability region, 
GMEMS are separable too, so all two-mode Gaussian states whose purities 
lie in that region are not entangled. The shaded regions cannot contain any 
physical two-mode Gaussian state. 

a natural one, due to the fact that such measures of entanglement are directly 
inspired by the necessary and sufScient PPT criterion for separability. Thus, one 
would expect that the ordering induced by the negativities should be preserved by 
any bona fide measure of entanglement, especially if one considers that the extremal 
states, GLEMS and GMEMS, have a clear physical interpretation. Therefore, as the 
Gaussian entanglement of formation is an upper bound to the true entanglement of 
formation, one could be tempted to take this result as an evidence that the latter is 
globally minimized on non-Gaussian decomposition, at least for GLEMS. However, 
this is only a qualitative/speculative argument: proving or disproving that the 
Gaussian entanglement of formation is the true one for any two-mode Gaussian 
state is still an open question under lively debate [T]. 

On the other hand, one could take the simplest discrete-variable instance, con- 
stituted by a two-qubit system, as a test-case for comparison. There, although for 
pure states the negativity coincides with the concurrence, an entanglement mono- 
tone equivalent to the entanglement of formation for all states of two qubits [113| 
(see Sec. I1.4.2.ip . the two measures cease to be equivalent for mixed states, and 
the orderings they induce on the set of entangled states can be different [247| . This 
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analogy seems to support again (see Sec. I1.3.3.3P the stand that, in the arena of 
mixed states, a unique measure of entanglement is a chimera and cannot really 
be pursued, due to the different operative meanings and physical processes (in the 
cases when it has been possible to identify them) that are associated to each def- 
inition: one could think, for instance, of the operative difference existing between 
the definitions of distillable entanglement and entanglement cost (see Sec. I1.3.3~2l) . 
In other words, from this point of view, each inequivalent measure of entanglement 
introduced for mixed states should capture physically distinct aspects of quantum 
correlations existing in these states. Then, joining this kind of outlook, one could 
hope that the Gaussian EMs might still be considered as proper measures of CV 
entanglement, adapted to a different context than negativities. This point of view 
will be proven especially correct when constructing Gaussian EMs to investigate 
entanglement sharing in multipartite Gaussian states, as discussed in Part IIIII 

Whatever be the case, we have shown that two different families of measures 
of CV entanglement can induce different orderings on the set of two-mode entan- 
gled states. This is more clearly illustrated in Fig. 14.81 where we keep fixed one 
of the local mixednesses and we classify, in the space of the other local mixedness 
and of the global mixedness, the different regions related to entanglement and ex- 
tremal ordering of two-mode Gaussian states, completing diagrams like Fig. l4.2l and 
Fig. I4.4f b). previously introduced to describe separability in the space of purities. 

4.5.4. Comparison between Gaussian entanglement measures and negativities 

We wish to give now a more direct comparison of the two families of entanglement 
measures for two- mode Gaussian states [GA7] . In particular, we are interested in 
finding the maximum and minimum values of one of the two measures, if the other 
is kept fixed. A very similar analysis has been performed by Verstraete et al. [247] . 
in their comparative analysis of the negativity and the concurrence for states of 
two-qubit systems. 

Here it is useful to perform the comparison directly between the symplectic 
eigenvalue u- (cr) of the partially transposed CM cr of a generic two-mode Gaussian 
state with CM cr, and the symplectic eigenvalue v- [cr^opt) of the partially transposed 
CM cr^opt of the optimal pure state with CM cr^opti which minimizes Eq. (|3.1ip . In 
fact, the negativities are all monotonically decreasing functions of (/-(cr), while the 
Gaussian EMs are all monotonically decreasing functions of j>_(cr^pj). 

To start with, let us recall once more that for pure states and for mixed sym- 
metric states (in the set of two-mode Gaussian states), the two quantities coincide 
[95] . For nonsymmetric states, one can immediately prove the following bound 

:>_«,) <i>_(<T). (4.78) 

In fact, from Eq. (|3.1ip . cTq^j < cr [270] . For positive matrices, A > B implies 
flfc > 5fe, where the a^'s (resp. 5fc's) denote the ordered symplectic eigenvalues of 
A (resp. B) [92]. Because the ordering ^ > i3 is preserved under partial transpo- 
sition, Ineq. (|4.78p holds true. This fact induces a characterization of symmetric 
states, which saturate Ineq. (|4.78p . as the two- mode Gaussian states with minimal 
Gaussian EMs at fixed negativities. 

It is then natural to raise the question whether an upper bound on the Gaussian 
EMs at fixed negativities exists as well. It seems hard to address this question 
directly, as one lacks a closed expression for the Gaussian EMs of generic states. 
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Figure 4.9. Comparison between Gaussian EMs and negativities for two- 
mode Gaussian states. On the horizontal axis we plot the symplectic eigenvalue 
u- (cr) of the partially transposed CM o" of a generic two-mode Gaussian state 
with CM (T. On the vertical axis we plot the symplectic eigenvalue i^-if^opt) 
of the partially transposed CM o-^^t of the optimal pure state with CM cr^pf, 
which minimizes Eq. I|3.11|l . The negativities are all monotonically decreasing 
functions of v-{(t), while the Gaussian EMs are all monotonically decreasing 
functions of (o-^p^ ) . The equation of the two boundary curves are obtained 
from the saturation of Ineq. I|4.78|l (upper bound) and Ineq. I|4.81|l (lower 
bound), respectively. The dots represent ,50 000 randomly generated CMs of 
two-mode Gaussian states. Of up to 1 million random CMs, none has been 
found to lie below the lower solid-line curve, enforcing the conjecture that it 
be an absolute boundary for all two-mode Gaussian states. 



But we can promptly give partial answers if we restrict to the classes of GLEMS 
and of GMEMS, for which the Gaussian EMs have been explicitly computed in 
Sec. 14X21 

Let us begin with the GLEMS. We can compute the squared symplectic eigen- 
value 



^2 ^^GLEMS-) ^ 



4(s^ + d^) -g' -I- V (4(s2 + <P) - .g2 _ ly _ 4g2 



/2. 



Next, we can reparametrize the CM (obtained by Eq. (|4.68p with A = —1) to 

make i>_ appear explicitly, namely g = \J v'L [4(5^ + rf^) — 1 — i>^]/ (1 + At 

this point, one can study the piecewise function m'^^p™^ from Eq. (|4.74p . and find 
out that it is a convex function of d in the whole space of parameters corresponding 
to entangled states. Hence, m^^p™^, and thus the Gaussian EM, is maximized at 
the boundary |d| = (2!>_s — i/^ — l)/2, resulting from the saturation of Ineq. (|4.69p . 
The states maximizing Gaussian EMs at fixed negativities, if we restrict to the class 
of GLEMS, have then to be found in the subclass of GMEMMS (states of maximal 
negativity for fixed marginals [GA3j . defined by Eq. (|4.ip in Sec. I4.3.2|) . depending 
on the parameter s and on the eigenvalue i>- itself, which completely determines 
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the negativity. For these states, 

2s 



m 



GMEMMS 



(^'-) = T^-r^2^- (4.79) 

The further optimization over s is straightforward because to^^™"^ is an increasing 
function of s, so its global maximum is attained for s ^ oo. In this limit, one has 
simply 

m«™"^ (£>_) = ^ . (4.80) 

From Eq. (|4.65p . one thus finds that for all GLEMS the following bound holds 

1 



«t)>7rTZT(l-Vl-^-H). (4.81) 



One can of course perform a similar analysis for GMEMS. But, after analogous 
reasonings and computations, what one finds is exactly the same result. This is not 
so surprising, keeping in mind that GMEMS, GLEMS and all two-mode Gaussian 
states with generic s and d but with global mixedness g saturating Ineq. (|4.69p . 
collapse into the same family of two-mode Gaussian states, the GMEMMS, com- 
pletely determined by the local single-mode properties (they can be viewed as a 
generahzation of the pure two-mode states: the symmetric GMEMMS are in fact 
pure). Hence, the bound of Ineq. (|4.8ip . limiting the Gaussian EMs from above at 
fixed negativities, must hold for all GMEMS as well. 

At this point, it is tempting to conjecture that Ineq. (|4.8ip holds for all two- 
mode Gaussian states. Unfortunately, the lack of a closed, simple expression for 
the Gaussian EM of a generic state makes the proof of this conjecture impossible, 
at the present time. However, one can show, by analytical power-series expansions 
of Eq. (|4.64p . truncated to the leading order in the infinitesimal increments, that, 
for any infinitesimal variation of the parameters of a generic CM around the lim- 
iting values characterizing GMEMMS, the Gaussian EMs of the resulting states 
lie always below the boundary imposed by the corresponding GMEMMS with the 
same i)-. In this sense, the GMEMMS are, at least, a local maximum for the 
Gaussian EM versus negativity problem. Furthermore, extensive numerical inves- 
tigations of up to a million CMs of randomly generated two-mode Gaussian states, 
provide confirmatory evidence that GMEMMS attain indeed the global maximum 
(see Fig. 14. 9p . We can thus quite confidently conjecture, however, at the moment, 
without a complete formal proof of the statement, that GMEMMS, in the limit of 
infinite average local mixedness (s — *■ oo), are the states of maximal Gaussian EMs 
at fixed negativities, among all two-mode Gaussian states. 

A direct comparison between the two prototypical representatives of the two 
famihes of entanglement measures, respectively the Gaussian entanglement of for- 
mation Gef and the logarithmic negativity Ej^, is plotted in Fig. 14.101 For any 
fixed value of £V, Ineq. (|4.78p provides in fact a rigorous lower bound on Gep, 
namely 

Gef > h[cxp{~E_^)] , (4.82) 
while Ineq. (|4.8ip provides the conjectured lower bound 



Gef < h exp(SAA) 1 - - cxp(-2Saa) , (4.83) 



where we exploited Eqs. (|4.15l4.66p . and h[x] is given by Eq. (|4.18p . 
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Figure 4.10. Comparison between ttie Gaussian entanglement of formation 
Gep and the logarithmic negativity Ej^ for two-mode Gaussian states. Sym- 
metric states accomodate on the lower boundary (solid line), determined by the 
saturation of Ineq. I|4.82[l . GMEMMS with infinite, average local mixedness, 
lie on the dashed line, whose defining equation is obtained from the saturation 
of Ineq. ^Mi- AH GMEMS and GLEMS lie below the dashed line. The latter 
is conjectured, with strong numerical support, to be the upper boundary for 
the Gaussian entanglement of formation of all two-mode Gaussian states, at 
fixed negativity. 

The existence of lower and upper bounds on the Gaussian EMs at fixed nega- 
tivities (the latter strictly proven only for extremal states), limits to some extent 
the inequivalence arising between the two families of entanglement measures, for 
nonsymmetric two-mode Gaussian states. 

We have thus demonstrated the following. 

Ordering two-mode Gaussian states with entanglement measures. The 

Gaussian entanglement measures and the negativities induce inequivalent or- 
derings on the set of entangled, nonsymmetric, two-mode Gaussian states. 
This inequivalence is however constrained: at fixed negativities, the Gauss- 
ian measures of entanglement are bounded from below (the states which 
saturate this bound are simply symmetric two-mode states); moreover, we 
provided some strong evidence suggesting that they are as well bounded from 
above. 

4.6. Summary and further remarks 

Summarizing, in this Chapter we focused on the simplest conceivable states of a 
bipartite CV system: two-mode Gaussian states. We have shown that, even in this 
simple instance, the theory of quantum entanglement hides several subtleties and 
reveals some surprising aspects. 

Following Refs. [GA2I IGA3I IGA6] . we have pointed out the existence of both 
maximally and minimally entangled two-mode Gaussian states at fixed local and 
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global generalized p— entropies. The analytical properties of such states have been 
studied in detail for any value of p. Remarkably, for p < 2, minimally entangled 
states are minimum-uncertainty states, saturating Ineq. (|2.19p . while maximally en- 
tangled states are nonsymmetric two- mode squeezed thermal states. Interestingly, 
for p > 2 and in specific ranges of the values of the entropic measures, the role 
of such states is reversed. In particular, for such quantifications of the global and 
local entropies, two-mode squeezed thermal states, often referred to as CV analog 
of maximally entangled states, turn out to be minimally entangled. Moreover, we 
have introduced the notion of "average logarithmic negativity" for given global and 
marginal generalized p-entropies, showing that it provides a reliable estimate of CV 
entanglement in a wide range of physical parameters. 

Our analysis also clarifies the reasons why the linear entropy is a 'privileged' 
measure of mixedness in continuous variable systems. It is naturally normalized 
between and 1, it offers an accurate qualification and quantification of entangle- 
ment of any mixed state while giving significative information about the state itself 
and, crucially, is the only entropic measure which could be directly measured in the 
near future by schemes involving only single-photon detections or the technology of 
quantum networks, without requiring a full homodyne reconstruction of the state. 

We have furthermore studied, following Ref. [GA7] . the relations existing be- 
tween different computable measures of entanglement, showing how the negativi- 
ties (including the standard logarithmic negativity) and the Gaussian convex-roof 
extended measures (Gaussian EMs, including the Gaussian entanglement of forma- 
tion) are inequivalent entanglement quantifiers for nonsymmetric two-mode Gauss- 
ian states. We have computed Gaussian EMs explicitly for the two classes of two- 
mode Gaussian states having extremal (maximal and minimal) negativities at fixed 
purities. We have highlighted how, in a certain range of values of the global and 
local purities, the ordering on the set of entangled states, as induced by the Gauss- 
ian EMs, is inverted with respect to that induced by the negativities. The question 
whether a certain Gaussian state is more entangled than another, thus, has no defi- 
nite answer, not even when only extremal states are considered, as the answer comes 
to depend on the measure of entanglement one chooses. Extended comments on 
the possible meanings and consequences of the existence of inequivalent orderings 
of entangled states have been provided. Furthermore, we have proven the existence 
of a lower bound holding for the Gaussian EMs at fixed negativities, and that this 
bound is saturated by two-mode symmetric Gaussian states. Finally, we have pro- 
vided some strong numerical evidence, and partial analytical proofs restricted to 
extremal states, that an upper bound on the Gaussian EMs at fixed negativities 
exists as well, and is saturated by states of maximal negativity for given marginals, 
in the limit of infinite average local mixedness. 

We believe that our results will raise renewed interest in the problem of the 
quantification of entanglement in CV systems, which seemed fairly well under- 
stood in the special instance of two-mode Gaussian states. Moreover, we hope that 
the present Chapter may constitute a first step toward the solution of more gen- 
eral (open) problems concerning the entanglement of Gaussian states [l], such as 
the computation of the entanglement of formation for generic two-mode Gaussian 
states, and the proof (or disproof) of its identity with the Gaussian entanglement 
of formation in a larger class of Gaussian states beyond the symmetric instance. 
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We are now going to show, in Chapter [H how some of the results here derived 
for two-mode states, can be extended for the investigation of bipartite entangle- 
ment in multimode Gaussian states endowed with peculiar symmetric structures. 
Last but not the least, the results collected in the present Chapter might prove 
useful as well in the task of quantifying multipartite entanglement of Gaussian 
states. For instance, we should mention here that any two-mode reduction of a 
pure three-mode Gaussian state is a GLEMS, as we will show in Chapter [7] (this 
straightforwardly follows from the phase-space Schmidt decomposition discussed in 
Sec. I2.4.2.ip . Therefore, one has then available the tools and can apply them to 
investigate the sharing structure of multipartite CV entanglement of three-mode, 
and, more generally, multimode Gaussian states, as we will do in Chapter [6l 

Let us moreover mention that the experimental production and manipulation 
of two-mode Gaussian entanglement will be discussed in Chapter [9l 



CHAPTER 5 



Multimode entanglement under symmetry 

In quantum information and computation science, it is of particular relevance to 
provide theoretical methods to determine the entanglement of systems suscepti- 
ble to encompass many parties. Such an interest does not stem only from pure 
intellectual curiosity, but also from practical needs in the implementations of real- 
istic information protocols. This is especially true as soon as one needs to encode 
two-paxty information in a multipartite structure in order to minimize possible er- 
rors and decoherence effects [1631 llll] . The study of the structure of multipartite 
entanglement poses many formidable challenges, concerning both its qualification 
and quantification, and so far little progress has been achieved for multi-qubit sys- 
tems and in general for multi-party systems in finite-dimensional Hilbert spaces. 
However, the situation looks somehow more promising in the arena of CV systems, 
where some aspects of genuine multipartite entanglement can be, to begin with, 
qualitatively understood studying the entanglement of multimode bipartitions. 

In the present Chapter, based on Refs. [GA4I IGA5| we analyze in detail the 
entanglement properties of multimode Gaussian states endowed with particular 
symmetry constraints under mode permutations. Their usefulness arises in con- 
texts like quantum error correction [36] . where some redundancy is required for a 
fault-tolerant encoding of information. Bisymmetric and, as a special case, fully 
symmetric Gaussian states have been introduced in Sec. 12.4.31 An analysis of the 
symplectic spectra of (M -|- A'")-mode Gaussian states has revealed that, with re- 
spect to the bipartition across which they exhibit the local permutation invariance 
(any bipartition is vaHd for fully symmetric states), local symplectic diagonaliza- 
tions of the M-mode and the iV-mode blocks result in a complete reduction of the 
multimode state to an equivalent two-mode state, tensor M + N — 2 uncorrelated 
thermal single- mode states. The equivalent two-mode state encodes all the infor- 
mation of the original bisymmetric multimode state for what concerns entropy and 
entanglement. As a consequence, the vaHdity of the PPT criterion as a necessary 
and sufficient condition for separability has been extended to bisymmetric Gaussian 
states in Sec. 13.1.11 

Here, equipped with the powerful theoretical tools for the analysis of two-mode 
entanglement in Gaussian states, demonstrated in the previous Chapter, we perform 
a close analysis of the multimode entanglement in symmetric and bisymmetric 
Gaussian states. In particular, we will investigate how the block entanglement 
scales with the number of modes, hinting at the presence of genuine multipartite 
entanglement arising among all the modes as their total number increases, at a given 
squeezing degree. Motivated by this analysis, in the next Part of this Dissertation 
we will face full-force the problem of quantifying the crucial and hideous property 
of genuine multipartite CV entanglement in Gaussian states. 
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The central observation of the present Chapter is embodied by following re- 
sult [GA4I [GA5] . straightforwardly deducible from the discussions in Sec. 12.4.31 and 



Sec. [8X11 

Unitarily localizable entanglement of bisymmetric Gaussian states. The 



bipartite entanglement of bisymmetric [M + N)-mode Gaussian states un- 
der M X N partitions is "unitarily localizable", namely, through local unitary 
(reversible) operations, it can be completely concentrated onto a single pair 
of modes, each of them belonging respectively to the M-mode and to the 
N-mode blocks. 



Hence the multimode block entanglement {i.e. the entanglement between blocks 
of modes) of bisymmetric (generally mixed) Gaussian states can be determined as 
a two- mode entanglement. The entanglement will be quantified by the logarithmic 
negativity in the general instance because the PPT criterion holds, but we will 
also show some explicit nontrivial cases in which the entanglement of formation, 
Eq. (|1.35p . between M-mode and A^-mode parties can be exactly computed. 

We remark that our notion of "localizable entanglement" is different from that 
introduced by Verstraete, Popp, and Cirac for spin systems [248] . There, it was 
defined as the maximal entanglement concentrable on two chosen spins through 
local measurements on all the other spins^ Here, the local operations that con- 
centrate all the multimode entanglement on two modes are unitary and involve the 
two chosen modes as well, as parts of the respective blocks. 

5.1. Bipartite block entanglement of bisymmetric Gaussian states 

In Sec. 12.4. 3[ the study of the multimode CM cr of Eq. (|2.64p has been reduced to 
a two-mode problem by means of local unitary operations. This finding allows for 
an exhaustive analysis of the bipartite entanglement between the M- and TV-mode 
blocks of a multimode bisymmetric Gaussian state, resorting to the powerful results 
available for two-mode Gaussian states (see Chapter llj. For any multimode Gauss- 
ian state with CM cr, let us define the associated equivalent two-mode Gaussian 
state geg, with CM OTeq given by 



where the 2x2 blocks have been implicitly defined in the CM, Eq. (|2.65p . As already 
mentioned, the entanglement of the bisymmetric state with CM cr, originally shared 
among all the M + N modes, can be completely concentrated by local unitary 
(symplectic) operations on a single pair of modes in the state with CM CTeq. Such 
an entanglement is, in this sense, localizable. 

We now move on to describe some consequences of this result. A first qualifica- 
tive remark has been explored in Sec. 13.1.11 Namely, PPT criterion turns out to be 
automatically necessary and sufficient for separability of {M + iV)-mode Gaussian 
states under M x N bipartitions [GA5| . For a more quantitative investigation, the 
following symplectic analysis, which completes that of Sec. 12.4.31 will be precious. 

"'""'"This (non-unitarily) localizable entanglement will be also computed for (mixed) symmetric 
Gaussian states of an arbitrary number of modes, and it will be shown to be in direct quantitative 
connection with the optimal fidelity of multiparty teleportation networks [GA9| (see Sec. ll2.2l and 




(5.1) 



Fig.[T23J. 
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5.1.1. Symplectic properties of symmetric states 

As a preliminary analysis, it is useful to provide a symplectic parametrization for the 
standard form coefHcients of any two-mode reduced state of a fully symmetric TV- 
mode CM (Tf3N, Eq. (|2.60p . Following the discussion in Sec. 12.4. iTTl the coefHcients 
6, zi, Z2 of the standard form are determined by the local, single-mode invariant 
Det/3 = and by the symplectic invariants Dctcr^2 = and A^2 = A(cr^2). 
Here fip {pip'^) is the marginal purity of the single-mode (two-mode) reduced states, 
while A^2 is the remaining seraHan invariant, Eq. (|2.34p . of the two- mode reduced 
states. According to Sec. 14. 1^ this parametrization is provided, in the present 
instance, by the following equations 

6=—, zi = ^(e__e+), z2^^(e_+,+), (5.2) 
with e_ = 





This parametrization has a straightforward interpretation, because and ^^32 
quantify the local mixednesses and A^2 regulates the entanglement of the two- 
mode blocks at fixed global and local purities [GA2] (see Sec. 14.3.31) . 

Moreover, we can connect the symplectic spectrum of cr^N , given by Eq. (|2.6ip . 
to the known symplectic invariants. The [N — l)-times degenerate eigenvalue 
is independent of N , while u'^i^ can be simply expressed as a function of the single- 
mode purity /i/3 and the symplectic spectrum of the two-mode block with eigenvalues 

and v'p^'- 

, NiN^2) , (iV-1)^,,,..^ 



K«r = '-^ + ^—^{Niu+r + {N-2){,.-y . (5.3) 

In turn, the two-mode symplectic eigenvalues are determined by the two-mode 
invariants by the relation 



2(4)2 = A^2 T ^A2, - 4/^2^ . (5.4) 
The global purity Eq. (|2.37p of a fully symmetric multimode Gaussian state is 

/i/3« = (Dct^^3«)"'/' = ({i^pf-'iypy' , (5.5) 



and, through Eq. (|5.3p . can be fully determined in terms of the one- and two-mode 
parameters alone. Analogous reasonings and expressions hold of course for the fully 
symmetric Af-mode block with CM ct^m given by Eq. (|2.60p . 

5.1.2. Evaluation of block entanglement in terms of symplectic invariants 

We can now efficiently discuss the quantification of the multimode block entan- 
glement of bisymmetric Gaussian states. Exploiting our results on the symplectic 
characterization of two-mode Gaussian states [GA2I IGA3j (see Sec. I4.ip we can 
select the relevant quantities that, by determining the correlation properties of 
the two- mode Gaussian state with CM cTeq, also determine the entanglement and 
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correlations of the multimode Gaussian state with CM cr. These quantities are, 
clearly, the equivalent marginal purities ^laeq and A*/3eq, the global purity ^eg and 
the equivalent two- mode invariant Aeg. 

Let us remind that, by exploiting Eqs. (|2. 6112. 6215. 2p . the symplectic spectra of 
the CMs cTc,™ and cr^n may be recovered by means of the local two-mode invariants 
M/3i ^^a, fJ'fj^, y^a'^-: A^2 and A(j2. The quantities ^laeq and /i/3eg are easily determined 
in terms of local invariants alone: 

Maeg = I/^^q." M/3eg = I ■ (5.6) 

On the other hand, the determination of ^eq and Ag^ require the additional knowl- 
edge of two global symplectic invariants of the CM cr; this should be expected, be- 
cause they are susceptible of quantifying the correlations between the two parties. 
The natural choices for the global invariants are the global purity fi = 1/vDcto- 
and the invariant A, given by 

A = Af Dot OL + M (M - l)Det e + iVDet (3 
+N{N ~ l)Dct C + 2Af7VDct 7 . 

One has 

Meg = (5.7) 

Aeg = ^~{M^\){v-f-{N-\){yJ,f. (5.8) 

The entanglement between the Af-mode and the TV-mode subsystems, quanti- 
fied by the logarithmic negativity Eq. (|3.8p can thus be easily determined, as it is 
the case for two-mode states. In particular, the smallest symplectic eigenvalue v- eg 
of the matrix (Teq, derived from (Teg by partial transposition, fully quantifies the 
entanglement between the Af-mode and A^-mode partitions. Recalling the results 
of Sec. 14.2. H the quantity i>_ eg reads 



2^- eg 


= Aeg - 




4 
M?g 


with Aeg 


2 


2 


-Aeg 


f^aeq 


f^leq 



The logarithmic negativity Ej^ measuring the bipartite entanglement between 
the Ai^-mode and TV-mode subsystems is then 

1^ -nmx[-logj>_eg,0] . (5.10) 

In the case i'^m = i^^w , corresponding to the following condition 

(a + (A/ - l)ei)(a + (Af - 1)63) ^ {b + {N - + (TV - 1)23) , (5.11) 

on the standard form covariances Eq. (|2.60p , the equivalent two- mode state is sym- 
metric and we can determine also the entanglement of formation, using Eq. (|4.17p . 
Let us note that the possibility of exactly determining the entanglement of forma- 
tion of a multimode Gaussian state under aMxN bipartition is a rather remarkable 
consequence, even under the symmetry constraints obeyed by the CM cr. Another 
relevant fact to point out is that, since both the logarithmic negativity and the 
entanglement of formation are decreasing functions of the quantity v- eg , the two 
measures induce the same entanglement hierarchy on such a subset of "equivalently 
symmetric" states {i.e. states whose equivalent two-mode CM CTeg is symmetric). 
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Prom Eq. (|5.7p it follows that, if the {M + A^)-mode bisymmetric state is pure 
(/i = i^^jvf = = 1), then the equivalent two-mode state is pure as well {^leq = 1) 
and, up to local symplectic operations, it is a two-mode squeezed vacuum. Therefore 
any pure bisymmetric multimode Gaussian state is equivalent, under local unitary 
(symplectic) operations, to a tensor product of a single two-mode squeezed pure 
state and of M + N — 2 uncorrelated vacua. This refines the somehow similar 
phase-space Schmidt reduction holding for arbitrary pure bipartite Gaussian states 
(291 [92], discussed in Sec. 12.4.2.11 

More generally, if both the reduced Af-mode and iV-mode CMs ct^m and cr^w of 
a bisymmetric, mixed multimode Gaussian state cr of the form Eq. (|2.63p correspond 
to Gaussian mixed states of partial minimum uncertainty (see Sec. I2.2.2?2|) . i.e. if 
= ly'^is, = 1, then Eq. (|5.7p implies ^eq = M. Therefore, the equivalent two-mode 
state has not only the same entanglement, but also the same degree of mixedness 
of the original multimode state. In all other cases of bisymmetric multimode states 
one has that 

Me? > M (5.12) 
and the process of localization thus produces a two-mode state with higher purity 
than the original multimode state. In this specific sense, we see that the process of 
unitary localization implies a process of purification as well. 

5.1.3. Unitary localization as a reversible multimode/two-mode entanglement 
switch 

It is important to observe that the unitarily localizable entanglement (when com- 
putable) is always stronger than the localizable entanglement in the sense of [248] . 
In fact, if we consider a generic bisymmetric multimode state of a Af x N bipar- 
tition, with each of the two target modes owned respectively by one of the two 
parties (blocks) , then the ensemble of optimal local measurements on the remain- 
ing ("assisting") M + N ~ 2 modes belongs to the set of LOCC with respect to 
the considered bipartition. By definition the entanglement cannot increase under 
LOCC, which implies that the localized entanglement (in the sense of [248] ) is al- 
ways less or equal than the original M x N block entanglement. On the contrary, 
all of the same M x N original bipartite entanglement can be unitarily localized 
onto the two target modes. 

This is a key point, as such local unitary transformations are reversible by def- 
inition. Therefore, by only using passive and active linear optics elements such as 
beam-splitters, phase shifters and squeezers, one can in principle implement a re- 
versible machine {entanglement switch) that, from mixed, bisymmetric multimode 
states with strong quantum correlations between all the modes (and consequently 
between the Af-mode and the iV-mode partial blocks) but weak couplewise entan- 
glement, is able to extract a highly pure, highly entangled two-mode state (with 
no entanglement lost, all the M x N entanglement can be localized). If needed, 
the same machine would be able, starting from a two-mode squeezed state and a 
collection of uncorrelated thermal or squeezed states, to distribute the two-mode 
entanglement between all modes, converting the two-mode into multimode, multi- 
partite quantum correlations, again with no loss of entanglement. The bipartite or 
multipartite entanglement can then be used on demand, the first for instance in 
a CV quantum teleportation protocol [39], the latter e.g. to enable teleportation 
networks [236] or to perform multimode entanglement swapping [28] . We remark. 
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Figure 5.1. "If You Cut The Head Of A Basset Hound, It Will Grow 
Again" (by F. lUuminati, 2001; see also [207| . Chapter 1). Graphical depiction 
of the process of unitary localization (concentration) and delocalization (dis- 
tribution) of entanglement in three-mode bisymmetric Gaussian states |GA5] 
(or "basset hound" states), described in the text. Initially, mode 1 is entan- 
gled (entanglement is depicted as a waving string) with both modes 2 and 3. 
It exists a local (with respect to the 1|(23) bipartition) symplectic operation, 
realized e.g. via a beam-splitter (denoted by a black thick dash), such that all 
the entanglement is concentrated between mode 1 and the transformed mode 
2', while the other transformed mode 3' decouples from the rest of the system 
{unitary localization). Therefore, the head of the basset hound (mode 3') has 
been cut off. However, being realized through a symplectic operation {i.e. uni- 
tary on the density matrix), the process is reversible: operating on modes 2' 
and 3' with the inverse symplectic transformation, yields the original modes 2 
and 3 entangled again with mode 1, without any loss of quantum correlations 
{unitary delocalization): the head of the basset hound is back again. 



once more, that such an entanglement switch is endowed with maximum (100%) 
efficiency, as no entanglement is lost in the conversions. This fact may have a re- 
markable impact in the context of quantum repeaters [41j for communications with 
continuous variables. 
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5.1.3.1. The case of the basset hound. To give an example, we can consider a bisym- 
metric 1x2 three-mode Gaussian state^j where the CM of the last two modes 
(constituting subsystem Sb) is assumed in standard form, Eq. (|2.54p . Because of 
the symmetry, the local symplectic transformation responsible for entanglement 
concentration in this simple case is the identity on the first mode (constituting 
subsystem Sa) and just a 50:50 beam-splitter transformation i?2, 3(1/2), Eq. (|2.26p . 
on the last two modes [268] (see also Sec. 19.2. Jj) . The entire procedure of unitary 
localization and delocalization of entanglement [GAS] is depicted in Fig. 15.11 In- 
terestingly, it may be referred to as "cut-off and regrowth of the head of a basset 
hound", where in our example the basset hound pictorially represents a bisymmetric 
three-mode state. However, the breed of the dog reflects the fact that the unitary 
localizability is a property that extends to all 1 x iV [GA4] and M x N [GAS] bisym- 
metric Gaussian states (in which case, the basset hound's body would be longer 
and longer with increasing N). We can therefore address bisymmetric Gaussian 
states as basset hound states, if desired. 

In this canine analogy, let us take the freedom to remark that fully symmetric 
states of the form Eq. (|2.60p . as a special case, are of course bisymmetric under 
any bipartition of the modes; this, in brief, means that any conceivable multimode, 
bipartite entanglement is locally equivalent to the minimal two-mode, bipartite 
entanglement (consequences of this will be deeply investigated in the following). 
Pictorially, remaining in the context of three- mode Gaussian states, this special 
type of basset hound state resembles a Cerberus state, in which any one of the 
three heads can be cut and can be reversibly regrown. 



5.2. Quantification and scaling of entanglement in fully symmetric states 

In this Section we will explicitly compute the block entanglement {i.e. the entangle- 
ment between different blocks of modes) for some instances of multimode Gaussian 
states. We will study its scaling behavior as a function of the number of modes and 
explore in deeper detail the locaHzability of the multimode entanglement. We focus 
our attention on fully symmetric L-mode Gaussian states (the number of modes 
is denoted by L in general to avoid confusion), endowed with complete permuta- 
tion invariance under mode exchange, and described by a 2L x 2L CM (t^l given 
by Eq. (|2.60p . These states are trivially bisymmetric under any bipartition of the 
modes, so that their block entanglement is always localizable by means of local sym- 
plectic operations. Let us recall that concerning the covariances in normal forms 
of fully symmetric states (see Sec. 12.4.31) . P"^^^ L-uiode states are characterized by 



1 in Eq. (|2.6ip . which yields 

_ (L - - 1) + - 1) [L ((b2 - 1) L +"4y^ 
26(L - 1) 



_ (L-2)(6^-l)-v/(62-i)[L((&2_i)j^ + 4)^ 
2fe(L - 1) 



(S.13) 



The bipartite and genuinely tripartite entanglement structure of three-mode Gaussian 
states will be extensively investigated in Chapter [71 based on Ref. |GA11| . The bisymmetric 
three-mode Gaussian states will be also reconsidered as efBcient resources for 1 — ► 2 telecloning 
of coherent states in Sec. 112.31 based on Ref. |GA16| . 
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Figure 5.2. Entanglement hierarchy for (1 + A'^)-mode fully symmetric pure 
Gaussian states (N = 9). 

Pure fully symmetric Gaussian states are generated as the outputs of the appHcation 
of a sequence of L — 1 beam-splitters to L single- mode squeezed inputs [2361 1240] . 
The CM cr^i of this class of pure states, for a given number of modes, depends only 
on the parameter b = 1/ > 1, which is an increasing function of the single- mode 
squeezing needed to prepare the state. Correlations between the modes are induced 
according to the expression (|5.13p for the covariances Zi. We will study their mul- 
tipartite entanglement sharing in Chapter [6l and their usefulness for teleportation 
networks in Sec ll2.2l 

In general, exploiting our previous analysis, we can compute the entanglement 
between a block of K modes and the remaining L—K modes, both for pure states (in 
this case the block entanglement is simply equivalent to the Von Neumann entropy 
of each of the reduced blocks) and, remarkably, also for mixed fully symmetric 
states under any bipartition of the modes. 

5.2.1. 1 X N entanglement 

Based on Ref. [GA4| . we begin by assigning a single mode to subsystem Sa, and 
an arbitrary number N of modes to subsystem Sb, forming a CV system globally 
prepared in a fully symmetric (1 -I- A^)-mode Gaussian state of modes. 

5.2.1.1. Block entanglement hierarchy and signatures of genuine multipartite entan- 
glement. We consider pure fully symmetric states with CM <t^i+„, obtained by 
inserting Eq. (jS.lSp into Eq. (|2.60p with L = (l + N). Exploiting our previous anal- 
ysis, we can compute the entanglement between a single mode with reduced CM 
(T^ and any i^-mode partition of the remaining modes {1 < K < N), by determin- 

ing the equivalent two-mode CM (Teq ■ We remark that, for every K, the 1 x K 
entanglement is always equivalent to a 1 x 1 entanglement, so that the quantum 
correlations between the different partitions of er can be directly compared to each 
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other: it is thus possible to establish a multimode entanglement hierarchy without 
any problem of ordering. 

The 1 X K entanglement quantified by the logarithmic negativity Ej^J is 

determined by the smallest symplectic eigenvalue J^i^q^^ of the partially transposed 

CM o-f]'^ . For any nonzero squeezing {i.e. b > I) one has that t'i^g^^ < 1, 
meaning that the state exhibits genuine multipartite entanglement: each mode is 
entangled with any other if- mode block, as first remarked in Ref. |240] . Further, 
the genuine multipartite nature of the entanglement can be precisely quantified by 
observing that 

as shown in Fig. 15.21 

The 1x1 entanglement between two modes is weaker than the 1x2 one between 
a mode and other two modes, which is in turn weaker than the 1 x K one, and so 
on with increasing K in this typical cascade structure. From an operational point 
of view, a signature of genuine multipartite entanglement is revealed by the fact 
that performing e.g. a local measurement on a single mode will affect all the other 
N modes. This means that the quantum correlations contained in the state with 
CM cr^i+N can be fully recovered only when considering the 1 x partition. 

In particular, the pure-state 1 x TV logarithmic negativity is, as expected, inde- 
pendent of N, being a simple monotonic function of the entropy of entanglement 
Ev , Eq. (|1.25p (defined as the Von Neumann entropy of the reduced single- mode 
state with CM crp). It is worth noting that, in the limit of infinite squeezing 
(6 oo), only the 1 x TV entanglement diverges while all the other 1 x K quantum 
correlations remain finite (see Fig. 15. 2p . Namely, 



1 -AK 



_N{K + 1) - K{K -3) 
which cannot exceed log VS ~ 0.8 for any TV and for any K < N. 



(5.14) 



5.2.1.2. Entanglement scaling with the number of modes. At fixed squeezing {i.e. fixed 
local properties, b = ^/fJ-p), the scaling with TV of the 1 x (TV — 1) entanglement 
compared to the 1x1 entanglement is shown in Fig. 15.31 (we recall that the 1 x TV 
entanglement is independent on TV). Notice how, with increasing number of modes, 
the multimode entanglement increases to the detriment of the two-mode one. The 
latter is indeed being distributed among all the modes: this feature will be properly 
quantified within the framework of CV entanglement sharing in Chapter [6l [GAIO] . 

We remark that such a scaling feature occurs in any Gaussian state, either 
fully symmetric or bisymmetric (think, for instance, to a single-mode squeezed 
state coupled with a TV-mode symmetric thermal squeezed state), pure or mixed. 
The simplest example of a mixed state in which our analysis reveals the presence 
of genuine niultipcirtite entcinglenient is obtained from cr'^i^j^ by tracing out some 
of the modes. Fig. 15.31 can then also be seen as a demonstration of the scaling in 
such a TV-mode mixed state, where the 1 x (TV — 1) entanglement is the strongest 
one. Thus, with increasing TV, the global mixedness can limit but not destroy the 
distribution of entanglement in multiparty form among all the modes. 
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Figure 5.3. Scaling as a function of A'' of the 1x1 entanglement (green bars) 
and of the 1 x {N — 1) entanglement (red bars) for a (1 + A'')-mode pure fully 
symmetric Gaussian state, at fixed squeezing (b = 1.5). 



5.2.2. M X /V entanglement 

Based on Ref. [GAS] . we can now consider a generic 2A^-mode fully symmetric 
mixed state with CM cr^2N; see Eq. (|2.60p . obtained from a pure fully symmetric 
{2N + Q)-mode state by tracing out Q modes. 

5.2.2.1. Block entanglement hierarchy and optimal localizable entanglement. For any 

Q, for any dimension K of the block {K < N), and for any nonzero squeezing 
{i.e. for 6 > 1) one has that i'k < 1, meaning that the state exhibits genuine 
multipartite entanglement, generalizing the 1 x case described before: each K- 
mode party is entangled with the remaining (2N — K)-mode block. Furthermore, 
the genuine multipartite nature of the entanglement can be precisely unveiled by 
observing that, again, Ej^ is an increasing function of the integer K < N, 

as shown in Fig. 15.41 Moreover, we note that the multimode entanglement of mixed 
states remains finite also in the limit of infinite squeezing, while the multimode 
entanglement of pure states diverges with respect to any bipartition, as shown in 
Fig. [531 

In fully symmetric Gaussian states, the block entanglement is unitarily local- 
izable with respect to any K x {2N — K) bipartition. Since in this instance all 
the entanglement can be concentrated on a single pair of modes, after the partition 
has been decided, no strategy could grant a better yield than the local symplectic 
operations bringing the reduced CMs in WiUiamson form (because of the mono- 
tonicity of the entanglement under general LOCC). However, the amount of block 
entanglement, which is the amount of concentrated two- mode entanglement after 
unitary localization has taken place, actually depends on the choice of a particular 
K X (2A'' — K) bipartition, giving rise to a hierarchy of localizable entanglements. 

Let us suppose that a given Gaussian multimode state (say, for simplicity, a 
fully symmetric state) is available and its entanglement is meant to serve as a 
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Figure 5.4. Hierarchy of block entanglements of fully symmetric 27V-mode 
Gaussian states of X x {2A'' — K) bipartitions (2A'' = 10) as a function of 
the single-mode squeezing b. The block entanglements are depicted both for 
pure states (solid lines) and for mixed states obtained from fully symmetric 
(2A'' + 4)-mode pure Gaussian states by tracing out 4 modes (dashed lines). 

resource for a given protocol. Let us further suppose that the protocol is optimally 
implemented if the entanglement is concentrated between only two modes of the 
global systems, as it is the case, e.g., in a CV teleportation protocol between two 
single-mode parties [39j . Which choice of the bipartition between the modes allows 
for the best entanglement concentration by a succession of local unitary operations? 
In this framework, it turns out that assigning K = 1 mode at one party and all 
the remaining modes to the other, as discussed in Sec. 15.2.11 constitutes the worst 
localization strategy [GA5j . Conversely, for an even number of modes the best 
option for localization is an equal K = N splitting of the 2N modes between the 

two parties. The logarithmic negativity Ej^ , concentrated into two modes by 
local operations, represents the optimal localizable entanglement (OLE) of the state 
(T^2jv, where "optimal" refers to the choice of the bipartition. Clearly, the OLE of 

a state with 2N + 1 modes is given by ' . These results may be applied to 

arbitrary, pure or mixed, fully symmetric Gaussian states. 

5.2.2.2. Entanglement scaling with the number of modes. We now turn to the study 
of the scaling behavior with N of the OLE of 2Af-mode states, to understand how 
the number of local cooperating parties can improve the maximal entanglement that 
can be shared between two parties. For generic (mixed) fully symmetric 2 A^- mode 
states of N X N bipartitions, the OLE can be quantified also by the entanglement 
of formation Ep, Eq. (|4.17p . as the equivalent two- mode state is symmetric, see 
Sec. 15.1.21 It is then useful to compare, as a function of N, the 1x1 entanglement 
of formation between a pair of modes (all pairs are equivalent due to the global 
symmetry of the state) before the localization, and the N x N entanglement of 
formation, which is equal to the optimal entanglement concentrated in a specific 
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(b) 

Figure 5.5. Scaling, witti lialf tlie number of modes, of tlie entanglement of 
formation in two families of fully symmetric 2A''-mode Gaussian states. Plot 
(a) depicts pure states, while mixed states (b) are obtained from (2A'' + 4)- 
mode pure states by tracing out 4 modes. For each class of states, two sets of 
data are plotted, one referring to N x N entanglement (yellow bars), and the 
other to 1 X 1 entanglement (blue bars). Notice how the N x N entanglement, 
equal to the optimal localizable entanglement (OLE) and estimator of genuine 
multipartite quantum correlations among all the 2N modes, increases at the 
detriment of the bipartite 1x1 entanglement between any pair of modes. The 
single-mode squeezing parameter is fixed at b = 1.5. 

pair of modes after performing the local unitary operations. The results of this 
study are shown in Fig. 15.51 The two quantities are plotted at fixed squeezing b as 
a function of N both for a pure 2A^-mode state with CM cr^ajv and a mixed 2n-mode 

state with CM cr^a^. As the number of modes increases, any pair of single modes 
becomes steadily less entangled, but the total multimode entanglement of the state 
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grows and, as a consequence, the OLE increases with A^. In the limit iV oo, the 
N X N entanglement diverges while the 1x1 one vanishes. This exactly holds both 
for pure and mixed states, although the global degree of mixedness produces the 
typical behavior that tends to reduce the total entanglement of the state. 

5.2.3. Discussion 

We have shown that bisymmetric (pure or mixed) multimode Gaussian states, 
whose structural properties are introduced in Sec. 12.4.31 can be reduced by lo- 
cal symplectic operations to the tensor product of a correlated two-mode Gaussian 
state and of uncorrelated thermal states (the latter being obviously irrelevant as 
far as the correlation properties of the multimode Gaussian state are concerned) . 
As a consequence, all the entanglement of bisymmetric multimode Gaussian states 
of arbitrary AI x N bipartitions is unitarily localizable in a single (arbitrary) pair 
of modes shared by the two parties. Such a useful reduction to two-mode Gauss- 
ian states is somehow similar to the one holding for states with fully degenerate 
symplectic spectra [291 192j . encompassing the relevant instance of pure states, for 
which all the symplectic eigenvalues are equal to 1 (see Sec. I2.4.2.ip . The present 
result allows to extend the PPT criterion as a necessary and sufficient condition 
for separability to all bisymmetric multimode Gaussian states of arbitrary M x N 
bipartitions (as shown in Sec. 13.1.1]) . and to quantify their entanglement [GA4IIGA5] . 

Notice that, in the general bisymmetric instance addressed in this Chapter, the 
possibility of performing a two- mode reduction is crucially partition-dependent. 
However, as we have explicitly shown, in the case of fully symmetric states all the 
possible bipartitions can be analyzed and compared, yielding remarkable insight 
into the structure of the multimode block entanglement of Gaussian states. This 
leads finally to the determination of the maximum, or optimal localizable entangle- 
ment that can be unitarily concentrated on a single pair of modes. 

It is important to notice that the multipartite entanglement in the considered 
class of multimode Gaussian states can be produced and detected [2361 1240] . and 
also, by virtue of the present analysis, reversibly localized by all-optical means. 
Moreover, the multipartite entanglement allows for a rehable {i.e. with fidelity 
T > Tci, where Td = 1/2 is the classical threshold, see Chapter [T2|) quantum 
teleportation between any two parties with the assistance of the remaining others 
[236j . The connection between entanglement in the symmetric Gaussian resource 
states and optimal teleportation-network fidelity has been clarified in [GA9] . and 
will be discussed in Sec. 112.21 

More generally, the present Chapter has the important role of bridging between 
the two central parts of this Dissertation, the one dealing with bipartite entangle- 
ment on one hand, and the one dealing with multipartite entanglement on the 
other hand. We have characterized entanglement in multimode Gaussian states by 
reducing it to a two-mode problem. By comparing the equivalent two-mode entan- 
glements in the different bipartitions we have unambiguously shown that genuine 
multipartite entanglement is present in the studied Gaussian states. It is now time 
to analyze in more detail the sharing phenomenon responsible for the distribution 
of entanglement from a bipartite, two-mode form, to a genuine multipartite mani- 
festation in A^-mode Gaussian states, under and beyond symmetry constraints. 
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CHAPTER 6 



Gaussian entanglement sharing 

One of the main challenges in fundamental quantum theory, as well as in quantum 
information and computation sciences, lies in the characterization and quantifica- 
tion of bipartite entanglement for mixed states, and in the definition and inter- 
pretation of multipartite entanglement both for pure states and in the presence 
of mixedness [1631 llll] . More intriguingly, a quantitative, physically significant, 
characterization of the entanglement of states shared by many parties can be at- 
tempted: this approach, introduced in a seminal paper by Coffman, Kundu and 
Wootters (CKW) [59j . has lead to the discovery of so-called "monogamy inequal- 
ities" [see Eq. (|1.45p ]. constraining the maximal entanglement distributed among 
different internal partitions of a multiparty system. Such inequalities are uprising 
as one of the fundamental guidehnes on which proper multipartite entanglement 
measures have to be built [GA12j . 

While important progresses have been gained on these issues in the context of 
qubit systems (as reviewed in Sec. II. 4p . a less satisfactory understanding had been 
achieved until recent times on higher-dimensional systems, associated to Hilbert 
spaces with an increasingly complex structure. However, and quite remarkably, 
in infinite-dimensional Hilbert spaces of CV systems, important progresses have 
been obtained in the understanding of the (bipartite) entanglement properties of 
the fundamental class of Gaussian states, as it clearly emerges, we hope, from the 
previous Parts of this Dissertation. 

Building on these insights, we have performed the first analysis of multipartite 
entanglement sharing in a CV scenario. This has resulted, in particular, in the first 
(and unique to date) mathematically and physically bona fide measure of genuine 
tripartite entanglement for arbitrary three-mode Gaussian states [GAlOl IGA11| , in 
a proof of the monogamy inequality on distributed entanglement for all Gaussian 
states [GA15] . and in the demonstration of the promiscuous sharing structure of 
multipartite entanglement in Gaussian states [GA10| . which arises in three- mode 
symmetric states [GAllI IGA16] and can be unlimited in states of more than three 
modes |GA19j . 

These and related results are the subject of the present Part of this Dissertation. 

We begin in this Chapter by introducing our novel entanglement monotones 
{contangle, Gaussian contangle and Gaussian tangle) apt to quantify distributed 
Gaussian entanglement, thus generalizing to the CV setting the tangle [59] defined 
for systems of two qubits by Eq. (|1.48p . 

Motivated by the analysis of the block entanglement hierarchy and its scaling 
structure in fully symmetric Gaussian states (see Sec. 15. 2p we will proceed by es- 
tablishing a monogamy constraint on the entanglement distribution in such states. 
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We will then lift the symmetry requirements and prove that CV entanglement, 
once properly quantified, is monogamous for all Gaussian states [GA15j . This is 
arguably the most relevant result of this Chapter, and one of the milestones of this 
Dissertation. 

The paradigmatic instance of tripartite CV entanglement, embodied by three- 
mode Gaussian states, will be treated independently and in full detail in the next 
Chapter. In that case, let us anticipate that from the monogamy inequality a 
measure of genuine tripartite entanglement emerges naturally {residual Gaussian 
contangle) , and we will prove it to be a full entanglement monotone under Gaussian 
LOCC. Equipped with such a powerful tool to quantify tripartite entanglement, we 
will proceed to investigate the entanglement sharing structure in three-mode Gauss- 
ian states, unveiling the original feature named promiscuity: it essentially means 
that bipartite and multipartite entanglement can enhance each other in Gaussian 
states and be simultaneously maximized without violating the monogamy inequal- 
ity on entanglement sharing. In Chapter [8l the promiscuous sharing structure 
of distributed CV entanglement will be shown to arise to an unlimited extent in 
Gaussian states of at least four modes. 

6.1. Distributed entanglement in multipartite continuous variable sys- 
tems 

Our primary aim, as in Ref. [GA10| . is to analyze the distribution of entanglement 
between different (partitions of) modes in Gaussian states of CV systems. The 
reader is referred to Sec. 11.41 for a detailed, introductory discussion on the subject 
of entanglement sharing. 

6.1.1. The need for a new continuous-variable entanglement monotone 

In Ref. [59| Coffman, Kundu and Wootters (CKW) proved for system of three 
qubits, and conjectured for N qubits (this conjecture has now been proven by 
Osborne and Verstraete [169] ). that the bipartite entanglement E (properly quan- 
tified) between, say, qubit A and the remaining two-qubits partition (BC) is never 
smaller than the sum of the A|B and A|C bipartite entanglements in the reduced 

St clijGS " 

This statement quantifies the so-called monogamy of quantum entanglement [230] . 
in opposition to the classical correlations, which are not constrained and can be 
freely shared. 

One would expect a similar inequality to hold for three-mode Gaussian states, 
namely 

E'^W - E'^^ - E'^'' > , (6.2) 

where E is a proper measure of bipartite CV entanglement and the indexes {i,j, k} 
label the three modes. However, the demonstration of such a property is plagued 
by subtle difficulties. 

Let us for instance consider the simplest conceivable instance of a pure three- 
mode Gaussian state completely invariant under mode permutations. These pure 
Gaussian states are named fully symmetric (see Sec. I2.4.3|) . and their standard 
form CM [obtained by inserting Eq. (|5.13p with L = 3 into Eq. (|2.60p ] is only 
parametrized by the local mixedness b = (l/^/s) > 1, an increasing function of the 
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single-mode squeezing rioc, with 6^1+ when rioc 0+. For these states, it is not 
difficult to show that the inequality (|6.2p can be violated for small values of the local 
squeezing factor, using either the logarithmic negativity Ej^f or the entanglement 
of formation Ep (which is computable in this case via Eq. (|4.17p . because the two- 
mode reduced mixed states of a pure symmetric three-mode Gaussian states are 
again symmetric) to quantify the bipartite entanglement. This fact implies that 
none of these two measures is the proper candidate for approaching the task of 
quantifying entanglement sharing in CV systems. This situation is reminiscent of 
the case of qubit systems, for which the CKW inequality holds using the tangle 
r, defined in Eq. (|1.48p as the square of the concurrence [113j . but can fail if one 
chooses equivalent measures of bipartite entanglement such as the concurrence itself 
or the entanglement of formation [59| . 

It is then necessary to define a proper measure of CV entanglement that specif- 
ically quantifies entanglement sharing according to a monogamy inequality of the 
form (|6.2p . A first important hint toward this goal comes by observing that, when 
dealing with 1 x partitions of fully symmetric multimode pure Gaussian states 
together with their 1x1 reduced partitions, the desired measure should be a mono- 
tonically decreasing function / of the smallest symplectic eigenvalue i>- of the 
corresponding partially transposed CM or. This requirement stems from the fact 
that i)- is the only eigenvalue that can be smaller than 1, as shown in Sec. 13.1.11 
and Sec. I5.1.2[ violating the PPT criterion with respect to the selected biparti- 
tion. Moreover, for a pure symmetric three-mode Gaussian state, it is necessary 
to require that the bipartite entanglements iS*^-''^) and i?*'-' = i?*'*^ be respectively 
functions j^y-^^^^^^ and /(£'!'"') of the associated smallest symplectic eigenvalues 
-Aijk) ^j^j such a way that they become infinitesimal of the same order in 

the limit of vanishing local squeezing, together with their first derivatives: 



1 for 6^1+, (6.3) 



where the prime denotes differentiation with respect to the single-mode mixedness 
b. The violation of the sharing inequality (|6.2p exhibited by the logarithmic nega- 
tivity can be in fact traced back to the divergence of its first derivative in the limit 
of vanishing squeezing. The above condition formalizes the physical requirement 
that in a symmetric state the quantum correlations should appear smoothly and be 
distributed uniformly among all the three modes. One can then see that the un- 
known function / exhibiting the desired property is simply the squared logarithmic 
negativitj0 

/(;>_) = [- log (6.4) 

We remind again that for (fully symmetric) (1 + A^)-mode pure Gaussian states, 
the partially transposed CM with respect to any 1 x bipartition, or with respect 
to any reduced 1x1 bipartition, has only one symplectic eigenvalue that can drop 



■'■■'Notice that an infinite number of functions satisfying Eq. I|6.3|l can be obtained by expand- 
ing f{^-) around = 1 at any even order. However, they are all monotonic convex functions of 
/. If the inequality l|6.2|l holds for /, it will hold as well for any monotonically increasing, convex 
function of /, such as the logarithmic negativity raised to any even power fc > 2, but not for 
fc = 1. We will exploit this "gauge freedom" in the following, to define an equivalent entanglement 
monotone in terms of squared negativity [GA15] . 
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below 1; hence the simple form of the logarithmic negativity (and, equivalently, of 
its square) in Eq. (|6.4p . 

6.1.2. Squared negativities as continuous-variable tangles 

Equipped with this finding, one can give a formal definition of a bipartite entangle- 
ment monotone Er that, as we will soon show, can be regarded as a CV analogue 
of the tangle. Note that the context here is completely general and we are not 
assuming that we are deahng with Gaussian states only. For a generic pure state 
of a (1 + 7V)-mode CV system, we define our measure as the square of the 
logarithmic negativity [the latter defined by Eq. (|1.43p ]: 

i?,(V) = log'||^||i , g=\m'\- (6.5) 

This is a proper measure of bipartite entanglement, being a convex, increasing 
function of the logarithmic negativity Ej^f, which is equivalent to the entropy of 
entanglement Eq. (|1.25p for arbitrary pure states in any dimension. Def. (|6.5P is 
naturally extended to generic mixed states p of {N + l)-mode CV systems through 
the convex-roof formalism. Namely, we can introduce the quantity 

Er{p)= inf Yp^E^i^P,) , (6.6) 

{pi,ipi} 

where the infimum is taken over all convex decompositions of p in terms of pure 
states {IV'i)}; if the index i is continuous, the sum in Eq. (|6.6p is replaced by an 
integral, and the probabilities by a probability distribution 7r(?/j). Let us now 
recall that, for two qubits, the tangle can be defined as the convex roof of the 
squared negativity pJ2] (the latter being equal to the concurrence [113] for pure 
two-qubit states [247j . as mentioned in Sec. 11.4.271]) . Here, Eq. (|6.6p states that the 
convex roof of the squared logarithmic negativity properly defines the continuous- 
variable tangle, or, in short, the contangle Et{p), in which the logarithm takes into 
account for the infinite dimensionality of the underlying Hilbert space. 

On the other hand, by recalling the equivalence of negativity and concurrence 
for pure states of qubits, the tangle itself can be defined for CV systems as the 
convex-roof extension of the squared negativity. Let us recall that the negativity 
Af, Eq. ()1.40p of a quantum state g is a convex function of the logarithmic negativity 
E^f, Eq. una, being 

Nig) ^ ^"P[^A^^(g) - 1] . (6.7) 

These definitions are sensible and applicable to a generic (in principle non- 
Gaussian) state of a CV system. 

6.1.2.1. Gaussian contangle and Gaussian tangle. From now on, we will restrict our 
attention to Gaussian states. 

Gaussian contangle. — For any pure multimode Gaussian state with CM <tP, 
of iV + 1 modes assigned in a generic 1 x bipartition, explicit evaluation gives 
immediately that Er{ip) = Er{(y^) takes the form 

Eria^) = \oi [l/p, - y^l^?-l) , (6.8) 

where = l/\/Dct cri is the local purity of the reduced state of mode 1 with CM 
o-i. 
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For any multimode, mixed Gaussian states with CM cr, we will then denote the 
contangle by in analogy with the notation used for the contangle Ericr^) 

of pure Gaussian states in Eq. (|6.8p . Any multimode mixed Gaussian state with 
CM cr, admits at least one decomposition in terms of pure Gaussian states cr^ 
only. The infimum of the average contangle, taken over all pure Gaussian state 
decompositions, defines then the Gaussian contangle Gr, 

Gr{(T) = inf / TT(dcTP)Er((TP) . (6.9) 

It follows from the convex roof construction that the Gaussian contangle Gr{cr) 
is an upper bound to the true contangle Er{cr) (as the latter can be in principle 
minimized over a non-Gaussian decomposition), 

EricT) < Gricr) , (6.10) 

It can be shown that Gt{(t) is a bipartite entanglement monotone under Gaussian 
LOCC: in fact, the Gaussian contangle belongs to the general family of Gauss- 
ian entanglement measures, whose properties as studied in Ref. [GA7j have been 
presented in Sec. 13.2.21 Therefore, for Gaussian states, the Gaussian contangle, 
similarly to the Gaussian entanglement of formation [270| , takes the simple form 



Gr{<T) = inf Er{(TP) , (6.11) 
aP<cr 

where the infimum runs over all pure Gaussian states with CM cr^ < cr. Let us 
remark that, if cr denotes a mixed symmetric two-mode Gaussian state, then the 
Gaussian decomposition is the optimal one [95j (see Sec. 14.2. 2| . and the optimal 
pure-state CM ctP minimizing Gr{cr) is characterized by having v-{crP) — v-{cr) 
[270| (see Sec. 14.5. 4|) . The fact that the smallest symplectic eigenvalue is the same 
for both partially transposed CMs entails that for two-mode symmetric (mixed) 
Gaussian states 

Er{cT) =Gricr) = [max{0, - log (cr)}]^ . (6.12) 

We thus consistently retrieve for the Gaussian contangle (or, equivalently, the con- 
tangle, as they coincide in this specific case), the expression previously found for the 
mixed symmetric reductions of fully symmetric three- mode pure states, Eq. (|6.4p . 

To our aims, it is useful here to provide a compact, operative definition of the 
Gaussian contangle for 1 x bipartite Gaussian states, based on the evaluation 
of Gaussian entanglement measures in Sec. 13.2.21 If cr^^j is the CM of a (generally 
mixed) bipartite Gaussian state where subsystem Si comprises one mode only, then 
the Gaussian contangle Gr can be computed as 



Gr{criij) = Gr{cr°^J) = 9[mi\j], g[x] = arcsinh^ [ Va:^ - 1]. (6.13) 



Here cr°y corresponds to a pure Gaussian state, and rriiy = ■m{cr°y) = y Det cr°''* = 

Dot with c^j-^ being the reduced CM of subsystem Si (Sj) obtained by trac- 
ing over the degrees of freedom of subsystem Sj (Si). The CM cr"^^ denotes the 
pure bipartite Gaussian state which minimizes m{crPy) among all pure-state CMs 
(T^l^. such that cr^i^. < <Tj|j. If cri\j is already a pure state, then cr°y = cr^j, while for 
a mixed Gaussian state Eq. (|6.13p is mathematically equivalent to constructing the 
Gaussian convex roof. For a separable state m((T°'^*) = 1. Here we have impHcitly 
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used the fact that the smallest symplectic eigenvalue j>- of the partial transpose 
of a pure 1 x iV Gaussian state (t^^- is equal to i>- = \/Dcto7 — VDct cr,; — 1 , as 
follows by recalling that the 1 x entanglement is equivalent to a 1 x 1 entangle- 
ment by virtue of the phase-space Schmidt decomposition (see Sec. 12.4.2. ip and by 
exploiting Eq. (|4.13p with A = 2, /i = 1 and fii ~ fi2 = l/y/DcToi. 

The Gaussian contangle Gr, like all members of the Gaussian entanglement 
measures family (see Sec. I3.2.2P is completely equivalent to the Gaussian entan- 
glement of formation [270| . which quantifies the cost of creating a given mixed 
Gaussian state out of an ensemble of pure, entangled Gaussian states. 
Gaussian tangle. — Analogously, for a 1 x bipartition associated to a pure Gauss- 
ian state p^i^ = \iP)a\b{'>P\ with Sa = Si (a subsystem of a single mode) and 
Sb = S2 ■ ■ - Sn, we define the following quantity 

Here, Af{g) is the negativity, Eq. (|1.40p . of the Gaussian state g. The functional 
TQ , Hke the negativity Af, vanishes on separable states and does not increase under 
LOCO, i.e. , it is a proper measure of pure-state bipartite entanglement. It can be 
naturally extended to mixed Gaussian states gA\B via the convex roof construction 

TG{gA\B)^ inf^ VpjTG(£>n' (6-15) 

where the infimum is taken over all convex decompositions of gA\B in terms of 
pure Gaussian states gf: gA\B ~ J2iPi9i- virtue of the Gaussian convex roof 
construction, the Gaussian entanglement measure tg Eq. (|6.15p is an entanglement 
monotone under Gaussian LOCC (see Sec. I3.2.2|) . Henceforth, given an arbitrary 
A^-mode Gaussian state gsi\S2---SN ' we refer to tq, Eq. (|6.15p . as the Gaussian 
tangle [GA15] . Obviously, in terms of CMs, the analogous of the definition (|6.1ip is 
valid for the Gaussian tangle as well, yielding it computable like the contangle in 
Eq. (|6.13p . Namely, exploiting Eq. (|3.7p . one finds 

^ 2 

TGio-i\j)^TGicr°^j)=w[m^y], w[x] ^ - {y/x - I + y/^ - l) . (6.16) 

Refer to the discussion immediately after Eq. (|6.13p for the definition of the quan- 
tities involved in Eq. (|6.16p . 

We will now proceed to investigate the entanglement sharing of Gaussian states 
and to establish monogamy constraints on its distribution. We remark that, being 
the (squared) negativity a monotonic and convex function of the (squared) logarith- 
mic negativity, see Eq. (|6.7p . the validity of any monogamy constraint on distributed 
Gaussian entanglement using as an entanglement measure the "Gaussian tangle", is 
implied by the proof of the corresponding monogamy inequality obtained using the 
"Gaussian contangle". For this reasons, when possible, we will always employ as a 
preferred choice the primitive entanglement monotone, represented by the (Gauss- 
ian) contangle [GAlOj (which could be generally referred to as a 'logarithmic' tangle 
in quantum systems of arbitrary dimension) . 

6.2. Monogamy of distributed entanglement in A/-mode Gaussian states 

We are now in the position to prove a collection of results concerning the monogamy 
of distributed Gaussian entanglement in multimode Gaussian states. 
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6.2.1. General monogamy constraints and residual entanglement 

In the broadest setting we want to investigate whether a monogamy inequahty Uke 
Ineq. (|6.2p holds in the general case of Gaussian states with an arbitrary number 
N of modes. Considering a Gaussian state distributed among TV parties (each 
owning a single mode), the monogamy constraint on distributed entanglement can 
be written as 



where the global system is multipartitioned in subsystems Sk {k — 1, . . ., N), each 
owned by a respective party, and E is & proper measure of bipartite entanglement. 
The corresponding general monogamy inequality, see Eq. (|1.53p . is known to hold 
for qubit systems [169j . 

The left-hand side of inequality (|6.17p quantifies the bipartite entanglement 
between a probe subsystem Si and the remaining subsystems taken as a whole. 
The right-hand side quantifies the total bipartite entanglement between Si and 
each one of the other subsystems Sj^i in the respective reduced states. The non- 
negative difference between these two entanglements, minimized over all choices of 
the probe subsystem, is referred to as the residual multipartite entanglement. It 
quantifies the purely quantum correlations that are not encoded in pairwise form, 
so it includes all manifestations of genuine X-partite entanglement, involving K 
subsystems (modes) at a time, with 2 < K < N. The study of entanglement 
sharing and monogamy constraints thus offers a natural framework to interpret 
and quantify entanglement in multipartite quantum systems [GA12] (see Sec. II. 4p . 

To summarize the results we are going to present, it is now known that the 
(Gaussian) contangle — and the Gaussian tangle, as an implication — is monog- 
amous in fully symmetric Gaussian states of N modes [GA10| . In general, we 
have proven the Gaussian tangle to be monogamous in all, pure or mixed, Gauss- 
ian states of an arbitrary number of modes [GA15| . A full analytical proof of the 
monogamy inequality for the contangle in all Gaussian states beyond the symmetry, 
is currently lacking; however, numerical evidence obtained for randomly generated 
nonsymmetric 4-mode Gaussian states strongly supports the conjecture that the 
monogamy inequality be true for all multimode Gaussian states, using also the 
(Gaussian) contangle as a measure of bipartite entanglement [GAIO] . Remarkably, 
for all (generally nonsymmetric) three-mode Gaussian states the (Gaussian) contan- 
gle has been proven to be monogamous, leading in particular to a proper measure 
of tripartite entanglement in terms of the residual contangle: the analysis of dis- 
tributed entanglement in the special instance of three-mode Gaussian states, with 
all the resulting implications, is postponed to the next Chapter. 

6.2.2. Monogamy inequality for fully symmetric states 

The analysis of Sec. 15.21 has revealed that in fully permutation-invariant Gaussian 
states, by comparing the bipartite block entanglement in the various bipartitions of 
the modes (which is always unitarily localizable into a two-mode one [GA41 [GAS] ). 
the presence of genuine multipartite entanglement is revealed. In general, with 
increasing number of modes, we have evidenced by scaHng arguments how the 
individual pairwise entanglement between any two modes is redistributed into a 
multipartite entanglement among all the modes. 



N 



j^Si\(Si...Si-iSi^i...S]v) ^ 




(6.17) 
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How does this entanglement distribution mechanism work? We show here, 
based on a simple computation first appeared in [GAIO] . that it obeys the funda- 
mental monogamy law. 

We will employ the Gaussian contangle Gr, Eq. (|6.13p . as a measure of bipartite 
entanglement. Due to the convex roof extension involved in the definition of Gr, 
Eq. (|6.9p . it will suffice to prove monogamy for pure fufiy symmetric Gaussian states, 
for which the Gaussian contangle Gr coincides with the true contangle in every 
bipartition thanks to the symmetry of the considered states (see Sec. 16. 1.2711) . Such 
a proof will also imply the corresponding monogamy property for the (Gaussian) 
tangle, Eq. (|6.16p . 

For a pure, fully symmetric Gaussian states of iV-f 1 modes, we wifi then prove 
the statement 

N 

eAUi,-,3n) _ ^Aji > ^ (6.18) 
(=1 

by induction. Referring to the notation of Eqs. (|2. 601 [5713]) with L = N, for any N 

and for b > 1 (for 6=1 one has a product state) , the 1 x contangle 



is independent of N, while the total two-mode contangle 

- - IW{N + 1)2 -{N- 1)2) ] |, (6.20) 

is a monotonicafiy decreasing function of the integer at fixed b. 

Because the sharing inequality trivially holds for N = 1, it is inductively proven 

for any N. ■ 

Entanglement — specifically measured by any CV extension of the tangle as 
introduced in Sec. 16.1.2.11 — in all (pure and mixed) fully symmetric Gaussian 
states, defined in Sec. 12.4.31 is indeed monogamous. 

We can now study the difference between left-hand and right-hand sides in 
Eq. (|6.18p . quantifying the residual entanglement not stored in bipartite correla- 
tions between any two modes. As apparent from the above proof, this residual en- 
tanglement, for any squeezing b, strictly grows with N. This proves quantitatively 
that (as qualitatively clear from the analysis of Sec. 15. 2p with increasing number 
of modes N, the entanglement is gradually less encoded in pairwise bipartite form, 
being conversely more and more increasingly retrieved in multipartite (specifically, 
three-partite, four-partite, . . ., iV-partite) quantum correlations among all the sin- 
gle modes. Crucially, we have just proven that this redistribution is always such 
that a general monogamy law on the shared CV entanglement is satisfied. 

The multipartite entanglement in (generally mixed) fully symmetric Gaussian 
states will be operationally interpreted in terms of optimal success of CV A^-party 
teleportation networks in Sec. 112.21 

6.2.3. Monogamy inequality for all Gaussian states 

Following Ref. [GAlSj . we state here the crucial result which definitely solves the 
qualitative problem of entanglement sharing in Gaussian states. Namely, we prove 
that the monogamy inequality does hold for all Gaussian states of multimode CV 
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systems with an arbitrary number of modes and parties Si, . . . ,Sn, thus gener- 
ahzing the results of the previous subsection. 

As a measure of bipartite entanglement, we employ the Gaussian tangle tq 
defined via the square of negativity, Eqs. (|6.14l I6.15p . in direct analogy with the 
case of A^-qubit systems [169] . Our proof is based on the symplectic analysis of 
CMs (see Chapter[2]) and on the properties of Gaussian entanglement measures (see 
Sec. 13.2. 2"|) . The monogamy constraint has important implications on the structural 
characterization of entanglement sharing in CV systems [GA10l[GAllllGA16llGA15] . 
in the context of entanglement frustration in harmonic lattices [272] . and for prac- 
tical applications such as secure key distribution and communication networks with 
continuous variables (see Part |V| . 

Given an arbitrary A^-mode Gaussian state gsi\S2.--SN ■• now prove the general 
monogamy inequality 



N 

:=2 



(6.21) 



where we have in general renamed the modes so that the probe subsystem in 
Eq. (|6.17P is Si, for mere convenience. 

To this end, we can assume without loss of generality that the reduced two-mode 
states gs,\s, = T'rs2...s,^iS,+i...SN QSi\S2...St, of subsystems {SiSi) {I = 2,...,N) 
are all entangled. In fact, if for instance gsi\S2 separable, then TG{gsi\S3...SN) — 
TcigSilSo-.-Siv) because the partial trace over the subsystem 52 is a local Gaussian 
operation that does not increase the Gaussian entanglement. Furthermore, by 
the convex roof construction of the Gaussian tangle, it is sufficient to prove the 
monogamy inequality for any pure Gaussian state g^^^^^ (see also Refs. [59l 



I169j ). Therefore, in the following we can always assume that gsi\S2---SN a pure 
Gaussian state for which the reduced states gsi\Si (^ = 2, . . . , A^) are all entangled. 

We start by computing the left-hand side of Eq. (|6.2ip . Since gsi\S2---SN 
a 1 X (A^ — 1) pure Gaussian state, its CM cr is characterized by the condition 
Eq. (|2.55p . which implies 



N 



Det Q + Pet 7; = 1 , 



(6.22) 



where 7; is the matrix encoding intermodal correlations between mode 1 and mode 
I in the reduced state gsi\Si (' = 2, . . . , A^), described by a CM [see Eq. (|4.ip ] 



( '^lA 


0'1,2 


0'1,2;-1 


<^1.2l \ 




^2,2 


0'2,2;-l 


(72.21 


0"2i-l,l 


0'2/-l,2 


o'2;-i.2;-i 


0'2l-1.2l 


\ <^2l.l 


<^2l,2 


0'2l,2l-l 


<72l,2l / 



a 7( 
7^ f3i 



(6.23) 



As gsi\Si is entangled, Det 7; is negative [218] . see Eq. (|4.16p . It is useful to 
introduce the auxiliary quantities 



= -4Dct7, > 0, 



(6.24) 



such that one has Dot a = ^ + 
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From Eq. (|6.16p . the Gaussian tangle for the pure Gaussian state gsi\S2...SN is 
then written as 

TG(e5,|5....5«) - w{Bcta) = f ' (6.25) 

with /(t) = (.g-i(t) - 1/2)2, g{t) = Vtn-Vt. (6.26) 

We observe that f{t)/t is an increasing function for < > and /(O) = so / is a 
star-shaped function: f{ct) < cf(t) for c G [0,1] and t > 00 Therefore, we have 
fit) < tTi/(*+^) fis) < fit+s) for t, s > to obtain + < fit+s). 
That is, / is superadditive [149| . Hence0 

(N \ N 

Y."^i]>Y.-fi"^^)- (6-27) 
1=2 / 1=2 

Each term in the right-hand side is well defined since T; > 0, Eq. (|6.24p . 

We are now left to compute the right-hand side of Eq. (|6.2ip . i.e. the bipartite 
entanglement in the reduced (mixed) two- mode states Qsi\Si = 2,..., TV). We 
will show that the corresponding Gaussian tangle is bounded from above by /(T;), 
which will therefore prove the monogamy inequality via Eq. (|6.27p . To this aim, 
we recall that any bipartite and multipartite entanglement in a Gaussian state is 
fully specified in terms of its CM, as the displacement vector of first moments can 
be always set to zero by local unitary operations, which preserve entanglement by 
definition. It is thus convenient to express the Gaussian tangle directly in terms of 
the CMs. Recalling the framework of Gaussian entanglement measures (Sec. l3.2!2|) . 
the definition (|6.15p given in Sec. l6.1.2!T] for the Gaussian tangle of a mixed Gaussian 
state with CM cr^^i^^ can be rewritten as 

tg(ct5i|5J= inf {rG((T^^|<j,)k^^,5, < f75i|5,} , (6.28) 

where the infimum is taken over all CMs cr^^^g^ of pure Gaussian states such that 
> cr^iis,' ^^ee Eq. (131 H). 
The quantities T/, Eq. (|6.24p . and TGi(ysi:Si) for any I, as well as every single- 
mode reduced determinant, are 5*^(2, ]R)®^-invariants, i.e. they are preserved under 
local unitary (symplectic at the CM level) operations, as mentioned in Sec. 12.2.21 
For each two- mode partition described by Eq. (|6.23p . we can exploit such local- 
unitary freedom to put the CM <JSi:Si in standard form, Eq. (|4.ip F^ with a = 



fit) is convex for t > 0, which also implies that / is star-shaped. 

"""^If we chose to quantify entanglement in terms of the contangle (rather than of the Gaussian 
tangle), defined for pure Gaussian states as the squared logarithmic negativity Eq. I|6.5[l . we would 
have, instead of fit) in Eq. I|6.26[l . the quantity log^[g(t)/2] which lacks the star-shape property. It 
can be confirmed numerically that the function log^[g{t)/2] (t > 0) is not superadditive. However 
this does not imply the failure of the Af-mode monogamy inequality for the contangle [GA10| . 
which might be proven with different techniques than those employed here. 

■"■^The reduced two-mode CMs cgji^, cannot be all brought simultaneously in standard 
form, as clarified in Appendix IA.2.f I However, our argument runs as follows [GA15| . We apply 
^P{2,R) ffi'S'P(2,R) operations on subsystems iSi and 52 to bring (Tg^^^^ in standard form, evaluate 
an upper bound on the Gaussian tangle in this representation, and derive an inequality between 
local-unitary invariants, Eq. I|6.37[l . that is therefore not relying on the specific standard form in 
which explicit calculations are performed. We then repeat such computation for the remaining 
matrices (^SilSi with I = 3 . . . N . At each step, only a single two-mode CM is in standard 
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diag{a, a}, /3; — diag{5, 6}, and 7/ = diag{c+, c_}, where c+ > |c_| [2181 [70] . The 
uncertainty condition l2.19l for cr^^i^^ is thus equivalent to the following inequalities 
[see also Eq. (|T2|l ] 

a>l, b>l, a6-4>l; (6.29) 
Detcr<;^|5, + l = {ab- cl){ab - d) + 1 > + b^ + 2c+c_ . (6.30) 
Furthermore, since the state gsi\Si is entangled, we have [218] 

{ab - cl){ab - + 1 < a^ + b^-2c+c-. (6.31) 

From Eqs. (|6.30p and (|6.3ip . it follows that c_ < 0. 

In Eq. (|6.28p . tg{Csi\Si^ ~ /(4DetQ;P — 4), which is an increasing function of 
DetaP, where ct^ is the first 2x2 principal submatrix of c^j.^, , see Eq. (|6.23p . 
The infimum of the right-hand side of Eq. (|6.28p is achieved by the pure-state CM 
""SilSi ('^ith < ""SilSf ^^fl ""SilS; + ^ 0) that minimizes Deta^. The 

minimum value of Det is given by 

min rrii(a,b, c+, C-) , 
o<e<2TT 

with ml{a,b,c+,c^) defined by Eq. (|4.64p [GA7] . 

Namely, m1{a,b,c+,c^) = 1 + /if (0) 7/12(6') , with hi{9) = ^_ + y^cos6l, and 



h2{e) = 2{ab-ci){a^ + b^ + 2c+c-)-{C/^)cose+{a'^-}}^)^l-Cl/Tjsme. Here 

e± = c+{ab-c'i)±c-, (6.32) 

= [a - b{ab - ci)][b - a{ab - d)] , (6.33) 

C = 2a6c^ + (a^ + &2)c^c^ 

-t- [a^ + b^ -2a^b^]c^ - ab{a^ +b^ ~2)c+. (6.34) 

Moreover, it is obvious that > mino<6i<27r and therefore 

rG(^5,|5,) < ./(4m2 - 4) = / (4 C1VC2) , (6.35) 

where (i = /ii(7r) and C2 = /i2(7r). Finally, one can prove (see the Appendix of 
Ref. [GA15] ) that 

= -4Dct 7( = -4c+c_ > 4 Ci /C2 , (6.36) 
which, being f{t) [Eq. (|6.26p ] an increasing function of t, entails that /(T/) > 
/(4 Ci/C2). Combining this with Eq. (|6.35p leads to the crucial S'p(23)®^-invariant 
condition 

rG{<Js^:S,)<f{Ti), (6.37) 
which holds in general for all I = 2 ... N and does not rely on the specific standard 
form of the reduced CMs crg^^g^. 

Then, recalling Eqs. (|6. 2516. 2716. 37p . Inequality (|6.2ip is established. This 
completes the proof of the monogamy constraint on CV entanglement sharing for 
pure Gaussian states of an arbitrary number of modes. As already mentioned, the 
proof immediately extends to arbitrary mixed Gaussian states by the convexity of 
the Gaussian tangle, Eq. (|6.15p . ■ 



form while the other ones will be transformed back in a form with (in general) non-diagonal 
intermodal blocks fkyti- However, the determinant of these blocks — and so Tj;, Eq. I|6.24p — 
and the corresponding two-mode entanglement in the CMs o-g^^^^ are preserved, so the invariant 
condition Eq. I|6.37|l holds simultaneously for ail I = 2 ... N. 



120 



6. Gaussian entanglement sharing 



Summarizing, we have proven the following [GAls] , 

Monogamy inequality for all Gaussian states. The Gaussian tangle tq, 
an entanglement monotone under Gaussian LOCC, is monogamous for all, 
pure and mixed, N-mode Gaussian states distributed among N parties, each 
owning a single mode. 

6.2.3.1. Implications and perspectives. The consequences of our result are manifold. 
The monogamy constraints on entanglement sharing are essential for the security 
of CV quantum cryptographic schemes [1021 1160] . because they limit the infor- 
mation that might be extracted from the secret key by a malicious eavesdropper. 
Monogamy is useful as well in investigating the range of correlations in Gaussian 
valence bond states of harmonic rings [GAT3] (see Chapter [131) , and in understand- 
ing the entanglement frustration occurring in ground states of many-body harmonic 
lattice systems [272] . which, following our findings, may be now extended to arbi- 
trary states beyond symmetry constraints. 

On the other hand, the investigation of the consequences of the monogamy 
property on the structure of entanglement sharing in generic Gaussian states (as we 
will show in the next Chapters) , reveals that there exist states that maximize both 
the pairwise entanglement in any reduced two-mode partition, and the residual dis- 
tributed (multipartite) entanglement obtained as a difference between the left-hand 
and the right-hand side in Eq. (|6.2ip . The simultaneous monogamy and promiscu- 
ity of CV entanglement (unparalleled in qubit systems) may allow for novel, robust 
protocols for the processing and transmission of quantum and classical information. 
The monogamy inequality (|6.2ip bounds the persistency of entanglement when one 
or more nodes in a CV communication network sharing generic iV-mode Gaussian 
resource states are traced out. 

At a fundamental level, the proof of the monogamy property for all Gaussian 
states paves the way to a proper quantification of genuine multipartite entanglement 
in CV systems in terms of the residual distributed entanglement. In this respect, 
the intriguing question arises whether a stronger monogamy constraint exists on the 
distribution of entanglement in many-body systems, which imposes a physical trade- 
off on the sharing of both bipartite and genuine multipartite quantum correlations. 

It would be important to understand whether the inequality (|6.2ip holds as 
well for discrete- variable qudits (2 < c? < oo), interpolating between qubits and CV 
systems (see Sec. II. 4p . If this were the case, the (convex- roof extended) squared 
negativity, which coincides with the tangle for arbitrary states of qubits and with the 
Gaussian tangle for Gaussian states of CV systems, would qualify as a universal bona 
fide, dimension-independent quantifier of entanglement sharing in all multipartite 
quantum systems. In such context, a deeper investigation into the analogy between 
Gaussian states with finite squeezing and effective finite-dimensional systems (see 
Sec. 18.2.41) . focused on the point of view of entanglement sharing, may be worthy. 

All of this research is in full progress. 
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Tripartite entanglement in three-mode 

Gaussian states 

In this Chapter, based on Refs. [GAIOI IGAIII IGAT6] . we present a complete analy- 
sis of entanglement in three-mode Gaussian states of CV systems. They constitute 
the simplest instance of infinite-dimensional states exhibiting multipartite entan- 
glement. 

We construct standard forms which characterize the CM of pure and mixed 
three- mode Gaussian states, up to local unitary operations. We approach the quan- 
tification of multipartite entanglement by providing an independent proof of the 
monogamy of entanglement specialized to a tripartite Gaussian setting, where the 
quantum correlations are measured by the (Gaussian) contangle (convex-roof ex- 
tended squared logarithmic negativity), defined in Sec. 16.11 We adopt the "residual 
(Gaussian) contangle", emerging from the monogamy inequality, as measure of gen- 
uine tripartite entanglement, and prove it to be monotonically nonincreasing under 
Gaussian LOCC. It embodies therefore the first bona fide measure of multipartite 
(specifically, tripartite) entanglement in CV systems. 

We analytically compute the residual contangle for arbitrary pure three-mode 
Gaussian states. We analyze the distribution of quantum correlations and show that 
pure, fully symmetric three-mode Gaussian states (see Sec. 12.4.31 for the definition 
of fully symmetric states in general) allow a promiscuous entanglement sharing, 
having both maximum tripartite residual entanglement and maximum couplewise 
entanglement between any pair of modes, for any given degree of squeezing. These 
states are thus simultaneous CV analogs of both the GHZ [100] and the W states 
[72] of three qubits (defined in Sec. 11.4. 3p and are hence rebaptized CV "GHZ/VF" 
states. The persistency of promiscuity against thermalization and lack of symmetry 
is investigated. 

We finally consider the action of decoherence on tripartite entangled Gaussian 
states, studying the decay of the residual contangle. The Gaussian GUZ/W states 
are shown to be maximally robust against decoherence effects. 

7.1. Three-mode Gaussian states 

To begin with, let us set the notation and review the known results about three- 
mode Gaussian states of CV systems. We will refer to the three modes under exam 
as mode 1, 2 and 3. The 2x2 submatrices that form the CM cr = 0-123 of a three- 
mode Gaussian state are defined according to Eq. (|2.20p . whereas the 4x4 CMs 
of the reduced two- mode Gaussian states of modes i and j will be denoted by CTij . 
Likewise, the local (two- mode) seraHan invariants , Eq. (|2.34p . will be specified 
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by the labels i and j of the modes they refer to, while, to avoid any confusion, the 
three- mode (global) seralian symplectic invariant will be denoted by A = A123. Let 
us recall the uncertainty relation Eq. (|4.2p for two-mode Gaussian states, 

Ay - Dot cr,y < 1 . (7.1) 

7.1.1. Separability properties 

As it is clear from the discussion of Sec. lTTTTI a complete qualitative characterization 
of the entanglement of three-mode Gaussian state is possible because the PPT 
criterion is necessary and sufficient for their separability under any, partial or global 
{i.e. 1 X 1 or 1 X 2), bipartition of the modes. This has lead to an exhaustive 
classification of three- mode Gaussian states in five distinct separability classes [94] . 
These classes take into account the fact that the modes 1, 2 and 3 allow for three 
distinct global bipartitions: 

• Class 1 : states not separable under all the three possible bipartitions i x 
(jk) of the modes (fully inseparable states, possessing genuine multipartite 
entanglement). 

• Class 2 : states separable under only one of the three possible bipartitions 
(one- mode biseparable states). 

• Class 3 : states separable under only two of the three possible bipartitions 
(two-mode biseparable states). 

• Class 4 : states separable under all the three possible bipartitions, but 
impossible to write as a convex sum of tripartite products of pure one- 
mode states (three- mode biseparable states). 

• Class 5: states that are separable under all the three possible bipartitions, 
and can be written as a convex sum of tripartite products of pure one- 
mode states (fully separable states). 

Notice that Classes 4 and 5 cannot be distinguished by partial transposition of any 
of the three modes (which is positive for both classes). States in Class 4 stand 
therefore as nontrivial examples of tripartite entangled states of CV systems with 
positive partial transpose [94] . It is well known that entangled states with positive 
partial transpose possess bound entanglement, that is, entanglement that cannot be 
distilled by means of LOCC. 

7.1.2. Pure states: standard form and local entropic triangle inequality 

We begin by focusing on pure three-mode Gaussian states, for which one has 

Deter ==1, A ==3. (7.2) 

The purity constraint requires the local entropic measures of any 1 x 2-mode bipar- 
titions to be equal: 

Dcto-y = DetcTk , (7.3) 
with i, j and k different from each other. This general, well known property of the 
bipartitions of pure states may be easily proven resorting to the Schmidt decompo- 
sition (see Sec. l2.4.2.ip . 

A first consequence of Eqs. (|7.2p and (|7.3p is rather remarkable. Combining 
such equations one easily obtains 

(A12 - Dot 0-12) + (Ai3 - Dot 0-13) + (A23 - Dot 0-23) = 3 , 
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which, together with Inequality (|7.ip . implies 

Ay = Det (Ty + 1 , i^j. (7.4) 

The last equation shows that any reduced two-mode state of a pure three-mode 
Gaussian state saturates the partial uncertainty relation Eq. (|7.ip . The states 
endowed with such a partial minimal uncertainty (namely, with their smallest sym- 
plectic eigenvalue equal to 1) are states of minimal negativity for given global and 
local purities, alias GLEMS (Gaussian least entangled mixed states) [GA2I IGA3] . 
introduced in Sec. 14.3.3.11 In general, by invoking the phase-space Schmidt decom- 
position (see Sec. l2.4.2!T|) [Ti6 , 29, 9,2], it immediately follows that any (iV— l)-mode 
reduced state of a iV-mode pure Gaussian state is a mixed state of partial mini- 
mum uncertainty (a sort of generalized GLEMS), with TV — 2 symplectic eigenvalues 
fixed to 1 and only one, in general, greater than 1 — shortly, with symplectic rank 
H = 1, see Sec. I2.2.2?2l — thus saturating Eq. (|2.35p . This argument is resumed in 
Appendix IA.2I 

In fact, our simple proof, straightforwardly derived in terms of symplectic in- 
variants, provides some further insight into the structure of CMs characterizing 
three-mode Gaussian states. What matters to our aims, is that the standard form 
CM of Gaussian states is completely determined by their global and local invari- 
ants, as discussed in Sec. 12.41 Therefore, because of Eq. (|7.3p . the entanglement 
between any pair of modes embedded in a three-mode pure Gaussian state is fully 
determined by the local invariants Dct cr;, for I = 1,2,3, whatever proper measure 
we choose to quantify it. Furthermore, the entanglement of a Ci\{jk) bipartition of 
a pure three- mode state is determined by the entropy of one of the reduced states, 
i.e. , once again, by the quantity DetcTi. Thus, the three local symplectic invariants 
Deto"!, Det(T2 and Deters fully determine the entanglement of any bipartition of 
a pure three-mode Gaussian state. We will show that they suffice to determine as 
weh the genuine tripartite entanglement encoded in the state [GA11| . 

For ease of notation, in the following we will denote by a; the local single-mode 
symplectic eigenvalue associated to mode / with CM cr;, 

ai = ^/ Deter I . (7.5) 

Eq. (|2.37P shows that the quantities ai are simply related to the purities of the 
reduced single- mode states, i.e. the local purities /x;, by the relation 

^il = -■ (7.6) 

ai 

Since the set {a;}, I = 1,2,3, fully determines the entanglement of any of the 
1x2 and 1x1 bipartitions of the state, it is important to determine the range 
of the ahowed values for such quantities. This is required in order to provide 
a complete quantitative characterization of the entanglement of three-mode pure 
Gaussian states. To this aim, let us focus on the reduced two-mode CM cri2 and 
let us bring it (by local unitaries) in standard form [TOl 1218] . so that Eq. (|2.20p is 
recast in the form 

(Ti = diag{a;, a;} , I = 1,2; 

£i2 = diag{ci2, di2} , (7.7) 

where ci2 and c?i2 are the intermodal covariances, and, as we will show below, 
can be evaluated independently in pure three-mode Gaussian states. Notice that 
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no generality is lost in assuming a standard form CM, because the entanglement 
properties of any bipartition of the system are invariant under local (single-mode) 
symplectic operations. Now, Eqs. (|7.3p and (|7.2p may be recast as follows 



2 I 2 



2ci2di2 - 1 , (7.8) 

aj = (aia2 - c^2)(aia2 - (ii2) , (7.9) 

showing that we may eliminate one of the two covariances to find the expression 
of the remaining one only in terms of the three local mixednesses (inverse purities) 
ai, Eq. (|7.5p . Defining the quantity k as 

1 + a? — a? — flo 
K = Ci2dl2 = ^ , (7.10) 

leads to the following condition on the covariance ci2, 

c^2 — [{n - 1)^ + ajal -aj- aj] cj^ + ^ ■ (7.11) 

0102 

Such a second-order algebraic equation for c^2 admits a positive solution if and only 
if its discriminant 5 is positive, 

S>0. (7.12) 

After some algebra, one finds 

5 = (oi + 02 + 03 + l)(ai + 02 + 03 - 1) 
X (oi + 02 - 03 + l)(oi - 02 + 03 + 1) 
X (— oi + 02 + 03 + l)(oi + 02 - 03 - 1) 
X (oi - 02 + 03 - l)(-ai + 02 + 03 - 1) . (7.13) 

Aside from the existence of a real covariance C12, the further condition of positivity 
of <Ti2 has to be fulfilled for a state to be physical. This amounts to impose the 
inequality 01O2 — 0(2 > 0, which can be expHcitly written, after solving Eq. (|7.1ip . 

as 

4 [2alal - {{k - 1)^ + ajaj - - aj)] > VS . 

This inequality is trivially satisfied when squared on both sides; therefore it reduces 
to 

2alal - {{k - if + a\a\ - o? - 03) > . (7.14) 

Notice that conditions (|7.12p and (|7.14p . although derived by assuming a spe- 
cific bipartition of the three modes, are independent on the choice of the modes 
that enter in the considered bipartition, because they are invariant under all possi- 
ble permutations of the modes. Defining the parameters 

oj = o; - 1 , (7.15) 

the uncertainty principle Eq. (|2.35p for single-mode states reduces to 

o;>0 VZ = 1,2,3. (7.16) 

This fact allows to greatly simplify the existence conditions (|7.12p and (|7.14p . which 
can be combined into the following triangular inequality 

|a--a-| < 4 < a- + a;- ■ (7.17) 

Inequality (|7.17p is a condition invariant under all possible permutations of the 
mode indexes A:}, and, together with the positivity of each oj, fully charac- 
terizes the local symplectic eigenvalues of the CM of three-mode pure Gaussian 
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Figure 7.1. Range of the entropic quantities aj = fi^^ — 1 for pure tiiree- 
mode Gaussian states. Ttie ttiree parameters aj, witti I = 1,2,3, tiave to vary 
inside tiie pyramid represented in plot (a) or, equivalently, for fixed values of 
one of them, say a[, inside the shaded slice represented in plot (b), in order 
to determine the CM of a physical state, Eq. I|7.19|l . The expression of the 
boundary surfaces/curves come from the saturation of the triangular inequality 
l|7.17[l for all possible mode permutations. In particular, for the projected two- 
dimensional plot (b), the equations of the three boundaries are: I. ag = a'^ —a!-2\ 
II. ag = a'^ -\- a!^; III. = — a'j. 



states. It therefore provides a complete characterization of the entanglement in 
such states. All standard forms of pure three-mode Gaussian states and in partic- 
ular, remarkably, all the possible values of the negativities (Sec. 13.2. ip and/or of 
the Gaussian entanglement measures (Sec. I3.2.2P between any pair of subsystems, 
can be determined by letting o!^, o!^ and a!^ vary in their range of allowed values, as 
summarized in Fig. 17.11 

Let us remark that Eq. (|7.17p qualifies itself as an entropic inequality, as the 
quantities {a^ } are closely related to the purities and to the Von Neumann entropies 
of the single-mode reduced states. In particular the Von Neumann entropies Svj 
of the reduced states are given by Svj = /(a^- -I- 1) = ,f{aj), where the increasing 
convex entropic function f{x) has been defined in Eq. (|2.39p . Now, Inequality (|7.17p 
is strikingly analogous to the well known triangle (Araki-Lieb) and subadditivity 
inequalities [H I260| for the Von Neumann entropy, which hold for general systems 
[see Eq. (jl.lOp ]. and in our case read 

\f{a^) - ./(a,)| < f{ak) < .f{a,) + f{a,) . (7.18) 

However, as the different convexity properties of the involved functions suggest. 
Inequalities (|7.17p and (|7.18p are not equivalent. Actually, as can be shown by 
exploiting the properties of the function f{x), the Inequalities (|7.17p imply the 
Inequalities ()7.18p for both the leftmost and the rightmost parts. On the other hand, 
there exist values of the local symplectic eigenvalues {a/} for which Inequalities 
(|7.18p are satisfied but (|7.17p are violated. Therefore, the conditions imposed by 
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Eq. (|7.17P on the local invariants, are strictly stronger than the generally holding 
inequalities for the Von Neumann entropy applied to pure quantum states. 

We recall that the form of the CM of any Gaussian state can be simplified 
through local (unitary) symplectic operations, that therefore do not affect the en- 
tanglement or mixedness properties of the state, belonging to <5'p(2,R)®^. Such 
reductions of the CMs are called "standard forms", as introduced in Sec. 12.41 For 
the sake of clarity, let us write the explicit standard form CM of a generic pure 
three- mode Gaussian state [GAll] . 
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(7.19) 



with 




{ai - ajf - {ak - if (o, - a^f - {au + if 



±\j {a^ + Qjf ~ [ak - if {ai + ajf - [at, + if 



(7.20) 



By direct comparison with Eq. (|4.39p . it is immediate to verify that each two-mode 
reduced CM cxij denotes a standard form GLEMS with local purities = and 



fj.j 



~^ , and global purity 



fJ.k 



. Notice also that the standard form of 



any pure three-mode Gaussian state, Eq. (|7.19p . admits all 2x2 subblocks of the CM 
simultaneously in diagonal form; this is no longer possible for completely general 
pure Gaussian states of iV > 4 modes, as clarified in Appendix IA.2.11 However, 
pure Gaussian states which, for an arbitrary number of modes, are reducible to 
such a "block-diagonal" standard form, are endowed with peculiar entanglement 
properties [GA14| . which will be investigated in Chapter [TTl 

Let us stress that, although useful in actual calculations, the use of CMs in 
standard form does not entail any loss of generality, because all the results derived 
in the present Chapter for = 3 do not depend on the choice of the specific form of 
the CMs, but only on invariant quantities, such as the global and local symplectic 
invariants. 

A first qualitative result which immediately follows from our study [GAll] . 
is that, regarding the classification of Sec. 17.1.11 [94] . pure three-mode Gaussian 
states may belong either to Class 5, in which case they reduce to the global three- 
mode vacuum, or to Class 2, reducing to the uncorrelated product of a single-mode 
vacuum and of a two-mode squeezed state, or to Class 1 (fully inseparable state). No 
two-mode or three-mode biseparable pure three-mode Gaussian states are allowed. 



7.1.3. Mixed states 

For the sake of completeness, let us briefiy report that the most general standard 
form (Tsf associated to the CM of any (generally mixed) three-mode Gaussian state 
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can be written as 
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(7.21) 



where the 12 parameters {afc} (inverse of the local purities) and {fk\ (the co- 
variances describing correlations between the modes) are only constrained by the 
uncertainty relations Eq. (|2.19p . The possibility of this useful reduction (the gen- 
eral case of iV-mode Gaussian mixed states has been discussed in Sec. 12.4. 1|) can be 
easily proven along the same lines as the two-mode standard form reduction [70] : 
by means of three local symplectic operations one can bring the three blocks <Ti, <T2 
and (T3 in Williamson form, thus making them insensitive to further local rotations 
(which are symplectic operations); exploiting such rotations on mode 1 and 2 one 
can then diagonalize the block £12 as allowed by its singular value decomposition; 
finally, one local rotation on mode 3 is left, by which one can cancel one entry of the 
block £13. Indeed, the resulting number of free parameters could have been inferred 
by subtracting the number of parameters of an element of Sp(2,^)® Sp(2,'B.)® Sp(2,^) 
(which is 9, as Sp[2.'R) has 3 independent generators) from the 21 entries of a generic 
6x6 symmetric matrix. 

7.2. Distributed entanglement and genuine tripartite quantum correla- 
tions 

In this Section we approach in a systematic way the question of distributing quan- 
tum correlations among three parties globally prepared in a (pure or mixed) three- 
mode Gaussian state, and we deal with the related problem of quantifying genuine 
tripartite entanglement in such a state. 

7.2.1. Monogamy of the Gaussian contangle for all three-mode Gaussian states 

In Sec. I6.2.3[ we have established the monogamy of distributed entanglement, 
Eq. (|6.17p . for all Gaussian states of an arbitrary number of modes, employing 
the Gaussian tangle, Eq. (|6.16p . defined in terms of squared negativity, as a mea- 
sure of bipartite entanglement. We have also mentioned that, when possible, it 
is more appropriate to adopt as a bipartite entanglement monotone the (Gauss- 
ian) contangle, Eq. (|6.13p . defined in terms of squared logarithmic negativity. The 
(Gaussian) contangle is indeed the primitive measure, whose monogamy implies 
by convexity the monogamy of the Gaussian tangle. As the convex rescaling in- 
duced by the mapping from the Gaussian contangle to the Gaussian tangle becomes 
relevant once the bipartite entanglements in the different bipartitions have to be 
compared to induce a proper tripartite entanglement quantification, we will always 
commit ourselves to the (Gaussian) contangle in the quantification of entanglement 
for three-mode Gaussian states. 

Henceforth, we now provide the detailed proof, which we originally derived 
in Ref. [GAIO] . that all three-mode Gaussian states satisfy the CKW monogamy 
inequality (|6.2p . using the (Gaussian) contangle Eq. (|6.13p to quantify bipartite 
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entanglement. Chronologically, this is actually the first monogamy proof ever ob- 
tained in a CV scenario. The intermediate steps of the proof will be then useful for 
the subsequent computation of the residual genuine tripartite entanglement, as we 
will show in Sec. 17.2.21 

We start by considering pure three-mode Gaussian states, whose standard form 
CM o-P is given by Eq. (|7.19p . As discussed in Sec. 17.1.21 all the properties of bipar- 
tite entanglement in pure three-mode Gaussian states are completely determined 
by the three local purities. Reminding that the mixednesses a; = 1/ have to vary 
constrained by the triangle inequality (|7.17p , in order for cr^ to represent a physical 
state, one has 

\aj — flfcl + 1 < fli < flj + flfc — 1 . (7-22) 

For ease of notation let us rename the mode indices so that fc} = {1,2,3} 
in Ineq. (|6.2p . Without any loss of generality, we can assume ai > 1. In fact, 
if ai = 1 the first mode is not correlated with the other two and all the terms 
in Ineq. (|6.2p are trivially zero. Moreover, we can restrict the discussion to the 
case of both the reduced two-mode states <Ti2 and <Ti3 being entangled. In fact, if 
e.g. (Ti3 denotes a separable state, then i?r'^ < Er^'^•^^^ because tracing out mode 3 
is a LOCC, and thus the sharing inequality is automatically satisfied. We will now 
prove Ineq. (|6.2p in general by using the Gaussian contangle Gr [see Eq. ()6.9p ]. as 
this will immediately imply the inequality for the true contangle Et [see Eq. (|6.6p ] 
as well. In fact, Gr'^^^^(crP) = eI^^'^^\(tP) , but G^''(cr) > eI^'{(t), ^ = 2,3. 



Let us proceed by keeping ai fixed. From Eq. (|6.8p . it follows that the entan- 
glement between mode 1 and the remaining modes, i?^"^'^^ = arcsinh^^/a^ — 1, is 
constant. We must now prove that the maximum value of the sum of the 1|2 and 
1|3 bipai 
Namely, 



1 1 (23) 

1|3 bipartite entanglements can never exceed Et , at fixed local mixedness ai. 



maxQ < arcsinh^ ^/a^ — 1 , (7.23) 

where a = ai (from now on we drop the subscript "1"), and we have defined 

Q = G^|2(^p) + G^|3(*tP) . (7.24) 

The maximum in Eq. (|7.23p is taken with respect to the "center of mass" and 
"relative" variables s and d that replace the local mixednesses 02 and 03 according 
to 

s = -^Y^^ (7-25) 

a') — a-i , , 

d = -^Y^- (7-26) 

The two parameters s and d are constrained to vary in the region 

a + 1 , „ — 1 , , 

. > ^ , Ml < . (7.27) 

Ineq. (|7.27p combines the triangle inequality (|7.22p with the condition of insepara- 
bility for the states of the reduced bipartitions 1|2 and 1|3, Eq. (|4.7ip . 

We have used the fact that, as stated in Sec. 17.1.21 each an, ^ = 2,3, is a 
state of partial minimum uncertainty (GLEMS, see Sec. I4.3.3TT|) . For this class of 
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states the Gaussian measures of entanglement, including G-r, have been computed 
explicitly in Sec. 14.5. 2.2] [GA7| . yielding 



Q = arcsinh 



\/ m?{a^ s, d) — 1 



arcsinh 



\/ vnP'ia, s, —d) — 1 



(7.28) 



where m — m_ if Z) < 0, and m — otherwise (one has m+ — to_ for D ~ 0). 
Here: 



(S - d)2 - 1 



2a2(l + 2.s2 + 2d2) - (4s2 - l)(4d2 - l) - - \/^ 
4(s- d) 



D = 2{s-d)- J2[kl+2k+ + \k_\{kl+8k+y/^] /k+ , 



k± = a^±{s + df , (7.29) 

and the quantity 5 = (a - 2d - l)(a - 2(i+ l)(a + 2d- l)(a + 2d+ l)(a - 2s - l)(a - 
2s + l)(a + 2s — l)(a + 2s + 1) is the same as in Eq. (|7.12p . Note (we omitted the 
explicit dependence for brevity) that each quantity in Eq. (|7.29p is a function of 
(a, s, d). Therefore, to evaluate the second term in Eq. (|7.28p each d in Eq. (|7.29p 
must be replaced by —d. 

Studying the derivative of with respect to s, it is analytically proven that, 
in the whole range of parameters {a, s, d\ defined by Ineq. (|7.27p . both m_ and m+ 
are monotonically decreasing functions of s. The quantity Q is then maximized 
over s for the limiting value 

' ^ • (7.30) 



This value of s corresponds to three-mode pure Gaussian states in which the state 
of the reduced bipartition 2|3 is always separable, as one should expect because 
the bipartite entanglement is maximally concentrated in the states of the 1|2 and 
1|3 reduced bipartitions. With the position Eq. (|7.30p . the quantity D defined in 
Eq. (|7.29p can be easily shown to be always negative. Therefore, for both reduced 
CMs <Ti2 and (T13, the Gaussian contangle is defined in terms of m_. The latter, 
in turn, acquires the simple form 

= (7.31) 

6 + a — Zd 

Consequently, the quantity Q turns out to be an even and convex function of d, 
and this fact entails that it is globally maximized at the boundary 

|d| = d"^'''^ EE ^— i . (7.32) 



We finally have that 



Q'^"'' EE Q[a,s = s'"''^, d = id"'^'^] 
~ arcsinh^ ■\/a2 — 1 , 



(7.33) 



which implies that in this case the sharing inequality (|6.2p is exactly saturated and 
the genuine tripartite entanglement is consequently zero. In fact this case yields 
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states with a2 = ai and 03 = 1 (if d = d'"'*'^), or 03 ~ a\ and a^ — ^ (if c? = — d'"'*'^), 
i.e. tensor products of a two-mode squeezed state and a single- mode uncorrelated 
vacuum. Being Q™'^'^ from Eq. (|7.33p the global maximum of Q, Ineq. (|7.23p holds 
true and the monogamy inequality (|6.2p is thus proven for any pure three-mode 
Gaussian state, choosing either the Gaussian contangle Gr or the true contangle 
E.y as measures of bipartite entanglement [GA10| . 

The proof immediately extends to all mixed three- mode Gaussian states <t, 
but only if the bipartite entanglement is measured by Gr(T)0 Let {7r((icr5^), (tP^} 
be the ensemble of pure Gaussian states minimizing the Gaussian convex roof in 
Eq. (|6.9P : then, we have 



g;IO-'=)(^) = y ^(dOG^(^'=)«) 

> I ^(dO[G;l^"«) + Gf «)] (7.34) 

where we exploited the fact that the Gaussian contangle is convex by construction. 
This concludes the proof of the CKW monogamy inequality (|6.2p for all three- mode 
Gaussian states. ■ 
The above proof, as more than once remarked, impHes the corresponding 
monogamy proof for all three-mode Gaussian states by using the Gaussian tan- 
gle Eq. (|6.16p as a bipartite entanglement monotone. Monogamy of the Gaussian 
tangle for all A^-mode Gaussian states has been established in Sec. 16.2.51 [GA15] . 

7.2.2. Residual contangle and genuine tripartite entanglement 

The sharing constraint leads naturally to the definition of the residual contangle 
as a quantifier of genuine tripartite entanglement in three-mode Gaussian states, 
much in the same way as in systems of three qubits [59] (see Sec. I1.4.3|) . However, 
at variance with the three-qubit case (where the residual tangle of pure states 
is invariant under qubit permutations), here the residual contangle is partition- 
dependent according to the choice of the probe mode, with the obvious exception 
of the fully symmetric states. A bona fide quantification of tripartite entanglement 
is then provided by the minimum residual contangle [GA10| 



EI^I*-' EE min 



(7.35) 



where the symbol {i,j,k) denotes all the permutations of the three mode indexes. 
This definition ensures that iS^'-'''^ is invariant under all permutations of the modes 
and is thus a genuine three-way property of any three-mode Gaussian state. We 
can adopt an analogous definition for the minimum residual Gaussian contangle 
G^'^^ , sometimes referred to as arravogliament [GAlOl iGAlll IGA16] (see Fig. l7.2l for 
a pictorial representation): 



(7.36) 



"'"^If <T is decomposed into pure non-Gaussian states, it is not known at the present stage 



whether the CKW monogamy inequality Eq. I|6.2[l is satisfied by each of them 



7.2. Distributed entanglement and genuine tripartite quantum correlations 



131 





= mm < 






Figure 7.2. Pictorial representation of Eq. I|7.36|l . defining the residual Gauss- 
ian contangle GJ*^" of generic (nonsymmetric) three-mode Gaussian states. 
G^^"" quantifies the genuine tripartite entanglement shared among mode 1 (•), 
mode 2 (■), and mode 3 (A). The optimal decomposition that realizes the 
minimum in Eq. I|7.36[l is always the one for which the CM of the reduced state 
of the reference mode has the smallest determinant. 



One can verify that 



if and only if > aj , and therefore the absolute minimum in Eq. (|7.35p is attained 
by the decomposition realized with respect to the reference mode I of smallest 
local mixedness a/, i.e. for the single-mode reduced state with CM of smallest 
determinant (corresponding to the largest local purity fii). 

7.2.2.1. The residual Gaussian contangle is a Gaussian entanglement monotone. A 
crucial requirement for the residual (Gaussian) contangle, Eq. (|7.36p . to be a proper 
measure of tripartite entanglement is that it be nonincreasing under (Gaussian) 
LOCC. The monotonicity of the residual tangle was proven for three-qubit pure 
states in Ref. [72]. In the CV setting we will now prove, based on Ref. [GAIO] . 
that for pure three-mode Gaussian states G^'^'* is an entanglement monotone under 
tripartite Gaussian LOCC, and that it is nonincreasing even under probabilistic 
operations, which is a stronger property than being only monotone on average. 
We thus want to prove that 



where Gp is a pure Gaussian LOCC mapping pure Gaussian states <tP into pure 
Gaussian states [92l[78j. Every Gaussian LOCC protocol can be reaHzed through 
a local operation on one party only. Assume that the minimum in Eq. (|7.36p is 
realized for the probe mode i; the output of a pure Gaussian LOCC Gp acting on 
mode i yields a pure-state CM with < a;, while Uj and Ofc remain unchanged [92] . 
Then, the monotonicity of the residual Gaussian contangle G^'^'^ under Gaussian 
LOCC is equivalent to proving that G'^'^'^ = Gr"''''^'' — Gt"* — Gr''' is a monotonically 
increasing function of Qi for pure Gaussian states. One can indeed show that the 
first derivative of G^'^^ with respect to a^, under the further constraint Ui < Uj^k, 
is globally minimized for a; = aj ~ ak = a, i.e. for a fully symmetric state. It 
is easy to verify that this minimum is always positive for any a > 1, because in 
fully symmetric states the residual contangle is an increasing function of the local 
mixedness a (previously tagged as h, see Sec. I6.2.2p . Hence the monotonicity of 



{Gf^^^ - Gf) - (G^K*'^') - G^l'^) > 



(7.37) 



G''^'=''{Gp{aP)) < G;IJ'l'=(crf), 
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G^'^'*, Eq. (|7.36p . under Gaussian LOCC for all pure three- mode Gaussian states is 



Therefore, we have estabUshed the following [GAlOj . 

Monotonicity of the residual Gaussian contangle under Gaussian LOCC. 

The residual Gaussian contangle C/'^ is a proper and computable measure 
of genuine multipartite (specifically, tripartite) entanglement in three-mode 
Gaussian states, being an entanglement monotone under Gaussian LOCC. 

It is worth noting that the minimum in Eq. (|7.36p . that at first sight might 
appear a redundant (or artificial) requirement, is physically meaningful and math- 
ematically necessary. In fact, if one chooses to fix a reference partition, or to take 
e.g. the maximum (and not the minimum) over all possible mode permutations in 
Eq. (|7.36p . the resulting "measure" is not monotone under Gaussian LOCC and 
thus is definitely not a measure of tripartite entanglement. 

7.2.3. Tripartite entanglement of pure three-mode Gaussian states 

We now work out in detail an explicit appHcation, by describing the complete 
procedure to determine the genuine tripartite entanglement in a pure three-mode 
Gaussian state with a completely general (not necessarily in standard form) CM 
a-P, as presented in Ref. [GAll] . 

(i) Determine the local purities: The state is globally pure (Dot 0-^ = 1). The 
only quantities needed for the computation of the tripartite entanglement 
are therefore the three local mixednesses ai , defined by Eq. (|7.5P , of the 



single-mode reduced states cr;, I = 1,2,3 [see Eq. (|2.20p ]. Notice that 
the global CM cr^ needs not to be in the standard form of Eq. (|7.19p . 
as the single-mode determinants are local symplectic invariants. From 
an experimental point of view, the parameters ai can be extracted from 
the CM using the homodyne tomographic reconstruction of the state [62] : 
or they can be directly measured with the aid of single photon detectors 



(ii) Find the minimum: From Eq. (|7.37p . the minimum in the definition (|7.36p 
of the residual Gaussian contangle G^"^^ is attained in the partition where 
the bipartite entanglements are decomposed choosing as probe mode I the 
one in the single-mode reduced state of smallest local mixedness a; = amin- 

(iii) Check range and compute: Given the mode with smallest local mixedness 
o-min (say, for instance, mode 1) and the parameters s and d defined in 
Eqs. (|7.25irr26l) . if a,nin ~ 1 then mode 1 is uncorrelated from the others: 
Qres _ instead, ami7i > 1 then 



with Q = Gr'^ + Gr'^ defined by Eqs. ^728\ HSU- Note that if d < 
-(a^„-l)/4sthenGr'^ = 0. Instead, ifd> (a2^;„-l)/4s then G^'^ = 0. 
Otherwise, all terms in Eq. (|7.36p are nonvanishing. 

The residual Gaussian contangle Eq. (|7.36p in generic pure three-mode Gaussian 
states is plotted in Fig. l7.3l as a function of a2 and 03, at constant ai = 2. For fixed 
ai, it is interesting to notice that G^'^^ is maximal for 02 =03, i.e. for bisymmetric 
states (see Fig. 15. ip . Notice also how the residual Gaussian contangle of these 



finally proven. 



[87l[263|. 




(7.38) 
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Figure 7.3. Three-dimensional plot of the residual Gaussian contangle 
G!^'^''((tP) in pure three-mode Gaussian states a-P, determined by the three 
local mixednesses ai, I = 1,2,3. One of the local mixednesses is kept fixed 
(ai = 2). The remaining ones vary constrained by the triangle inequality 
l|7.22[l . as depicted in Fig. I7.1f b). The explicit expression of GJ'^° is given by 
Eq. I|7.38|l . See text for further details. 



bisymmetric pure states has a cusp for ai — a2 = a^. In fact, from Eq. (|7.37p . 
for 02 = 03 < oi the minimum in Eq. (|7.36p is attained decomposing with respect 
to one of the two modes 2 or 3 (the result is the same by symmetry), while for 
0-2 ~ 0-3 > 0,1 mode 1 becomes the probe mode. 

7.2.3.1. Residual contangle and distillability of mixed states. For generic mixed three- 
mode Gaussian states, a quite cumbersome analytical expression for the 1|2 and 1|3 
Gaussian contangles may be written, which expHcitly solves the minimization over 
the angle in Eq. (|4.64p . On the other hand, the optimization appearing in the 
computation of the 1|(23) bipartite Gaussian contangle [see Eq. (|6.13p ] has to be 
solved only numerically. However, exploiting techniques like the unitary localization 
of entanglement described in Chapter [H and results Hke that of Eq. (|6.12p . closed 
expressions for the residual Gaussian contangle can be found as well in relevant 
classes of mixed three-mode Gaussian states endowed with some symmetry con- 
straints. Interesting examples of these states and the investigation of their physical 
properties will be discussed in Sec. 17.31 

As an additional remark, let us recall that, although the entanglement of Gauss- 
ian states is always distillable with respect to 1 x iV bipartitions [265] (see Sec. 13. 1.1) . 
they can exhibit bound entanglement in 1 x 1 x 1 tripartitions [94]. In this case, the 
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residual Gaussian contangle cannot detect tripartite PPT entangled states. For ex- 
ample, the residual Gaussian contangle in three-mode biseparable Gaussian states 
(Class 4 of Ref. [94] ) is always zero, because those bound entangled states are sep- 
arable with respect to all 1 x 2 bipartitions of the modes. In this sense we can 
correctly regard the residual Gaussian contangle as an estimator of distillable tri- 
partite entanglement, being strictly nonzero only on fully inseparable three- mode 
Gaussian states (Class 1 in the classification of Sec. 17.1.1"]) . 



7.3. Sharing structure of tripartite entanglement: promiscuous Gaussian 
states 

We are now in the position to analyze the sharing structure of CV entanglement in 
three-mode Gaussian states by taking the residual Gaussian contangle as a measure 
of tripartite entanglement, in analogy with the study done for three qubits [72] using 
the residual tangle [59] (see Sec. 11.4. 3|) . 

The first task we face is that of identifying the three-mode analogues of the two 
inequivalent classes of fully inseparable three-qubit states, the GHZ state [LOil], 
Eq. ()1.5ip . and the W state [72], Eq. (|1.52p . These states are both pure and 
fully symmetric, i.e. invariant under the exchange of any two qubits. On the one 
hand, the GHZ state possesses maximal tripartite entanglement, quantified by the 
residual tangle [59l [72] , with zero couplewise entanglement in any reduced state of 
two qubits reductions. Therefore its entanglement is very fragile against the loss of 
one or more subsystems. On the other hand, the W state contains the maximal two- 
party entanglement in any reduced state of two qubits [72] and is thus maximally 
robust against decoherence, while its tripartite residual tangle vanishes. 



7.3.1. CV finite-squeezing GHZ/ 1/1/ states 

To define the CV counterparts of the three-qubit states \ipGHz) and \il'w), one must 
start from the fully symmetric (generally mixed) three-mode CM (Xs of the form 
cr„3, Eq. (|2.60p . Surprisingly enough, in symmetric three-mode Gaussian states, 
if one aims at maximizing, at given single-mode mixedness a = VDct a, either 
the bipartite entanglement Gt'' in any two-mode reduced state (i.e. aiming at the 
CV M^-like state), or the genuine tripartite entanglement G^'"' (i.e. aiming at the 
CV GHZ-like state), one finds the same, unique family of states. They are exactly 
the pure, fully symmetric three-mode Gaussian states (three-mode squeezed states) 
with CM a-P of the form (T„3, Eq. (|2.60p . with a = al2, £ = diagje"*", e~} and 

. "^-^^^(«;;^n9a--i) 

where we have used Eq. (|5.13p ensuring the global purity of the state. In gen- 
eral, we have studied the entanglement scaling in fully symmetric (pure) A^-mode 
Gaussian states by means of the unitary localization in Sec. 15.21 It is in order to 
mention that these states were previously known in the literature as CV "GHZ- 
type" states [2361 1240] . as in the limit of infinite squeezing (a oo), they approach 
the proper (unnormalizable) continuous-variable GHZ state / dx\x,x,x), a simul- 
taneous eigenstate of total momentum pi -I- P2 + Ps and of all relative positions 
Qi ~ Qj = 1, 2, 3), with zero eigenvalues [239] . 
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For any finite squeezing (equivalently, any finite local mixedness a), however, 
the above entanglement sharing study leads ourselves to re-baptize these states as 
"CV GEZ/W states" [GAlOl IGATTI [^M6] . and denote their CM by cr^^^"'. 

The residual Gaussian contangle of GHZ/M^ states with finite squeezing takes 
the simple form (see Sec. 16.2. 2p 



rarest ghz/w'\ • ,2 

Gt- (cts j = arcsmh 



2 ^ 



3a2 - 1 - V9a4 _ ^Qa^ + 1 



(7.40) 



It is straightforward to see that G^'^'^ip'^s™'^'' ) is nonvanishing as soon as a > 1. 
Therefore, the GHZ/IV states belong to the class of fully inseparable three- mode 
states [91 [2361 [2351 [2lQ] (Class 1, see Sec. (TTTj) . We finally recall that in a 
GWLjW state the residual Gaussian contangle G^^^ Eq. (|7.36p coincides with the 
true residual contangle E'r'^'^ Eq. (|7.35p . This property clearly holds because the 
Gaussian pure-state decomposition is the optimal one in every bipartition, due to 
the fact that the global three-mode state is pure and the reduced two-mode states 
are symmetric (see Sec. 14.2.21) . 

7.3.2. T states with zero reduced bipartite entanglement 

The peculiar nature of entanglement sharing in CV GHZ/M^ states is further con- 
firmed by the following observation. If one requires maximization of the 1x2 
bipartite Gaussian contangle Gt under the constraint of separability of all the 
reduced two- mode states (like it happens in the GHZ state of three qubits), one 
finds a class of symmetric mixed states characterized by being three-mode Gaussian 
states of partial minimum uncertainty (see Sec. I2.2.2.2p . They are in fact charac- 
terized by having their smallest symplectic eigenvalue equal to 1, and represent 
thus the three-mode generalization of two-mode symmetric GLEMS (introduced in 
Sec. 14.3.3. ip . 

We will name these states T states, with T standing for tripartite entanglement 
only [GAIOI [GAUl [GAT6] . They are described by a CM crj' of the form Eq. fZlO}, 
with a = al2, £ = diag{e+, e~} and 

, a2 - 5 + J9a^ (a'^ - 2) + 25 

4a 



5 - 9a2 + J9a^ (a^ - 2) + 25 , , , 

e- = ^ . 7.41 

12a 

The T states, like the GHZ/W^ states, are determined only by the local mixedness 
a, are fully separable for a = 1, and fully inseparable for a > 1. The residual 
Gaussian contangle Eq. (|7.36p can be analytically computed for these mixed states 
as a function of a. First of all one notices that, due to the complete symmetry 
of the state, each mode can be chosen indifferently to be the reference one in 
Eq. (|7.36p . Being the 1x1 entanglements all zero by construction, G^^* = Gt^"'*^''. 
The 1x2 bipartite Gaussian contangle can be in turn obtained exploiting the 
unitary localization procedure (see Chapter [H and Fig. IS.ip . Let us choose mode 
1 as the probe mode and combine modes 2 and 3 at a 50:50 beam-splitter, a local 
unitary operation with respect to the bipartition 1| (23) that defines the transformed 
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modes 2' and 3'. The CM crj of the state of modes 1, 2', and 3' is then written in 
the following block form: 



= £T , 1, (7.42) 



<Ti £i2' 
^12' '^2' 

erg 

where mode 3' is now disentangled from the others. Thus 

GT'\rr^s)-Gr{<rr). (7.43) 

Moreover, the reduced CM cri2' of modes 1 and 2' defines a nonsymmetric GLEMS, 
Eq. ([4391) . with 

Det cTi = , 

Deters/ = ^ (30^ + ^9 (a2 - 2) + 25 - l) , 



Det cri2' 



i (^3a2 - (a2 - 2) + 25 + 3^ , 



and we have shown that the Gaussian contangle (and the whole family of Gauss- 
ian entanglement measures. Sec. 13.2. 2p is computable in two-mode GLEMS, via 
Eq. (|4.72p . After some algebra, one finds the complete expression of G!^'^'' for T 
states: 

0;^=^ (crj^) ^ arcsinh^ | 25i? - 9a'' + iRa^ + 6a^ - 109 
81a** - 432a^ + 954a'' - 1704a2 + 2125 
(3a^ - 11) (3a^ - 7) {ia^ + 5) i?j ' ^2 
[18 (3a=^ -R + i)Y^ i , (7.44) 



with R = ^9a2(a2~2) + 25. 

What is remarkable about T states is that their tripartite Gaussian contangle, 
Eq. (|7.44p . is strictly smaller than the one of the GWL/W states, Eq. (|7.40p . for any 
fixed value of the local mixedness a, that is, for any fixed value of the only param- 
eter (operationally related to the squeezing of each single mode) that cornpletely 
determines the CMs of both families of states up to local unitary operationscj This 
hierarchical behavior of the residual Gaussian contangle in the two classes of states 
is illustrated in Fig. 17.41 The crucial consequences of this result for the structure of 
the entanglement trade-off in Gaussian states will be discussed further in the next 
subsection. 



Notice that this result cannot be an artifact caused by restricting to pure Gaussian decom- 
positions only in the definition Eq. I)7.36[l of the residual Gaussian contangle. In fact, for T states 
the relation G!^'^*(<t^) > E1^'"'{(t'^) holds due to the symmetry of the reduced two-mode states, 
and to the fact that the unitarily transformed state of modes 1 and 2' is mixed and nonsymmetric. 



7.3. Sharing structure of tripartite entanglement: promiscuous Gaussian states 137 




Figure 7.4. Plot, as a function of ttie single-mode mixedness a, of the tri- 
partite residual Gaussian contangle 0!^*^" Eq. I|7.40|l in the CV GHZ/W states 
(dashed red line); in the T states Eq. I|7.44[l (solid blue line); and in 50 000 
randomly generated mixed symmetric three-mode Gaussian states of the form 
Eq. l[Z60ll (dots). The GUZ/W states, that maximize any bipartite entangle- 
ment, also achieve maximal genuine tripartite quantum correlations, showing 
that CV entanglement distributes in a promiscuous way in symmetric Gaussian 
states. Notice also how all random mixed states have a nonnegative residual 
Gaussian contangle. This confirms the results presented in Ref. [GAIO] . and 
discussed in detail and extended in Sec. 17.2.11 on the strict validity of the 
CKW monogamy inequality for CV entanglement in three-mode Gaussian 
states. 



7.3.3. Promiscuous continuous-variable entanglement sharing 

The above results, pictorially illustrated in Fig. 17.41 lead to the conclusion that in 
symmetric three- mode Gaussian states, when there is no bipartite entanglement in 
the two-mode reduced states (like in T states) the genuine tripartite entanglement 
is not enhanced, but frustrated. More than that, if there are maximal quantum 
correlations in a three-party relation, Hke in GUZ/W states, then the two-mode 
reduced states of any pair of modes are maximally entangled mixed states. 

These findings, unveiling a major difference between discrete-variable (mainly 
qubits) and continuous-variable systems, establish the promiscuous nature of CV 
entanglement sharing in symmetric Gaussian states [GA10| . Being associated with 
degrees of freedom with continuous spectra, states of CV systems need not saturate 
the CKW inequality to achieve maximum couplewise correlations, as it was instead 
the case for W states of qubits, Eq. (|1.52p . In fact, the following holds. 

Promiscuous entanglement in continuous-variable GHZ/IA^ three-mode 
Gaussian states. Without violating the monogamy constraint Ineq. (|6.2p . 
pure symmetric three-mode Gaussian states are maximally three-way entan- 
gled and, at the same time, possess the maximum possible entanglement 
between any pair of modes in the corresponding two-mode reduced states. 
The two entanglements are mutually enhanced. 
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The notion of "promiscuity" basically means that bipartite and genuine multi- 
partite (in this case tripartite) entanglement are increasing functions of each other, 
while typically in low-dimensional systems like qubits only the opposite behavior 
is compatible with monogamy (see Sec. I1.4p . The promiscuity of entanglement in 
three-mode GHZ/W^ states is, however, partial. Namely they exhibit, with increas- 
ing squeezing, unlimited tripartite entanglement (diverging in the limit a — > oo) 
and nonzero, accordingly increasing bipartite entanglement between any two modes, 
which nevertheless stays finite even for infinite squeezing. Precisely, from Eq. (|7.40p . 
it saturates to the value 

G'^^ (^GHz/w ^ „ ^ ^) ^ 1^ ^ 0.3 . (7.45) 

We will show in the next Chapter that in CV systems with more than three modes, 
entanglement can be distributed in an infinitely promiscuous way. 

More remarks are in order concerning the tripartite case. The structure of 
entanglement in GUZ/W states is such that, while being maximally three-party 
entangled, they are also maximally robust against the loss of one of the modes. 
This preselects GUZ/W states also as optimal candidates for carrying quantum in- 
formation through a lossy channel, being intrinsically less sensitive to decoherence 
effects. In the next Section, we will exactly analyze the effect of environmental deco- 
herence on three- mode Gaussian states and the sharing structure of noisy GUZ/W 
states, investigating the persistency of a promiscuous structure in the presence of 
thermal noise. The usefulness of GUZ/W states for CV quantum communication 
will be analyzed in Sec. 112.21 

As an additional comment, let us mention that, quite naturally, not all three- 
mode Gaussian states (in particular nonsymmetric states) are expected to exhibit 
a promiscuous entanglement sharing. We will provide in Sec. 17.4.31 an example of 
three- mode states with not so strong symmetry constraints, where the entanglement 
sharing structure is more traditional, i.e. with bipartite and tripartite quantum 
correlations being mutually competitors. 

7.4. Promiscuous entanglement versus noise and asymmetry 

7.4.1. Decoherence of three-mode states and decay of tripartite entanglement 

Here we analyze, following Ref. [GA11| . the action of decoherence on tripartite en- 
tangled Gaussian states, studying the decay of the residual contangle. The GHZ/VF 
states of Sec. 17.3.1) are shown to be maximally robust against decoherence effects. 

7.4.1.1. Basics of decoherence theory for Gaussian states. Among their many special 
features, Gaussian states allow remarkably for a straightforward, analytical treat- 
ment of decoherence, accounting for the most common situations encountered in 
the experimental practice (like fibre propagations or cavity decays) and even for 
more general, 'exotic' settings (like "squeezed" or common reservoirs) [212] . This 
agreeable feature, together with the possibility — extensively exploited in this Dis- 
sertation — of exactly computing several interesting benchmarks for such states, 
make Gaussian states a useful theoretical reference for investigating the effect of 
decoherence on the information and correlation content of quantum states. 

In this Section, we will explicitly show how the decoherence of three-mode 
Gaussian states may be exactly studied for any finite temperature, focusing on the 
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evolution of the residual Gaussian contangle as a measure of tripartite correlations. 
The results here obtained will be recovered in Sec. ll2.2!4l and applied to the study 
of the effect of decoherence on multiparty protocols of C V quantum communication 
with the classes of states we are addressing, thus completing the present analysis 
by investigating its precise operational consequences. 

In the most customary and relevant instances, the bath interacting with a set of 
N modes can be modeled by N independent continua of oscillators, coupled to the 
bath through a quadratic Hamiltonian Hint in the rotating wave approximation, 
reading 

N 

Hint ~ / v^{uj)[albi{uj) + a^bl{uj)]duj , (7.46) 

2 — 1 

where bi{uj) stands for the annihilation operator of the i-th continuum's mode 
labeled by the frequency uj, whereas Vi{uj) represents the coupling of such a mode 
to the mode i of the system (assumed, for simplicity, to be real). The state of the 
bath is assumed to be stationary. Under the Born-Markov approximation^ the 
Hamiltonian Hint leads, upon partial tracing over the bath, to the following master 
equation for the N modes of the system (in interaction picture) [47] 

N 



Q = Z_ 



■(n, L\a\\Q+{n, + 1) L[a,]g) , (7.47) 

where the dot stands for time-derivative, the Lindblad superoperators are defined 
as L\(}\Q = 2dQo^ — o^oQ — gd^o, the coupHngs are 7^ = 2TTvf{LUi), whereas the 
coefficients Jii are defined in terms of the correlation functions (6|(a;j)6j(a>.i)) = rti, 
where averages are computed over the state of the bath and oji is the frequency of 
mode i. Notice that Ui is the number of thermal photons present in the reservoir 
associated to mode i, related to the temperature Ti of the reservoir by the Bose 
statistics at null chemical potential: 

Hi = . (7.48) 

exp(^)-l 

In the derivation, we have also assumed {bi{uji)bi{uji)) = 0, holding for a bath at 
thermal equilibrium. We will henceforth refer to a "homogeneous" bath in the case 
rii = n and 7i = 7 for all i. 

Now, the master equation (|7.47p admits a simple and physically transparent 
representation as a diffusion equation for the time-dependent characteristic function 
of the system x(Ci^) |47] . 

N 

li 



{xi Pi) Qp*^ + i^i Pi)'^^criooUj(^''^ 



Xi^t), (7.49) 



where ^ = {xi,pi, . . . , xn ,Pn) is a phase-space vector and cTioc — diag (2ni 4- 
l,2ni + 1) (for a homogeneous bath), while ui is the symplectic form, Eq. (|2.8p . 
The right hand side of the previous equation contains a deterministic drift term, 
which has the effect of damping the first moments to zero on a time scale of 7/2, 
and a diffusion term with diffusion matrix cr 00 = ®iLif^ioo- The essential point 



"""^Let us recall that such an approximation requires small couplings (so that the effect of 
Hint can be truncated to the first order in the Dyson series) and no memory effects, in that the 
'future state' of the system depends only on its 'present state'. 
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here is that Eq. (|7.49p preserves the Gaussian character of the initial state, as 
can be straightforwardly checked for any initial CM ctq by inserting the Gaussian 
characteristic function xi^it), 

where X are generic initial first moments, cr(t) = FjCTq + (1 — rj)croo, and Tf = 
®ie~''''*/^l2, into the equation and verifying that it is indeed a solution. Notice 
that, for a homogeneous bath, the diagonal matrices Ft and cr oo (providing a full 
characterization of the bath) are both proportional to the identity. In order to 
keep track of the decay of correlations of Gaussian states, we are interested in the 
evolution of the initial CM ctq under the action of the bath which, recalling our 
previous Gaussian solution, is just described by 

(T(t) = r,Vo + (1 - r?)^,, . (7.51) 

This simple equation describes the dissipative evolution of the CM of any initial 
state under the action of a thermal environment and, at zero temperature, under the 
action of "pure losses" (recovered in the instance rii — for i — 1, . . . , N). It yields 
a basic, significant example of 'Gaussian channel', i.e. of a map mapping Gauss- 
ian states into Gaussian states under generally nonunitary evolutions. Exploiting 
Eq. (|7.5ip and our previous findings, we can now study the exact evolution of the 
tripartite entanglement of Gaussian states under the decoherent action of losses 
and thermal noise. For simplicity, we will mainly consider homogeneous baths. 



7.4.1.2. Robustness of tripartite entangled states. As a first general remark let us 
notice that, in the case of a zero-temperature bath (n = 0), in which decoherence 
is entirely due to losses, the bipartite entanglement between any different partition 
decays in time but persists for an infinite time. This is a general property of Gauss- 
ian entanglement [212] under any multimode bipartition. The same fact is also 
true for the genuine tripartite entanglement, quantified by the residual Gaussian 
contangle. If n 7^ 0, a finite time does exist for which tripartite quantum correla- 
tions disappear. In general, the two-mode entanglement between any given mode 
and any other of the remaining two modes vanishes before than the three-mode 
bipartite entanglement between such a mode and the other two — not surprisingly, 
as the former quantity is, at the beginning, bounded by the latter because of the 
CKW monogamy inequality (|6.2p . 

The main issue addressed in this analysis consists in inspecting the robust- 
ness of different forms of genuine tripartite entanglement, previously introduced 
in Sec. 17.31 Notice that an analogous question has been addressed in the qubit 
scenario, by comparing the action of decoherence on the residual tangle of the in- 
equivalent sets of GHZ and W states: W states, which are by definition more robust 
under subsystem erasure, proved more robust under decoherence as well [48| . In 
our instance, the symmetric GHZ/M^ states constitute a promising candidate for 
the role of most robust Gaussian tripartite entangled states, as somehow expected. 
Evidence supporting this conjecture is shown in Fig. 17. 5^ where the evolution in 
different baths of the tripartite entanglement of GUZ/W states, Eq. (|7.40p . is com- 
pared to that of symmetric T states, Eq. (|7.44p (at the same initial entanglement). 
No fully symmetric states with tripartite entanglement more robust than GUZ/W 
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Figure 7.5. Evolution of the residual Gaussian contangle G^"" for GHZ/W 
states with local mixedness a = 2 (solid curves) and T states with local mixed- 
ness a = 2.8014 (dashed curves). Such states have equal initial residual con- 
tangle. The uppermost curves refer to a homogeneous bath with n = (pure 
losses), while the lowermost curves refer to a homogeneous bath with n = 1. As 
apparent, thermal photons are responsible for the vanishing of entanglement 
at finite times. 



states were found by further numerical inspection. Quite remarkably, the promis- 
cuous sharing of quantum correlations, proper to GHZ/W states, appears to better 
preserve genuine multipartite entanglement against the action of decoherence. 

Notice also that, for a homogeneous bath and for all fully symmetric and bisym- 
metric three- mode states, the decoherence of the global bipartite entanglement of 
the state is the same as that of the corresponding equivalent two-mode states (ob- 
tained through unitary locaHzation, see Fig. l5.ip . Indeed, for any bisymmetric state 
which can be locaHzed by an orthogonal transformation (like a beam-splitter), the 
unitary locaHzation and the action of the decoherent map of Eq. (|7.5ip commute, 
because (Too c>c 1 is obviously preserved under orthogonal transformations (note 
that the bisymmetry of the state is maintained through the channel, due to the 
symmetry of the latter). In such cases, the decoherence of the bipartite entan- 
glement of the original three-mode state (with genuine tripartite correlations) is 
exactly equivalent to that of the corresponding initial two-mode state obtained 
by unitary localization. This equivalence breaks down, even for GHZ/W^ states 
which can be localized through an (orthogonal) beam-splitter transformation, for 
non homogeneous baths, i.e. if the thermal photon numbers rii related to different 
modes are different — which is the case for different temperatures Ti or for different 
frequencies w^, according to Eq. (|7.48p — or if the coupHngs 7i are different. In 
this instance let us remark that the unitary localization could provide a way to 
cope with decoherence, limiting its hindering effect on entanglement. In fact, let 
us suppose that a given amount of genuine tripartite entanglement is stored in a 
symmetric (unitarily localizable) three-mode state and is meant to be exploited, 
at some (later) time, to implement tripartite protocols. During the period going 
from its creation to its actual use such an entanglement decays under the action of 
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decoherence. Suppose the three modes involved in the process do not decay with 
the same rate (different 7i) or under the same amount of thermal photons (different 
TLi), then the obvious, optimal way to shield tripartite entanglement is concentrating 
it, by unitary localization, in the two least decoherent modes. The entanglement 
can then be redistributed among the three modes by a reversal unitary operation, 
just before employing the state. Of course, the concentration and distribution of 
entanglement require a high degree of non-local control on two of the three- modes, 
which would not always be allowed in realistic operating conditions. 

As a final remark, let us mention that the bipartite entanglement of GHZ/iy 
states under 1x2 bipartitions, decays slightly faster (in homogeneous baths with 
equal number of photons) than that of an initial pure two-mode squeezed state with 
the same initial entanglement. In this respect, the multimode entanglement is more 
fragile than the two-mode one, as the Hilbert space exposed to decoherence which 
contains it is larger. 



7.4.2. Entanglement distribution in noisy GHZ/ 1/1/ states 

We consider here the noisy version of the GHZ/VF states previously introduced 
(Sec. I7.3.ip . which are a family of mixed Gaussian fully symmetric states, also 
called three- mode squeezed thermal states [53] . They result in general from the 
dissipative evolution of pure GWL/W states in proper Gaussian noisy channels, as 
shown in Sec. 17.4.11 Let us mention that various properties of noisy three-mode 
Gaussian states have already been addressed, mainly regarding their effectiveness 
in the implementation of CV protocols [1841 [84] . Here, based on Ref. [GA16) . we 
focus on the multipartite entanglement properties of noisy states. This analysis 
will allow us to go beyond the set of pure states, thus gaining deeper insight into 
the role played by realistic quantum noise in the sharing and characterization of 
tripartite entanglement. 

Noisy GB.Z/W states are described by a CM of the form Eq. ([ZeO]! . with 
a. = al2, £ = diag{e"'', e~} and 

= ^ , (7.52) 

4a 

where a > n to ensure the physicality of the state. Noisy GHZ/M^ states have a 
completely degenerate symplectic spectrum (their symplectic eigenvalues being all 
equal to n) and represent thus, somehow, the three-mode generaHzation of two- 
mode squeezed thermal states (also known as symmetric GMEMS, states of max- 
imal negativity at fixed purities, see Sec. I4.3.3.ip . The state cr*'* is completely 
determined by the local purity yU; = and by the global purity ^ = . Noisy 
GWL/W states reduce to pure GWL/W states {i.e. three-mode squeezed vacuum 
states) for n = 1. 

For ease of notation, let us replace the parameter a with the effective "squeezing 
degree" s, defined by 



o\- ^-5> (7-53) 



whose physical significance will become clear once the optical state engineering of 
noisy GRL/W will be described in Sec. 110.1.2.21 
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7.4.2.1. Separability properties. Depending on the defining parameters s and n, noisy 
GUZ/W states can belong to three different separability classes [94] according to the 
classification of Sec. 17.1.1] (and not to only two classes like the previously considered 
examples). Namely, as explicitly computed in Ref. [53] . we have in our notation 



^9^4 


-2n^- 


h 9 + 3 (n2 - 1) V97i4 ^ 


h 14?i2 + 9 


An 


sjdn^ 


- 2n^ - 


h9 + 3(n2-l)V9n4- 


h 14n2 + 9 



s > : =i> Class 1; (7.54) 

n < s < ^ '■ => Class 4; (7.55) 

An 

s < n => Class 5. (7.56) 

States which fulfill Ineq. (|7.54p are fully inseparable (Class 1, encoding genuine 
tripartite entanglement), while states that violate it have a positive partial trans- 
pose with respect to all bipartitions. However, as already mentioned in Sec. I7.1.H 
the PPT property does not imply separability. In fact, in the range defined by 
Ineq. (|7.55p . noisy GUZ/W states are three-mode biseparable (Class 4), that is 
they exhibit tripartite bound entanglement. This can be verified by showing, using 
the methods of Ref. [94] . that such states cannot be written as a convex combina- 
tion of separable states. Finally, noisy GUZ/W states that fulfill Ineq. (|7.56p are 
fully separable (Class 5), containing no entanglement at all. 

The tripartite residual Gaussian contangle Eq. (|7.36p . which is nonzero only in 
the fully inseparable region, can be explicitly computed. In particular, the 1x2 

i\ (ik) 

Gaussian contangle Gt is obtained following a similar strategy to that employed 
for T states (see Sec. I7.3.2p . Namely, if one performs a unitary localization on 
modes 2 and 3 that decouples the transformed mode 3', one finds that the resulting 
equivalent two-mode state of modes 1 and 2' is symmetric. The bipartite Gaussian 
contangle of the three-mode state follows then from Eq. (|6.12p . As for the two-mode 
Gaussian contangles Gt^ = Gr'^, the same formula can be used, as the reduced 
states are symmetric too. Finally one gets, in the range defined by Ineq. (|7.54p . a 
tripartite entanglement given by [GA16] 



Gres { tii\ 



log" 



[4s4 



4 - 2 (s2 - 1) y4s4 + 10i2 



9.s2 




0, 




-\ 2 



(7.57) 



and G^'^'*(cr*'') ~ when Ineq. (|7.54p is violated. For noisy GWLjW states, the 
residual Gaussian contangle Eq. (|7.57p is still equal to the true one Eq. (|7.35p (like 
in the special instance of pure GWLjW states), thanks to the symmetry of the 
two-mode reductions, and of the unitarily transformed state of modes 1 and 2'. 



7.4.2.2. Sharing structure. The second term in Eq. (|7.57p embodies the sum of the 
couplewise entanglement in the 1|2 and 1|3 reduced bipartitions. Therefore, if 
its presence enhances the value of the tripartite residual contangle (as compared 
to what happens if it vanishes), then one can infer that entanglement sharing is 
'promiscuous' in the (mixed) three-mode squeezed thermal Gaussian states as well 
('noisy GHZ fW states). And this is exactly the case, as shown in the contour plot 
of Fig. 17. 6| where the separability and entanglement properties of noisy GHZ fW 
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f^l 1 2 3 4 5 6 



Figure 7.6. Summary of separability and entanglement properties of three- 
mode squeezed thermal states, or noisy GHZ/VF states, in the space of the 
two parameters n and s. The separability is classified according to the scheme 
of Sec. 17.1.11 Above the dotted line the states are fully inseparable (Class 
1); below the solid line they are fully separable (Class 5). In the narrow 
intermediate region, noisy GHZ/VK states are three-mode biseparable (Class 
4), i.e. they exhibit tripartite bound entanglement. The relations defining the 
boundaries for the different regions are given in Eqs. l|7.54H7.56|l . In the fully 
inseparable region, the residual (Gaussian) contangle Eq. (|7.57[l is depicted 
as a contour plot, growing with increasing darkness from G^"" = (along 
the dotted line) to 0^*=" ^ 1.9 (at n = dB, s = 7 dB). On the left side 
of the dashed line, whose expression is given by Eq. I|7.59|l . not only genuine 
tripartite entanglement is present, but also each reduced two-mode bipartition 
is entangled. In this region, G^"" is strictly larger than in the region where the 
two-mode reductions are separable. This evidences the promiscuous sharing 
structure of multipartite CV entanglement in symmetric, even mixed, three- 
mode Gaussian states. 



states are summarized, as functions of the parameters n and s expressed in deci- 
bels0 Explicitly, one finds that for 

n>V3, (7.58) 

the entanglement sharing can never be promiscuous, as the reduced two-mode en- 
tanglement is zero for any (even arbitrarily large) squeezing s. Otherwise, applying 
PPT criterion, one finds that for sufficiently high squeezing bipartite entanglement 



The noise expressed in decibels (dB) is obtained from the covariance matrix elements via 
the formula Nij(dB) = 101ogj^Q((Tij). 



7.4. Promiscuous entanglement versus noise and asymmetry 



145 



is also present in any two-mode reduction, namely 

^/2r^ 



< V3, 



s > 



promiscuous sharing . 



(7.59) 



Evaluation of Eq. (|7.57p . as shown in Fig. 17.61 clearly demonstrates that the 
genuine tripartite entanglement increases with increasing bipartite entanglement in 
any two-mode reduction, unambiguously confirming that CV quantum correlations 
distribute in a promiscuous way not only in pure [GAIOI iGAll] . but also in mixed 
[GA16] symmetric three-mode Gaussian states. However, the global mixedness is 
prone to affect this sharing structure, which is completely destroyed if, as can be 
seen from Eq. (|7.58p . the global purity ^ falls below l/(3%/3) w 0.19245. This purity 
threshold is remarkably low: a really strong amount of global noise is necessary to 
destroy the promiscuity of entanglement distribution. 

7.4.3. Basset hound states: a 'traditional' sharing of entanglement 

Let us finally consider an instance of tripartite entangled states which are not fully 
symmetric, but merely bisymmetric pure Gaussian states (in this specific case, in- 
variant under the exchange of modes 2 and 3, see the general definition in Sec. l2.4.3| . 
Following the arguments summarized in Fig. 15.11 they will be named basset hound 
states. Such states are denoted by a CM cr^ of the form Eq. (|2.20p for iV = 3, with 

fa + l\ 

(Ti = al2, ^2 = 0-3 = — — I2, 
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V2 



(7.60) 



(7.61) 



They belong to a family of states introduced in Ref. [238] as resources for optimal 
CV telecloning {i.e. cloning at distance, or equivalently teleportation to more than 
one receiver) of single-mode coherent states. A more detailed discussion of this 
protocol will be given in Sec. 112.31 

7.4.3.1. Tripartite entanglement. From a qualitative point of view, basset hound 
states are fully inseparable for a > 1 and fully separable for a = 1, as already 
remarked in Ref. [238] : moreover, the PPT criterion (see Sec. I3.1.ip entails that 
the two-mode reduced state of modes 2 and 3 is always separable. Following the 
guidelines of Sec. 17.2.21 the residual Gaussian contangle G^^'^^ is easily computable. 
From Eq. (|7.37p . it follows that the minimum in Eq. (|7.36p is attained if one sets 
either mode 2 or mode 3 (indifferently, due to the bisymmetry) to be the probe 
mode. Let us choose mode 3; then we have 



Gr«) = G?l(i2)(^P)_G^|i«)^ 



with 



G^li(o-P) = arcsinh^ 



a - l)(a-f 3) 



{a + 3)2 



(7.62) 



(7.63) 



(7.64) 



The tripartite entanglement Eq. (|7.62p is strictly smaller than that of both GUZ/W 
states and T states, but it can still diverge in the limit of infinite squeezing (a — > 00) 
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due to the global purity of basset hound states. Instead, the bipartite entanglement 

1 1 2 1 1 3 

Gt = Gt between mode 1 and each of the modes 2 and 3 in the corresponding 
two-mode reductions, given by Eq. (|7.64p . is strictly larger than the bipartite en- 
tanglement in any two-mode reduction of GHZ/V7 states. This does not contradict 
the previously given characterization of GHZ/VF states as maximally three-way and 
two-way entangled (maximally promiscuous). In fact, GWL/W states have max- 
imal couplewise entanglement between any two-mode reduction, while in basset 
hound states only two (out of three) two-mode reductions are entangled, allowing 
this entanglement to be larger. This is the reason why these states are well-suited 
for telecloning, as we will detail in Sec. ll2.3i2l Nevertheless, this reduced bipartite 
entanglement cannot increase arbitrarily in the limit of infinite squeezing, because 
of the monogamy inequality (|6.2p ; in fact it saturates to 



Gj-I'lo-P , a^oo)^ log^ [3 + 2V2\ « 3.1 , (7.65) 

which is about ten times the asymptotic value of the reduced bipartite two-mode 
entanglement for GWL/W states, Eq. (|7.45p . 

7.4.3.2. Sharing structure. It is interesting to notice that entanglement sharing in 
basset hound states is not promiscuous. Tripartite and bipartite entanglement 
coexist (the latter only in two of the three possible two-mode reductions), but the 
presence of a strong bipartite entanglement does not help the tripartite one to be 
stronger (at fixed local mixedness a) than in other states, like GHZ/iy states or 
even T states (which are globally mixed and moreover contain no reduced bipartite 
entanglement at all). 

7.4.4. The origin of tripartite entanglement promiscuity? 

The above analysis of the entanglement sharing structure in several instances of 
three- mode Gaussian states (including the non-fully-symmetric basset hound states, 
whose entanglement structure is not promiscuous) delivers a clear hint that, in the 
tripartite Gaussian setting, 'promiscuity' \s, a peculiar consequence not of the global 
purity (noisy GWL/W states remain promiscuous for quite strong mixedness), but 
of the complete symmetry under mode exchange. Beside frustrating the maximal 
entanglement between pairs of modes [272] . symmetry also constrains the multi- 
partite sharing of quantum correlations. In basset hound states, the separability 
of the reduced state of modes 2 and 3, prevents the three modes from having a 
strong genuine tripartite entanglement among them all, despite the heavy quantum 
correlations shared by the two couples of modes 1|2 and 1|3. 

This argument will not hold anymore in the case of Gaussian states with four 
and more modes, where relaxing the symmetry constraints will allow for an en- 
hancement of the distributed entanglement promiscuity to an unlimited extent, as 
we will show in the next Chapter. 



CHAPTER 8 



Unlimited promiscuity of multipartite 

Gaussian entanglement 

The structure of multipartite entanglement of Gaussian states, as explored up to 
now, opens interesting perspectives which are driving us towards the last part of this 
Dissertation, namely the one concerning production and applications of multiparty 
Gaussian entangled resources. This Chapter, based on Ref. [GA19] . provides an 
additional, exceptional motivation to select CV systems, and specifically Gaussian 
states, as ideal candidates for physical realizations of current and perhaps revolu- 
tionary quantum information and communication implementations. The findings 
described here are also of importance from a fundamental point of view, for the 
quantification and primarily the understanding of shared quantum correlations in 
systems with infinitely large state space. 

We have seen indeed in the previous Chapter that in the most basic multipar- 
tite CV setting, namely that of three-mode Gaussian states, a partial "promiscuity" 
of entanglement can be achieved. Permutation-invariant states exist which are the 
simultaneous analogs of GHZ and W states of qubits, exhibiting unlimited tripar- 
tite entanglement (with increasing squeezing) and nonzero, accordingly increasing 
bipartite entanglement which nevertheless stays finite even for infinite squeezing 
[GAIOJ . We will now show that in CV systems with more than three modes, entan- 
glement can be distributed in an infinitely promiscuous way. 

8.1. Continuous variables versus qubits 

From an operational perspective, qubits are the main logical units for standard 
realizations of quantum information protocols [163] . Also CV Gaussian entan- 
gled resources have been proven useful for all known implementations of quantum 
information processing [40], including quantum computation [155| . sometimes out- 
performing more traditional qubit-based approaches as in the case of unconditional 
teleportation [89j . It is therefore important to understand if special features of 
entanglement appear in states of infinite Hilbert spaces, which are unparalleled in 
the corresponding states of qubits. Such findings may lead to new ways of manip- 
ulating quantum information in the CV setting. For instance, there exist infinitely 
many inequivalent classes of bipartite entangled pure CV states, meaning that a 
substantially richer structure is available for quantum correlations and it could be 
potentially exploited for novel realizations of quantum information protocols [173] . 

Here, we address this motivation on a clearcut physical ground, aiming in par- 
ticular to show whether the unboundedness of the mean energy characterizing CV 
states enables a qualitatively richer structure for distributed quantum correlations. 
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We prove that multimode Gaussian states exist, that can possess simultaneously 
arbitrarily large pairwise bipartite entanglement between some pairs of modes and 
arbitrarily large genuine multipartite entanglement among all modes without vi- 
olating the monogamy inequality (|6.17p on entanglement sharing. The class of 
states exhibiting such unconstrained simultaneous distribution of quantum corre- 
lations are producible with standard optical means (as we will detail in Sec. 110. 2() . 
the achievable amount of entanglement being technologically limited only by the 
attainable degree of squeezing. This unexpected feature of entanglement sheds new 
light on the role of the fundamental laws of quantum mechanics in curtailing the 
distribution of information. On a more applicative ground, it serves as a prelude 
to implementations of quantum information processing in the infinite-dimensional 
scenario that cannot be achieved with qubit resources. 

To illustrate the existence of such phenomenon, we consider the simplest non- 
trivial instance of a family of four-mode Gaussian states, endowed with a partial 
symmetry under mode exchange. 

8.2. Entanglement in partially symmetric four-mode Gaussian states 

8.2.1. State definition 

We start with an uncorrelated state of four modes, each one initially in the vacuum 
of the respective Fock space, whose corresponding CM is the identity. We apply a 
two-mode squeezing transformation S2,3{s), Eq. (|2.24p . with squeezing s to modes 
2 and 3, then two further two-mode squeezing transformations Si, 2(a) and S'3,4(a), 
with squeezing a, to the pairs of modes {1,2} and {3,4}. The two last trans- 
formations serve the purpose of redistributing the original bipartite entanglement, 
created between modes 2 and 3 by the first two-mode squeezing operations, among 
all the four modes. For any value of the parameters s and a, the output is a pure 
four-mode Gaussian state with CM cr, 

CT = S3,4ia)Si,2{a)S2,3{s)Sl3{s)Sl^{a)Sl^{a) . (8.1) 

Explicitly, cr is of the form Eq. (|2.20p where 

0-1=0-4 = [cosh^(a) + cosh(2s) sinh^(a)]l2 , 

f 2 = = [cosh(2s) cosh^(a) + sinh^(a)]l2 , 

£1,2 = £3,4 = [cosh^(s) sinh(2a)]Z2 , 

£1,3 = £2,4 = [cosh(a) sinh(a) sinh(2s)]l2 , 

£1,4 = [sinh^(a) sinh(2s)]Z2 , 

£2,3 = [cosh^(a) sinh(2s)]Z2 , 

with Z2 = (J "j*) . It is immediate to see that a state of this form is invariant under 
the double exchange of modes 1^4 and 2 ^ 3, as Sij = Sj^i and operations on 
disjoint pairs of modes commute. Therefore, there is only a partial symmetry under 
mode permutations, not a full one like in the case of the three- mode GHZ/W states 
and in general the states of Sec. 12.4.31 

8.2.2. Structure of bipartite entanglement 

Let us recall that in a pure four- mode Gaussian state and in its reductions, bipartite 
entanglement is equivalent to negativity of the partially transposed CM, obtained 
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by reversing time in the subspace of any chosen single subsystem [2181 1265| (PPT 
criterion, see Sec. 13.1. This inseparabiUty condition is readily verified for the 
family of states in Eq. (|8.ip yielding that, for all nonzero values of the squeezings 
s and a, cr is entangled with respect to any global bipartition of the modes. This 
follows from the global purity of the state, together with the observation that the 
determinant of each reduced one- and two-mode CM obtainable from Eq. (jS.ip is 
strictly bigger than 1 for any nonzero squeezings. The state is thus said to be fully 
inseparable [111] , i.e. it contains genuine four-partite entanglement. 

Following our previous studies on CV entanglement sharing (see Chapters[6]and 
[T]) we choose to measure bipartite entanglement by means of the Gaussian contangle 
Gt-, an entanglement monotone under Gaussian LOGO, computable according to 
Eq. HEIl. 

In the four-mode state with GM cr, we can evaluate the bipartite Gaussian 
contangle in closed form for all pairwise reduced (mixed) states of two modes i 
and j, described by a CM cr^j. By applying again PPT criterion (see Sec. I3.1.1|) . 
one finds that the two-mode states indexed by the partitions 1|3, 2|4, and 1|4, are 
separable. For the remaining two-mode states the computation is possible thanks to 
the results of Sec. 14.5.21 Namely, the reduced state of modes 2 and 3, (T2^, belongs 
to the class of GMEMS (defined in Sec. 14.3.3. ip : for it Eq. (|476l) yieldfP 



J2i 



— 1+2 cosh" (2a) cosh s-f3 cosh(2s) — 4 sink asinh(2s) . i r /~ ^ i 

7? — r"T — i — — ' — 775 — i , d <^ arcsmn V tann s i 

4[cosh- a+e^^ sinh" a\ ' L ^ J ' 

1, otherwise. 

(8.2) 

On the other hand, the states (Ti\2 and 0-314 are GMEMMS (defined in Sec. 14. 3. 2p . 
i.e. simultaneous GMEMS and GLEMS, for which either Eq. (|4774l) or Eq. (|4776l) 

give 

TOi|2 = 'Ti3|4 = cosh 2a . (8.3) 

Accordingly, one can compute the pure-state entanglements between one probe 
mode and the remaining three modes. In this case one has simply 77ii|(jfc;) = Det tr^. 
One finds from Eq. ([81]) . 



"^2|3 



'7^l|(234) ~ '7i4|(i23) = cosli^ a + cosh(2s) sinh^ a 



2 . , . ,2 (8-4) 



'^2|(134) = '7i3|(i24) = sinh a + cosh(2s) cosh a 



Concerning the structure of bipartite entanglement, Eqs. (|6.13l ISTS]) imply that 
the Gaussian contangle in the mixed two-mode states 0-^2 and 0-314 is 4a^, irrespec- 
tive of the value of s. This quantity is exactly equal to the degree of entanglement 
in a pure two-mode squeezed state Sij{a)Sjj{a) of modes i and j generated with 
the same squeezing a. In fact, the two-mode mixed state (Ji|2 (and, equivalently, 
0-314) serves as a proper resource for CV teleportation (39] [HI], realizing a perfect 
transfer (unit fidelitj|3) in the limit of infinite squeezing a. 



^"""We refer to the notation of Eq. I|6.13[l and write, for each partition the corresponding 
parameter m^j involved in the optimization problem which defines the Gaussian contangle. 

^^The fidelity T = ("in" and "out" being input and output state, respectively) 

quantifies the teleportation success, as detailed in Chapter [T21 For single-mode coherent input 
states and <Ti|2 or 0-314 employed as entangled resources, = (l-|-e~^'^ cosh^ It reaches unity 

for a 3> even in presence of high interpair entanglement (s 2> 0), provided that a approaches 
infinity much faster than s. 
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Figure 8.1. Bipartite entanglement structure in ttie four-mode Gaussian 
states ty of Eq. 1)8. Ttie block of modes 1,2 shares with the block of modes 
3,4 all the entanglement created originally between modes 2 and 3, which is 
an increasing function of s (blue springs). Moreover, modes 1 and 2 internally 
share an entanglement arbitrarily increasing as a function of a, and the same 
holds for modes 3 and 4 (pink springs). For a approaching infinity, each of 
the two pairs of modes 1,2 and 3,4 reproduces the entanglement content of an 
ideal EPR state, while being the same pairs arbitrarily entangled with each 
other according to value of s. 

The four-mode state cr reproduces therefore (in the regime of very high a) 
the entanglement content of two EPR-Hke pairs ({1,2} and {3,4}). Remarkably, 
there is an additional, independent entanglement between the two pairs, given by 
G't(c(i2)|(34)) = 4s^ — the original entanglement in the two-mode squeezed state 
S2,3{s)Sj^^{s) after the first construction step — which can be itself increased ar- 
bitrarily with increasing s. This peculiar distribution of bipartite entanglement, 
pictorially displayed in Fig. 18. 1^ is a first remarkable signature of an unmatched 
freedom of entanglement sharing in multimode Gaussian states as opposed for in- 
stance to states of the same number of qubits, where a similar situation is impossible. 
Specifically, if in a pure state of four qubits the first two approach unit entangle- 
ment and the same holds for the last two, the only compatible global state reduces 
necessarily to a product state of the two singlets: no interpair entanglement is 
allowed by the fundamental monogamy constraint (59l 1169] 

8.2.3. Distributed entanglement and multipartite sharing structure 

We can now move to a closer analysis of entanglement distribution and genuine 
multipartite quantum correlations. 

8.2.3.1. Monogamy inequality. A primary step is to verify whether the fundamental 
monogamy inequality (|6.17p is satisfied on the four-mode state cr distributed among 
the four parties (each one owning a single mode) 13 In fact, the problem reduces to 



^^In Sec. 16.2.31 the general monogamy inequality for Af-mode Gaussian states has been es- 
tablished by using the Gaussian tangle, Eq. I|6.16[l . No complete proof is available to date for the 
monogamy of the (Gaussian) contangle, Eq. I|6.13[l . beyond the tripartite case. Therefore, we need 
to check its validity explicitly on the state under consideration. 
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proving that 



min{5Ni|(234)] " 9[m^2], 5["^2|(134)] " 5N112] - aiml^^]} 




(8.5) 



= arcsinh^< y [cosh^ a + cosh(2s) sinh'^ a]^ — 1 I — 4a^ 



Since cosh(2s) > 1 for s > 0, it follows that Gr'"^'* > and Ineq. (|6.17p is satisfied. 

The entanglement in the global Gaussian state is therefore distributed accord- 
ing to the laws of quantum mechanics, in such a way that the residual Gaussian 
contangle Gr'^'^^ quantifies the multipartite entanglement not stored in couplewise 
form. Those quantum correlations, however, can be either tripartite involving three 
of the four modes, and/or genuinely four-partite among all of them. We can now 
quantitatively estimate to what extent such correlations are encoded in some tri- 
partite form: as an anticipation, we will find them negligible in the limit of high 
squeezing a. 

8.2.3.2. Tripartite entanglement estimation. Let us first observe that in the triparti- 
tions 1|2|4 and 1|3|4 the tripartite entanglement is zero, as mode 4 is not entangled 
with the block of modes 1,2, and mode 1 is not entangled with the block of modes 
3,4 (the corresponding three- mode states are then said to be biseparable [94], see 
Sec. I7.1.l|) . The only tripartite entanglement present, if any, is equal in content 
(due to the symmetry of the state <t) for the tripartitions 1|2|3 and 2|3|4, and can 
be quantified via the residual Gaussian contangle determined by the corresponding 
three- mode monogamy inequality (|6.17p . 

The residual Gaussian contangle of a Gaussian state cr of the three modes i, 
j, and k (which is an entanglement monotone under tripartite Gaussian LOCC for 
pure states [GAIO] . see Sec. \7.2.'2l} . takes the form as in Eq. (|7.36p . 



where the symbol (i, j, k) denotes all the permutations of the three mode indexes. 

We are interested here in computing the residual tripartite Gaussian contangle, 
Eq. (|8.6p . shared among modes 1, 2 and 3 in the reduced mixed three-mode state 
(T123 obtained from Eq. (|8.ip by tracing over the degrees of freedom of mode 4. To 
quantify such tripartite entanglement exactly, it is necessary to compute the mixed- 
state 1x2 Gaussian contangle between one mode and the block of the two other 
modes. This requires solving the nontrivial optimization problem of Eq. (|6.13p over 
all possible pure three-mode Gaussian states — not necessarily in standard form, 
Eq. (|7.19p . However, from the definition itself, Eq. (|6.13p . the bipartite Gaussian 
contangle Gr{cri\i^jk)) (with i,j,k a permutation of 1,2,3) is bounded from above 
by the corresponding bipartite Gaussian contangle Gr (<t^|^^.j,^) in any pure, three- 
mode Gaussian state with CM "■fiQ^) ^ "'ilO'c)- ansatz we can choose pure 
three-mode Gaussian states whose CM <t^23 has the same matrix structure of our 
mixed state (T123 (in particular, zero correlations between position and momentum 
operators, and diagonal subblocks proportional to the identity), and restrict the 
optimization to such a class of states. This task is accomplished by choosing a pure 




(8.6) 
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Figure 8.2. Upper bound Gr''°""''(<Ti|2(3), Eq. ^J^, on the tripartite en- 
tanglement between modes 1, 2 and 3 (and equivalently 2, 3, and 4) of ttie 
four-mode Gaussian state defined by Eq. I|8.1[l . plotted as a function of the 
squeezing parameters s and a. The plotted upper bound on the tripartite 
entanglement among modes 1, 2, 3 (and equivalently 2, 3, 4) asymptotically 
vanishes for a going to infinity, while any other form of tripartite entanglement 
among any three modes is always zero. 



state given by the following CM 

7?23 = SiM'^)S2.3it)Sl3it)Sl2ia) , (8.7) 
where the two- mode squeezing transformation Sij is defined by Eq. (|2.24p . and 



-arccosh 
2 



1 -I- sech^a tanh^ s 



1 — sech^a tanh^ s 



We have then 

G'.(^,|(,,))<5[K(,fe))'], (8.8) 

where m'*' is meant to determine entanglement in the state 7^, Eq. (|8.7p . via 
Eq. ()6.13p . The bipartite entanglement properties of the state 7^ can be deter- 
mined analogously to what done in Sec. 18.2.21 We find 

y 1 + sech^a tanh^ s 

= i.gech^atanh^s' ^^'^^ 
™1I(231 ~ cosh^ a -I- toT.j^2'i sinh^ a , (8.10) 



m 



'l|(23) ~ "^"'4|(12)' 



2\(^i3) — sinh a + 771^1 ^^2) cosh a. (8.11) 

Eqs. (|8.6l8.8p thus lead to an upper bound on the genuine tripartite entanglement 
between modes 1, 2 and 3 (and equivalently 2, 3, and 4), 

Gr(Ti|2|3) < Gr^°""''((Ti|2|3) = min{g [(m^| ^23^^] _ ^[^2^2] , 9{{"m\x2)f\~ 9{^\\-^} , 

(8.12) 

where the two-mode entanglements regulated by the quantities m^ij without the 
superscript "7" are referred to the reductions of the mixed state 0-123 and are listed 
in Eqs. ([O [83|. In Eq. (|8.12p the quantity 5[(™2|(i3))^] ~ ff["^i|2] ~ 5["^2|3] 
not included in the minimization, being always larger than the other two terms. 
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Figure 8.3. Residual multipartite entanglement Gr"^°(cr) [see Eq. Ij8.5[l ]. 
which in the regime of large squeezing a is completely distributed in the form 
of genuine four-partite quantum correlations. The four-partite entanglement 
is monotonically increasing with increasing squeezing a, and diverges as a 
approaches infinity. The multimode Gaussian state <t constructed with an 
arbitrarily large degree of squeezing a, consequently, exhibits a coexistence 
of unlimited multipartite and pairwise bipartite entanglement in the form of 
EPR correlations. In systems of many qubits, and even in Gaussian states of 
CV systems with a number of modes smaller than four (see Chapter [3, such 
an unlimited and unconstrained promiscuous distribution of entanglement is 
strictly forbidden. 



Numerical investigations in the space of all pure three-mode Gaussian states seem 
to confirm that the upper bound of Eq. (|8.12p is actually sharp (meaning that the 
three- mode contangle is globally minimized on the state 7^), but this statement 
can be left here as a conjecture since it is not required for our subsequent analysis. 

The upper bound G't-''°"'"'(ti|2|3) is always nonnegative (as an obvious con- 
sequence of monogamy, see Sec. I7.2.T|) . moreover it is decreasing with increasing 
squeezing a, and vanishes in the limit a co, as shown in Fig. 18.21 Therefore, 
in the regime of increasingly high a, eventually approaching infinity, any form of 
tripartite entanglement among any three modes in the state cr is negligible (exactly 
vanishing in the limit). As a crucial consequence, in that regime the residual en- 
tanglement Gt^'^^{(t) determined by Eq. (|8.5P is all stored in four-mode quantum 
correlations and quantifies the genuine four-partite entanglement. 

8.2.3.3. Genuine four-partite entanglement: promiscuous beyond limits. We finally 
observe that Gr^'^^{(T), Eq. (|8.5p . is an increasing function of a for any value of s 
(see Fig. l8.3p . and it diverges in the limit a ^ 00. This proves that the class of pure 
four-mode Gaussian states with CM cr given by Eq. (|8.ip exhibits genuine four- 
partite entanglement which grows unboundedly with increasing squeezing a and, 
simultaneously, possesses pairwise bipartite entanglement in the mixed two-mode 
reduced states of modes {1,2} and {3,4}, that increases unboundedly as well with 
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increasing a0 Moreover, as previously shown, the two pairs can themselves be 
arbitrarily entangled with each other with increasing squeezing s. 

By constructing a simple and feasible example we have shown that, when 
the quantum correlations arise among degrees of freedom spanning an infinite- 
dimensional space of states (characterized by unbounded mean energy) , an accord- 
ingly infinite freedom is tolerated for quantum information to be doled out. This 
happens with no violation of the fundamental monogamy constraint that retains 
its general validity in quantum mechanics. In the CV instance demonstrated here, 
the only effect of monogamy is to bound the divergence rates of the individual en- 
tanglement contributions as the squeezing parameters are increased. Within the 
restricted Hilbert space of four or more qubits, instead, an analogous entanglement 
structure between the single qubits is strictly forbidden. 

Quite naturally, the procedure presented here can be in principle extended to 
investigate the increasingly richer structure of entanglement sharing in A^-mode {N 
even) Gaussian states, via additional pairs of redistributing two- mode squeezing 
operations. 

In summary, the main result of this Chapter may be stated as follows [GA19] . 

>- Unlimited promiscuity of multipartite Gaussian entanglement. The en- 
tanglement in N-mode Gaussian states (N >A) can distribute in such a way 
that it approaches infinity both as a genuinely multipartite quantum correla- 
tion shared among all modes, and as a bipartite, two-mode quantum correla- 
tion in different pairs of modes, within the validity of the general monogamy 
constraints on entanglement sharing. 

8.2.4. Discussion 

The discovery of an unHmited promiscuous entanglement sharing, while of inherent 
importance in view of novel implementations of C V systems for multiparty quantum 
information protocols, opens unexplored perspectives for the understanding and 
characterization of entanglement in multiparticle systems. 

Gaussian states with finite squeezing (finite mean energy) are somehow analo- 
gous to discrete systems with an effective dimension related to the squeezing degree 
[40] . As the promiscuous entanglement sharing arises in Gaussian states by asymp- 
totically increasing the squeezing to infinity, it is natural to expect that dimension- 
dependent families of states will exhibit an entanglement structure gradually more 
promiscuous with increasing Hilbert space dimension towards the CV limit. A 
proper investigation into the huge moat of qudits (with dimension 2 < d < oo) 
is therefore the next step to pursue, in order to aim at developing the complete 
picture of entanglement sharing in many-body systems, which is currently lacking 
(see Sec. ll.4p . Here [GA19j . we have initiated this program by estabhshing a sharp 
discrepancy between the two extrema in the ladder of Hilbert space dimensions: 
namely, entanglement of CV systems in the limit of infinite mean energy has been 
proven infinitely more shareable than that of individual qubits. 



The notion of unlimited entanglement has to be interpreted in the usual asymptotic sense. 
Namely, given an arbitrarily large entanglement threshold, one can always pick a state in the 
considered family with squeezing high enough so that its entanglement exceeds the threshold. 
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Once a more comprehensive understanding will be available of the distributed 
entanglement structure in high-dimensional and CV systems (also beyond the spe- 
cial class of Gaussian states), the task of devising new protocols to translate such 
potential into full-power practical implementations for what concerns encoding, 
processing and distribution of shared quantum information, can be addressed as 
well. 

We will briefly discuss the optical generation and exploitation of promiscuous 
entanglement in four-mode Gaussian states in Sec. 110.21 



Part IV 



Quantum state engineering of 
entangled Gaussian states 




The Entangle Fishes. Louis Monza, 1970. 

http : //www . americaohyes . com/pages /monza. htm 



CHAPTER 9 



Two-mode Gaussian states in the lab 

One of the strength points of the CV quantum information science with Gaussian 
states, alongwith the mathematical structure which enables an accurate descrip- 
tion of their informational properties (see Chapter [2|, has surely to be traced back 
to the astonishing progress obtained on the experimental side for what concerns 
preparation, processing and characterization of entangled Gaussian resources, and 
their successful implementation for the most diverse communication and computa- 
tion tasks. We have already stressed, for instance, that one of the main byproducts 
of our study on bipartite entanglement versus purity, presented in Sec. 14.31 is that 
of having provided a direct, reliable way to estimate entanglement of arbitrary 
unknown two-mode Gaussian states in terms of experimentally accessible measure- 
ments of purity [GA2j (see Sec. 14.4. ip . 

This Chapter mainly originates from our collaboration to an experiment which 
illustrates the state-of-the-art in the engineering and processing of two- mode Gauss- 
ian states, via an original optical set-up based on a type-II optical parametric os- 
cillator (OPO) with adjustable mode coupling [GA8] . Experimental results allow a 
direct verification of many theoretical predictions and provide a sharp insight into 
the general properties of two-mode Gaussian states, elucidated in Chapter [H and 
the manipulation of the entanglement resource. We will discuss this experiment in 
Sec.[9Jl 

As a disclaimer, we remark that the main focus of this Dissertation is of a 
theoretical nature, as our primary aim has been up to now to develop strong 
mathematical tools to define and characterize entanglement of Gaussian states. 
Therefore, many experimental details, largely available elsewhere (see, as a guide, 
Refs. (40l [2071 [2031 [TTl [T38] ) will be surely lacking here. However, and thanks to 
the close contact with the "reality" of experiments achieved during the preparation 
of Ref. [GA8] . we have in parallel devoted a special attention towards the practical 
production of CV entanglement on one side, and its interpretation in connection 
with operational settings on the other. 

These two aspects of our work are respectively treated in this, and in the next 
Part of this Dissertation. 

Let us first briefly comment on the latter, namely the investigation of the use- 
fulness of entangled Gaussian states for the most common implementations of CV 
quantum information and communication protocols [40j . This side of our research 
enriches the mathematical analysis and clarifies the physical understanding of our 
results: an example is provided by the full equivalence between (bipartite and mul- 
tipartite) entanglement and optimal success of (two-party and multi-party) CV 
quantum teleportation experiments with (two-mode and multimode) symmetric. 
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generally mixed, Gaussian resources [GA9] . which will be established in Chapter 

m 

Before turning to the operational interpretation of entanglement, we judge of 
interest to discuss, at this point of the Dissertation, the issue of providing efficient 
recipes to engineer, in the lab, the various classes of Gaussian states that we have 
singled out in the previous Parts for their remarkable entanglement properties. 
These optimal production schemes (among which we mention the one for all pure 
Gaussian states exhibiting generic entanglement [GA14j . presented in Chapter [TT|) 
are of inherent usefulness to experimentalists who need to prepare entangled Gauss- 
ian states with minimal resources. Unless explicitly stated, we will always consider 
as preferred reaHstic setting for Gaussian state engineering that of quantum optics 

m- 

In this Chapter, we thus begin by first completing the analysis of Chapter [4] 
on the two special classes of two-mode "extremally" entangled Gaussian states that 
have arisen both in the negativity versus purity analysis, and in the comparison 
between Gaussian entanglement measures and negativities, namely GMEMS and 
GLEMS [GA3j . We discuss how both famihes of Gaussian states can be obtained 
experimentally, adding concreteness to the plethora of results previously presented 
on their entanglement characterization. After that, we move more deeply into the 
description of the experiment concerning production and optimization of entangle- 
ment in two-mode Gaussian states by optical means, reported in [GA8| . 

State engineering of Gaussian states of more than two modes will be addressed 
in the next two Chapters. 

9.1. Schemes to realize extremally entangled states in experimental set- 
tings 

We discuss here how to obtain the two-mode states introduced in Sec. I4.3.3.1l in a 
practical setting. 

9.1.1. GMEMS state engineering 

As we have seen, GMEMS are two-mode squeezed thermal states, whose general 
CM is described by Eqs. (|2.54p and (|4.29p . A realistic instance giving rise to 
such states is provided by the dissipative evolution of an initially pure two-mode 
squeezed vacuum with CM Eq. (|2.22p . The latter may be created e.g. by mixing 
two independently squeezed beams (one in momentum and one in position, with 
equal squeezing parameter r) at a 50:50 beam-splitter i3i_2(l/2), Eq. (|2.26p . as 
shown in Fig. 19. Ir^ 

Let us denote by cr^ the CM of a two mode squeezed vacuum with squeezing 
parameter r, Eq. (|2.22p . derived from Eqs. (|4.29p with = \. The interaction 
of this initial state with a thermal noise results in the following dynamical map 
describing the time evolution of the CM cr(t) [210j 

n{t) = e-"cr^ + (1 - e-")cr„,,„, , (9.1) 

where F is the coupling to the noisy reservoir (equal to the inverse of the damping 
time) and cr„j_„2 = ©|^i?iil2 is the CM of the thermal noise (see also Sec. 17.4. LT|) . 



2*See also Sec. 12.2.21 A more detailed discussion concerning the production of two-mode 
squeezed states is deferred to Sec. 19.21 
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two-mode squeezed state 




iTionneic jnn- 
squeezed {-i) 



position- 
squeezed {'/J 



Figure 9.1. Optical generation of two-mode squeezed states (twin-beams) by 
superimposing two single-mode beams, independently squeezed of the same 
amount r in orthogonal quadratures, at a 50:50 beam-splitter. The two oper- 
ations (individual squeezings plus beam-splitter), taken together, correspond 
to acting with the twin-beam transformation Eq. I|2.28|l on two vacuum beams. 



in terms of the frequencies of the modes uii and of the temperature of the reservoir 
T. It can be easily verified that the CM Eq. (|9.ip defines a two-mode thermal 
squeezed state, generally nonsymmetric (for ni ^ 712). However, notice that the 
entanglement of such a state cannot persist indefinitely, because after a given time 
inequality (|4.30p will be violated and the state will evolve into a disentangled two- 
mode squeezed thermal state. We also notice that the relevant instance of pure loss 
(ni = ?i2 = 0) allows the realization of symmetric GMEMS. 

9.1.2. GLEMS state engineering 

Concerning the experimental characterization of minimally entangled Gaussian 
states (GLEMS), defined by Eq. (|4.39p . one can envisage several explicit experi- 
mental settings for their realization. For instance, let us consider (see Fig. 19. 2p a 
beam-splitter with transmittivity r = 1/2, corresponding to a two- mode rotation 
of angle 7r/4 in phase space, Eq. (|2.26p . 

Suppose that a single-mode squeezed state, with CM crir = diag(e^'', e"^'') 
(like, e.g., the result of a degenerate parametric down conversion in a nonlinear 
crystal), enters in the first input of the beam-splitter. Let the other input be an 
incoherent thermal state produced from a source at equilibrium at a temperature 
T. The purity of such a state can be easily computed in terms of the temperature 
T and of the frequency of the thermal mode tu, 



The average number of thermal photons is given by Eq. (|2.32p 

1 



exp {huji/kBT) — 1 



exp{huj/kBT) + 1 ' 



(9.2) 
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Figure 9.2. Possible sciieme for tiie generation of Gaussian least entangled 
mixed states (GLEMS), introduced in Sec. 14.3.3.11 A single-mode squeezed 
state (obtained, for example, by an optical parametric oscillator or amplifier) 
interferes with a thermal state through a 50:50 beam-splitter. The resulting 
two-mode state is a minimally entangled mixed Gaussian state at given global 
and marginal purities. 



The state at the output of the beam-spHtter will be a correlated two-mode Gaussian 
state with CM (Tout that reads 
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with k = e^'' and n = 
this CM is = 1 and 1^4 



By immediate inspection, the symplectic spectrum of 
Therefore the output state is always a state with 
extremal generalized entropy at a given purity (see Sec. I2.3p . Moreover, the state 
is entangled if 

^t^ + 1 cxp {2hLu/kBT) + 1 



cosh(2r) > 



(9.3) 



2fi cxp {2hLu/kBT) ~ 1 ' 
Tuning the experimental parameters to meet the above condition, indeed makes the 
output state of the beam-splitter a symmetric GLEMS. It is interesting to observe 
that nonsymmetric GLEMS can be produced as well by choosing a beam-splitter 
with transmittivity different from 1/2. 



9.2. Experimental production and manipulation of two-mode entangle- 
ment 

Experimentally, CV entanglement can be obtained directly by type-II parametric 
interaction deamplifying either the vacuum fluctuations as was demonstrated in the 
seminal experiment by Ou et al. [171| (or in recent experiments [1391 1254| ) or the 
fluctuations of a weak injected beam [281] . It can also be obtained indirectly by 
mixing on a beam-splitter two independent squeezed beams, as shown in Fig. 19.11 
The required squeezing can be produced by Kerr effects — using optical flbers [217j 
or cold atoms in an optical cavity [129| — or by type-I parametric interaction in 
a cavity [2751 [33]. Single-pass type-I interaction in a non-collinear configuration 
can also generate directly entangled beams as demonstrated recently by Wenger et 
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al. in the pulsed regime [262] . All these methods produce a symmetric entangled 
state enabhng dense coding, the teleportation of coherent (Ml [33l 1226] or squeezed 
states [225j or entanglement swapping [2371 fT27l [226] !^ These experiments generate 
an entangled two-mode Gaussian state with a CM in the so-called 'standard form' 
[70ll218j . Eq. (|4.ip . without having to apply any linear unitary transformations such 
as beam-splitting or phase-shifts to improve its entanglement in order to exploit it 
optimally in quantum information protocols. 

However, it has been recently shown [141j that, when a birefringent plate is 
inserted inside the cavity of a type-II optical parametric oscillator, i.e. when mode 
coupling is added, the generated two-mode state remains symmetric but entangle- 
ment is not observed on orthogonal quadratures: the state produced is not in the 
standard form. The entanglement of the two emitted modes in this configuration 
is not optimal: it is indeed possible by passive non-local operations to select modes 
that are more entangled. The original system of Ref. [GA8j provides thus a good 
insight into the quantification and manipulation of the entanglement resources of 
two-mode Gaussian states. In particular, as just anticipated, it allows to confirm 
experimentally the theoretical predictions on the entangling capacity of passive op- 
tical elements and on the selection of the optimally entangled bosonic modes [268] . 

We start by recalling such theoretical predictions. 



9.2.1. Entangling power of passive optical elements on symmetric Gaussian 
states 

Let us now briefiy present some additional results on the entanglement qualifi- 
cation of symmetric two-mode Gaussian states, which will be the subject of the 
experimental investigations presented in the following. We remark that symmetric 
Gaussian states, which carry the highest possible entanglement among all thermal 
squeezed states [see Fig. I4.1f a)]. are the resources that enable CV teleportation of 
an unknown coherent state [391 189] with a fidelity arbitrarily close to 1 even in the 
presence of noise (mixedness), provided that the state is squeezed enough (ideally, 
a unit fidelity requires infinite squeezing) . Actually, the fidelity of such an exper- 
iment, if the squeezed thermal states employed as shared resource are optimally 
produced, turns out to be itself a measure of entanglement and provides a direct, 
operative quantification of the entanglement of formation present in the resource 
[GA9) . as presented in Chapter 112.21 

It is immediately apparent that, because a = 6 in Eq. (|4.ip . the partially trans- 
posed CM in standard form cr (obtained by fiipping the sign of c_) is diagonalized 
by the orthogonal and symplectic beam-splitter transformation (with 50% trans- 
mittivity) B{l/2), Eq. (|2.26p . resulting in a diagonal matrix with entries a =F |czp|. 
The symplectic eigenvalues of such a matrix are then easily retrieved by applying 
local squeezings. In particular, the smallest symplectic eigenvalue v- (which com- 
pletely determines entanglement of symmetric two-mode states, with respect to any 
known measure, see Sec. 14.2.2^ is simply given by 

= ^{a-\c+\){a~\c-\) . (9.4) 



Continuous- variable "macroscopic" entanglement can also be induced between two microme- 
chanical oscillators via entanglement swapping, exploiting the quantum effects of radiation pres- 
sure [185] . 
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Note that also the original standard form CM cr with a = b could be diagonalized 
{not symplectically, since the four diagonal entries are generally all different) by the 
same beam-splitter transformation 5(1/2), with the same orthogonal eigenvalues 
a =F |cip|. It is immediate to verify that i>- is just given by the geometric average 
between the two smallest of such orthogonal eigenvalues of cr. The two quadratures 
resulting from the previous beam-splitter transformation select orthogonal direc- 
tions in phase space with respect to the original ones, so they will be referred to as 
'orthogonal' quadratures. Notice that, in the experimental practice, this allows for 
the determination of the entanglement through the measurement of diagonal en- 
tries (noise variances) of the CM after the application of a balanced beam-splitter, 
which embodies the transformation B{l/2). 

To explore further consequences of this fact, let us briefly recall some theo- 
retical results on the generation of entanglement under passive (energy-preserving) 
transformations, which will be applied in the following. As shown in Ref. [268j . 
the minimum value for {i.e. the maximal entanglement) attainable by passive 
transformations is determined by 

i>- = A1A2 , (9.5) 

where Ai and A2 are the two smallest eigenvalues of cr. Therefore, the entanglement 
of symmetric states in standard form, Eq. (|4.ip . cannot be increased through en- 
ergy preserving operations, Hke beam-splitters and phase shifters, as the symplectic 
eigenvalue v- given by Eq. (|9.4p already complies with the optimal condition (|9.5p . 
On the other hand, as it will be discussed in detail in the following, the insertion of 
a birefringent plate in a type-II optical parametric oscillator results in states sym- 
metric but not in standard form. In such a case the entanglement can be optimized 
by the action of a (passive) phase shifter, as we will expHcitly show, through both 
theoretical proof (Sec. I9.2l2|) and experimental demonstration (Sec. I9.275|) . 



9.2.2. Effects of mode coupling on the entanglement generation 



As mentioned in the introductory Sec. l9.2l CV entanglement is very often produced 
by mixing two squeezed modes on a beam-splitter. In the general case, the squeezed 
quadratures have an arbitrary phase difference. We denote by 6* + 7r/2 the phase 
difference between the two squeezed quadratures. The CM of the squeezed modes 
is then 
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while the CM of the two modes after the beam-splitter is 
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Figure 9.3. Logarithmic negativity as a function of the single-mode squeezing 
a and the tilt angle 9 between the two non-orthogonal quadratures in presence 
of mode coupling. 



where 
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The CM of the squeezed {A±) modes gives a good insight into the properties 
of the two-mode state. One can see that the intermodal blocks are zero, meaning 
that the two modes are uncorrelated. Consequently, they are the two most squeezed 
modes of the system (no further passive operation can select more squeezed quadra- 
tures). But one can also note that the two diagonal blocks are not diagonal simul- 
taneously. This corresponds to the tilt angle of the squeezed quadrature. In order 
to maximize the entanglement, the two squeezed quadratures have to be made 
orthogonal, which can be done by a phase-shift of one mode relative to the other. 

It is easy in fact to compute the logarithmic negativity quantifying entangle- 
ment between the entangled modes Ai and A2, when the two squeezed quadratures 
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Figure 9.4. Fresnel representation of ttie noise ellipse of the ±45° rotated 
modes when the coupling is increased. The noise ellipse of the —45° mode 
rotates and the noise reduction is degraded when the coupling increases while 
the +45° rotated mode is not affected. 



are rotated of 7r/2 + 6'. One has from Eq. (|3.8p. E\r((TA^A„) — — (l/2)logt>2 . with 



The symplectic eigenvalue i>- is obviously a periodic function of 9, and is globally 
minimized for 6 = kir, with k €7L. The entanglement, in other words, is maximized 
for orthogonal modes in phase space, as already predicted in Ref. [268| . Notice that 
this results holds for general nonsymmetric states, i.e. also in the case when the two 
modes Ai and A2 possess different individual squeezings. For symmetric states, the 
logarithmic negativity is depicted as a function of the single-mode squeezing a and 
the tilt angle 9 in Fig. [931 

In the experiment we will discuss below, the entanglement is produced by a sin- 
gle device, a type-II OPO operated below threshold. When no coupling is present 
in the optical cavity, the entangled modes are along the neutral axis of the crystal 
while the squeezed modes corresponds to the ±45° linear polarization basis. How- 
ever, it has been shown theoretically and experimentally [141| that a coupHng can 
be added via a birefringent plate which modifies the quantum properties of this de- 
vice: the most squeezed quadratures are non-orthogonal with an angle depending 
on the plate angle. When the plate angle increases, the squeezed {A-) quadrature 
rotates of a tilt angle 9 and the correlations are degraded. The evolution is depicted 
in Fig. 19.41 through the noise ellipse of the superposition modes. 

Eq. (|9.8p shows that when coupling is present, it is necessary to perform an 
operation on the two modes in order to optimize the available entanglement. Before 
developing experimental measures of entanglement and optimization of the available 
resource in our system, let us detail our experimental setup. 

9.2.3. Experimental setup and homodyne measurement 

The experimental scheme is depicted in Fig. l9.5l and relies on a frequency-degenerate 
type-II OPO below threshold. The system is equivalent to the one of the seminal 
experiment by Ou et al. [171| but a A/4 birefringent plate has been inserted inside 
the optical cavity. When this plate is rotated, it results in a linear coupling between 
the signal and idler modes which induces above threshold a phase locking effect at 
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exact frequency degeneracy [15211147] . This triply- resonant OPO is pumped below 
threshold with a continuous frequency-doubled Nd:YAG laser. The input fiat mirror 
is directly coated on one face of the lOmm-long KTP crystal. The reflectivities for 
the input coupler are 95% for the pump (532nm) and almost 100% for the signal 
and idler beams (1064nm). The output coupler (R=38mm) is highly reflecting for 
the pump and its transmission is 5% for the infrared. At exact triple resonance, the 
oscillation threshold is less than 20 mW. The OPO is actively locked on the pump 
resonance by the Pound-Drever-Hall technique. The triple resonance is reached 
by adjustment of both the crystal temperature and the frequency of the pump 
laser. Under these conditions, the OPO can operate stably during more than one 
hour without mode-hopping. The birefringent plate inserted inside the cavity is 
exactly A/4 at 1064 nm and almost A at the 532 nm pump wavelength. Very 
small rotations of this plate around the cavity axis can be operated thanks to a 
piezoelectric actuator. 

Measurements of the quantum properties of arbitrary quadratures of light mode 
are generally made using homodyne detection [279] . When an intense local oscilla- 
tor is used, one obtains a photocurrent which is proportional to the quantum noise 
of the light in a quadrature defined by the phase-shift between the local oscilla- 
tor and the beam measured. This photocurrent can be either sent to a spectrum 
analyzer which calculates the noise power spectrum, or numerized for further treat- 
ments like tomographic measurements of the Wigner function [221] or selection 
[140] . As mentioned above, one can also characterize the entanglement by looking 
at linear combinations of the optical modes as opposed to linear combinations of 
the photocurrents (TOl 1218] . The two modes which form the entangled state must 
be transformed via the beam-splitter transformation, that is they are mixed on a 
50/50 beam-splitter or a polarizing beam-splitter, into two modes which will be 
both squeezed if the original state is entangled. 

Homodyne detection allows for a simple and direct measurement of the 2x2 
diagonal blocks of the 4x4 CM. In order to measure the 2x2 off-diagonal blocks, 
linear combinations of the photocurrents can be used as we will show below. In or- 
der to characterize two modes simultaneously, a single phase reference is needed. To 
implement this, we have built a simultaneous double homodyne detection (Fig. l9.5( 
in box). The difference photocurrents are sent into two spectrum analyzers trig- 
gered by the same signal (SAi and SA3). Two birefringent plates (Q4, H3) inserted 
in the local oscillator path are rotated in order to compensate residual birefrin- 
gence. A A/4 (Q3) plate can be added on the beam exiting the OPO in order to 
transform the in-phase detections into in-quadrature ones, making the transforma- 
tion ((7+,p-|-, q-,p-) {q+,p+,'p+, q+). In such a configuration, two states of light 
with squeezing on orthogonal quadratures give in-phase squeezing curves on the 
spectrum analyzers. This has two goals: first, it simplifies the measurements of the 
phase shift between the two homodyne detections, and secondly, it is necessary for 
the measurement of the off-diagonal blocks of the CM, as we will now show. 

Let us describe precisely the procedure used to extract the values of the CM 
from the homodyne detection signals. These signals consist in an arbitrary pair of 
spectrum analyzer traces which are represented in Fig. 19.61 The horizontal axis is 
the local oscillator (LO) phase which is scanned as a function of the time, while the 
vertical axis gives the noise power relative to the shot noise expressed in decibels 
(dB) (for the definition of dB see footnote [20] on page 1144]) . 
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Figure 9.5. Experimental setup. A continuous-wave frequency-doubled 
Nd:YAG laser pumps below threshold a type II OPO with a A/4 plate inserted 
inside the cavity (Qo)- The generated two-mode vacuum state is character- 
ized by two simultaneous homodyne detections. The infrared output of the 
laser is used as local oscillator after filtering by a high-finesse cavity. SAi_2,3: 
spectrum analyzers. Qi,...,4 and Hi^...,5: respectively quarter and half wave- 
plates. PD Lock: FND-fOO photodiode for locking of the OPO. PD Split: split 
two-element InGaAs photodiode for tilt-locking of the filtering cavity. 



We make no assumption on the form of the CM which is written in the general 
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When the LO phase is chosen so that zero corresponds to the long axis of the noise 
ellipse of the first mode, the CM is written in the form 
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where a' and c' correspond respectively to the maximum and minimum noise levels 
measured in a linear scale on the spectrum analyzer for the first mode, which we 
will choose arbitrarily to be A+. One can also easily determine h' , i' and j' from 
the spectrum analyzer traces for A_: when the LO phase is chosen so that zero 
corresponds to the long axis of the noise ellipse of the second mode, the CM is 
written in the form 

h" 
/' 

and cr'_ can be easily deduced from <t" by applying a rotation. The angle of this 
rotation is given by the phase shift ip between the two traces (see Fig. 19. 6p . This 
operation is performed numerically. We have now measured both diagonal blocks. 

In order to measure the non-diagonal blocks, one records on an additional spec- 
trum analyzer a third signal, the difference between the two homodyne detection 



9.2. Experimental production and manipulation of two-mode entanglement 



169 










Figure 9.6. Spectrum analyzer traces as a function of ttie local oscillator phase. 

signals (these signals being themselves the difference between their respective pho- 
todiodes photocurrents, see Fig. l9.5p . Let us consider the case where the waveplate 
Qs is not present; for a given LO phase -01, the homodyne detections will give pho- 
tocurrents which are proportional to the amplitude noise for the ^+ beam, qj^, and 
to the phase noise for the A- beam, p_. The signal recorded on spectrum analyzer 
SA2 is, in this case, proportional to s = 5+ — p_ whose variance is 



a' and j' being already known, it is easy to extract d' from this measurement. For 
a LO phase i/'i + ''■/2, one will get using a similar procedure e', h' and /'. Let us 
now add the wave plate Q3. For a LO phase -01, one will get a', h' and c' and for 
■01 + 7r/2 e', j' and g' thus completing the measurement of the CM. 

9.2.4. Experimental measures of entanglement by the negativity 

As all experimental measurements, the measurement of the CM is subject to noise. 
It is thus critical to evaluate the influence of this noise on the entanglement. A 
quantitative analysis, relating the errors on the measured CM entries (in the A± 
basis) to the resulting error in the determination of the logarithmic negativity (the 
latter quantifying entanglement between the corresponding Ai and A2 modes) has 
been carried out and is summarized in Fig. 19.71 in absence of mode coupling. In 
general, the determination of the logarithmic negativity is much more sensitive to 
the errors on the diagonal 2x2 blocks a and (3 (referring to the reduced states of each 
mode) of the CM cr [see Eq. (|2.53p ] than to those on the off-diagonal ones (7, and 
its transpose 7^, whose expectations are assumed to be null). Let us remark that 
the relative stability of the logarithmic negativity with respect to the uncertainties 
on the off-diagonal block adds to the reliability of our experimental estimates of 
the entanglement. Notice also that, concerning the diagonal blocks, the errors on 
diagonal (standard form) entries turn out to affect the precision of the logarithmic 
negativity more than the errors on off-diagonal (non standard form) entries. This 
behavior is reversed in the off-diagonal block, for which errors on the off-diagonal 
(non standard form) entries affect the uncertainty on the entanglement more than 
errors on the diagonal (standard form) entries. 



a' + j' - 2d'. 
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Figure 9.7. Error SEj^/ on the logarithmic negativity between modes Ai and 
j42, as a function of the error 5(t on the entries of the diagonal (a) and off- 
diagonal (b) 2 X 2 blocks of the measured CM <t in the A± basis, given by 
Eq. 1)9. 9[l . In plot (a): the solid red curve refers to equal errors (of value Str) 
on the eight entries of the diagonal blocks (standard form entries), the dotted 
blue curve refers to equal errors on the four diagonal entries of the diagonal 
blocks, while the dashed green curve refers to equal errors on the off-diagonal 
entries of the diagonal blocks (non standard form entries). At 5cr > 0.16 some 
of the considered states get unphysical. In plot (b): the solid red curve refers 
to equal errors on the four entries of the off-diagonal block, the dotted blue 
curve refers to equal errors on the two off-diagonal entries of the off-diagonal 
block (non standard form entries), while the dashed green curve refers to equal 
errors on the diagonal entries of the off-diagonal block (standard form entries). 
At 5(7 > 0.19 some of the considered states get unphysical. 



Experimentally, we have measured the noise on the CM elements to be at best 
on the order of a few percents of the measured values for the diagonal blocks, 
corresponding to a fraction of a dB (see footnote [20] on page I144|) . This is the 
case for the diagonal blocks which are well-known since they are directly related to 
the noise measurements of A+ and A- . The situation is less favorable for the off- 
diagonal blocks: the off-diagonal elements of these blocks show a large experimental 
noise which, as shown on Fig. 19.7( b). may lead in some cases to unphysical CMs, 
yielding for instance a negative determinant and complex values for the logarithmic 
negativity. In the following, we will set these terms to zero in agreement with the 
form of the CM of Eq. ([Q]! . 

Let us first give an example of entanglement determination from measurements 
of CM elements, in the absence of mode coupling. Without the plate, the squeezing 
of the two superposition modes is expected on orthogonal quadratures: the ideal CM 
is then in the form Eq. (|9.6p with 9 = 0. Spectrum analyzer traces while scanning 
the local oscillator phase are shown in Fig. 19.81 the rotated modes are squeezed on 
orthogonal quadratures. The state is produced directly in the standard form and 
the CM in the A± basis can be extracted from this measurement: 
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Figure 9.8. Normalized noise variances at 3.5 MHz of the ±45° modes while 
scanning the local oscillator phase. The first plot corresponds to in-phase 
homodyne detections and the second one in-quadrature. Squeezing is well 
observed on orthogonal quadratures. (RBW fOO kHz, VBW f kHz) 



The resulting smallest symplectic eigenvalue is the geometric average of the two 
minimal diagonal elements, z>_ = 0.33, yielding a logarithmic negativity Ej^ = 
— log(£'-) = 1.60 between the modes Ai and A2. 

9.2.5. Experimental non standard form and optimization by linear optics 

As discussed previously, when the plate angle is increased, the state produced is 
not anymore in the standard form but rather similar to Eq. (|9.6p . Fig. 19.91 gives 
the normalized noise variances at 3.5 MHz of the rotated modes while scanning the 
local oscillator phase for an angle of the plate of 0.3°. The first plot shows that the 
squeezing is not obtained on orthogonal quadratures. The CM takes the following 
form in the 'orthogonal quadratures' Az^: 
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where a' and a" are 2x2 submatrices, which corresponds to the following symmetric 
non standard form CM on the original quadratures Ai^2 [see Eq. (|9.7p ] 
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Figure 9.9. Normalized noise variances at 3.5 MHz of the rotated modes 
while scanning the local oscillator phase for an angle of the plate of 0.3°, 
before and after the non-local operation. The homodyne detections are in- 
quadrature. After this operation, squeezing is observed on orthogonal quadra- 
tures. 



In this instance one finds for the partially transposed symplectic eigenvalue i>- ~ 
0.46 (corresponding to a logarithmic negativity between Ai and A2 much lower than 
the previous value: = 1.13), whereas the smallest eigenvalues read Ai = A2 — 
0.40. The entanglement can thus be raised via passive operations to the optimal 
value Ej\f ~ 1.32, corresponding to v- = 

The passive transformation capable of optimizing the entanglement is easily 
found, according to the theoretical analysis of Sec. 19.2.21 If O is the rotation 
diagonalizing the 2x2 symmetric matrix a" defined in Eq. (|9.10p , then the trans- 
formation K = 5T(l/2)(leO)5(l/2) turns the CM cr(p = 0.3°) into a{p = 0.3°), 
which is diagonal in the orthogonal quadratures Azp and in a symmetric standard 
form in the quadratures ^1,2- The entanglement of such a matrix is therefore op- 
timal under passive operations. The optimal symplectic operation K consists in a 
'phase-shift' of the rotated modes ^1,2- In the experimental practice, such an op- 
eration can be readily performed on co-propagating, orthogonally polarized beams 
[219j . The minimal combination of waveplates needed can be shown to consist in 
three waveplates: two A/4 waveplates denoted Q and one A/2 waveplate denoted H. 
When using any combination of these three plates, the state can be put back into 
standard form which will maximize the entanglement. Fig. l9.9l gives the normalized 
noise variances before and after this operation. In agreement with the theory, the 
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CM is changed into: 
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giving the expected optimal logarithmic negativity Ejs/ = 1.32 between Ai and A2, 
larger than the value before the operation. No more entanglement can be gener- 
ated by passive operations on this Gaussian state, which has been experimentally 
transformed into the form which achieves the maximum possible bipartite quantum 
correlations. 

Let us remark again that this transformation is non-local in the sense of the 
EPR argument [73] : it has to be performed before spatially separating the entangled 
modes for a quantum communication protocol for instance. 

9.2.6. Summary of the experiment 

We have given the flavor of the powerful tools underlying the description of CV 
systems in quantum optics. These tools allow for a nice pictorial view of two- 
mode Gaussian entangled states. Specifically, we have experimentally achieved the 
following [GA8] . 

>^ Experimental production and manipulation of two-mode entanglement. 



Continuous-variable entanglement in two-mode Gaussian states has been pro- 
duced experimentally with an original device, a type-ll optical parametric os- 
cillator containing a birefringent plate; it has been quantitatively measured 
by homodyne reconstruction of the standard form covariance matrix, and 
optimized using purely passive operations. 



We have also studied quantitatively the infiuence of the noise, affecting the 
measurement of the elements of the CM, on the entanglement, showing that the 
most significant covariances (exhibiting the highest stability against noise) for an 
accurate entanglement quantification are the diagonal terms of the diagonal single- 
mode blocks, and the off-diagonal terms of the intermodal off-diagonal block, the 
latter being the most difficult to measure with high precision. Alternative methods 
have been devised to tackle this problem [87l 1195] based on direct measurements of 
global and local invariants of the CM [GA2] . as introduced in Sec. 14.4.11 Such tech- 
niques have been implemented in the case of pulsed beams [263] but no experiment 
to date has been performed for continuous-wave beams. 



CHAPTER 10 



Tripartite and four-partite state 

engineering 

In this Chapter, based mainly on Ref. [GA16j . we provide the reader with a sys- 
tematic analysis of state engineering of the several classes of three-mode Gaussian 
states characterized by peculiar structural and/or entanglement properties, intro- 
duced in Chapter [7] (Sees. 17.31 and [7.4p . We will also briefly discuss the instance 
of those four-mode Gaussian states exhibiting unlimited promiscuous entanglement 
[GA19] . introduced in Chapter [51 For every family of Gaussian states, we will 
outline practical schemes for their production with current optical technology. 

General recipes to produce pure Gaussian states of an arbitrary number of 
modes will be presented in the next Chapter. 



10.1. Optical production of three-mode Gaussian states 

10.1.1. The "allotment" box for engineering arbitrary three-mode pure states 

The structural properties of generic pure three-mode Gaussian states, and their 
standard form under local operations, have been discussed in Sec. 17.1.21 The compu- 
tation of the tripartite entanglement, quantified by the residual Gaussian contangle 
of Eq. (|7.36p . for those states has been presented in full detail in Sec. 17.2.31 Here 
we investigate how to produce pure Gaussian states of three modes with optical 
means, allowing for any possible entanglement structure. 

A viable scheme to produce all pure three-mode Gaussian states, as inspired 
by the Euler decomposition jlO] (see also Appendix I A. ip . would combine three in- 
dependently squeezed modes (with in principle all different squeezing factors) into 
any conceivable combination of orthogonal (energy preserving) symplectic opera- 
tions (essentially, beam-splitters and phase-shifters, see Sec. 12.2.2"!) . This procedure, 
that is obviously legitimate and will surely be able to generate any pure state, is 
however not, in general, the most economical one in terms of physical resources. 
Moreover, this procedure is not particularly insightful because the degrees of bipar- 
tite and tripartite entanglement of the resulting output states are not, in general, 
easily related to the performed operations. 

Here, we want instead to give a precise recipe providing the exact operations 
to achieve an arbitrary three-mode pure Gaussian state with CM in the standard 
form of Eq. (|7.19p . Therefore, we aim at producing states with any given triple 
{ai, a2, as} of local mixednesses, and so with any desired 'physical' [i.e. constrained 
by Ineq. (|7.17p ] asymmetry among the three modes and any needed amount of tri- 
partite entanglement. Clearly, such a recipe is not unique. We provide here one 
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possible schemeI3 which may not be the cheapest one but possesses a straight- 
forward physical interpretation: the distribution, or allotment of two-mode entan- 
glement among three modes. Our scheme will be optimal in that it relies exactly 
on 3 free parameters, the same number as the degrees of freedom (the three lo- 
cal mixednesses) characterizing any pure three-mode Gaussian state up to local 
unitaries. 

ExpHcitly, one starts with modes 1 and 2 in a two-mode squeezed state, and 
mode 3 in the vacuum state. In Heisenberg picture: 

91 = 71 fi + e-'^ 92") , Pi = -L (e-'- + e'- f,) , (10.1) 

92 - ^ {e^ - e-^ qO) , p,^^ (e-'- - e'' p°) , (10.2) 

93 = 93° , P3 - , (10.3) 

where the suffix "0" refers to the vacuum. The reason why we choose to have 
from the beginning a two-mode squeezed state, and not one or more independently 
squeezed single modes, is that, as already mentioned (see also Sec. 12.2. 2p . two- 
mode squeezed states can be obtained in the lab either directly in non-degenerate 
parametric processes (as demonstrated in Sec. 19. 2p or indirectly by mixing two 
squeezed vacua at a beam-splitter (as depicted in Fig. 19. ip . Depending on the 
experimental setup, any means to encode two-mode squeezing will be therefore 
legitimate to the aim of re-allot it among three modes, as we will now show. 

The three initial modes are then sent in a sequence of three beam-splitters [see 
Eq. (|2.25p ]. which altogether realize what we call allotment operator [GA16| and 
denote by A123, see Fig. 110. l1 

^123 = i323(arccos •\/2/3) • i?i2(arccos Vt) • _Bi3 (arccos a/s) . (10-4) 

It is convenient in this instance to deal with the phase-space representations 
of the states {i.e. their CM) and of the operators {i.e. the associated symplectic 
transformations, see Sec. 12.2. 2|l . The three- mode input state is described by a CM 
crf„ of the form Eq. ([2:201) for iV = 3, with [see Eq. (|222)] 

Ti = 0-2 = m I2 , 0-3 = I2 , (10.5) 

£12 = diag {\/m^ - 1, -Vm^ - l} , £13 = £23 = , (10.6) 

and TO = cosh(2r). A beam-splitter with transmittivity r corresponds to a rotation 
of 6* = arccos\/r in phase space, see Eq. (|2.25p . In a three- mode system, the 
symplectic transformation corresponding to Bij {9) is a direct sum of the matrix 
Bij{T), Eq. (|2.26p . acting on modes i and j, and of the identity I2 acting on the 
remaining mode k. 

The output state after the allotment will be denoted by a CM cTq^j given by 

aP^t = Ai23<tLAT 3 , (10.7) 

where A123 is the phase-space representation of the allotment operator Eq. (|10.4p . 
obtained from the matrix product of the three beam-splitter transformations. The 
output state is clearly pure because the allotment is a unitary operator (symplectic 



An alternative scheme to produce pure three-mode Gaussian states is provided in 
Sec. lll.2T3l where the state engineering of generic pure Af-mode Gaussian states is discussed. 
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Figure 10.1. Scheme to produce generic pure ttiree-mode Gaussian states. A 
two-mode squeezed state and a single-mode vacuum are combined by the "al- 
lotment" operator A123, which is a sequence of three beam-splitters, Eq. I|10.4[l . 
The output yields a generic pure Gaussian state of modes 1 (•), 2 (■), and 3 
(A), whose CM depends on the initial squeezing factor m = cosh(2r) and on 
two beam-splitter transmittivities s and t. 



in phase space) . The elements of the CM cr^^j , not reported here for brevity, are 
functions of the three parameters 

me [1,00), se[o, 1], te[0, 1], (10.8) 

being respectively related to the initial squeezing in the two-mode squeezed state 
of modes 1 and 2, and two beam-splitter transmittivities (the transmittivity of 
the third beam-splitter is fixed). In fact, by letting these three parameters vary in 
their respective domain, the presented procedure allows for the creation of arbitrary 
three- mode pure Gaussian states (up to local unitaries), with any possible triple of 
local mixednesses {ai, a2, 03} ranging in the physical region defined by the triangle 
inequality (|7.17p . 

This can be shown as follows. Once identified cr^^^ with the block form of 
Eq. (|2.20p (for iV = 3), one can solve analytically the equation Detcri = to find 



m{ai,s,t)= t[ti'^-^f+^-^+V<^U^t+t-^V+Mt-i)t{2t-i)(2st^ {10.9) 
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Figure 10.2. Plot of 100 000 randomly generated pure three-mode Gaussian 
states, described by their single-mode mixednesses 02 and 03, at fixed ai = 2. 
The states are produced by simulated applications of the allotment operator 
with random beam-splitter transmittivities s and t, and span the whole phys- 
ical range of parameters allowed by Ineq. JtTzJ- A comparison of this plot 
with Fig. lT.lf b^ may be instructive. See text for further details. 



Then, substituting Eq. (|10.9p in cr^^j yields a reparametrization of the output state 
in terms of ai (which is given), s and t. Now solve (numerically) the system of 
nonlinear equations {Detcr2 = Deters = a|} in the variables s and t. Finally, 
substitute back the obtained values of the two transmittivities in Eq. (|10.9p . to 
have the desired triple {m, s, t} as functions of the local mixednesses {ai, 02, 03} 
characterizing the target state. 

We have therefore demonstrated the following [GA16] . 

>- State engineering of pure three-mode Gaussian states. An arbitrary pure 
three-mode Gaussian state, with a CM locally equivalent to the standard form 
of Eq. ()7.19p . can be produced with the current experimental technology by 
linear quantum optics, employing the allotment box — a passive redistribution 
of two-mode entanglement among three modes — with exactly tuned amounts 
of input two-mode squeezing and beam-splitter properties, without any free 
parameter left. 

A pictorial test of this procedure is shown in Fig. 110. 2^ where at a given local 
mixedness of mode 1 (oi = 2), several runs of the allotment operator have been 
simulated with randomized beam-splitter transmittivities s and t. Starting from a 
two-mode squeezed input with m given by Eq. (|10.9p . tensor a vacuum, the resulting 
output states are plotted in the space of 02 and as. By comparing Fig. 110.21 with 
Fig. 17. If b). one clearly sees that the randomly generated states distribute towards 
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Figure 10.3. Scheme to produce CV GHZ/W states, as proposed in Ref. [236] 
and implemented in Ref. [8]. Three independently squeezed beams, one in 
momentum and two in position, are combined through a double beam-splitter 
(tritter). The output yields a pure, symmetric, fully inseparable three-mode 
Gaussian state, also known as CV GHZ/W state. 



a complete fill of the physical region emerging from the triangle inequality (|7.17p . 
thus confirming the generality of our scheme. 

10.1.2. Tripartite state engineering handbook and simplified schemes 

Having a generaHzation of the "allotment" for the production of arbitrary mixed 
three-mode Gaussian states turns out to be a quite involved task. However, for 
many classes of tripartite states introduced in Chapter [7l efficient state engineering 
schemes can be devised. Also in special instances of pure states, depending in gen- 
eral on less than three parameters, cheaper recipes than the general one in terms of 
the allotment box are available. We will now complement the entanglement analysis 
of Sees. 17.3! and 17.41 with such practical proposals, as presented in Ref. [GA16] . 

10.1.2.1. CV GHZ/W states. Several schemes have been proposed to produce what 
we call finite-squeezing GHZ/VF states of continuous variables, i.e. fully symmet- 
ric pure three-mode Gaussian states with promiscuous entanglement sharing (see 
Sec. I7.3.i|) . In particular, as discussed by van Loock and Braunstein [236| . these 
states can be produced by mixing three squeezed beams through a double beam- 
splitter, or tritter [36] . One starts with mode 1 squeezed in momentum, and modes 
2 and 3 squeezed in position. In Heisenberg picture: 

92,3 - e-^^ <?o,3 , P2,3 = e"^^ p°,3 , (10.11) 
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where the sufRx "0" refers to the vacuum. Then one combines the three modes in a 

tritter 

Bi23 = B23(7r/4) • 42(arccos TTTs) , (10.12) 

where the action of an ideal (phase-free) beam-sphtter operation Bij on a pair of 
modes i and j is defined by Eq. (|2.25p . 

The output of the tritter yields a CM of the form Eq. (|2.60p with 

« = diag|i(e2-+2e-2-) , 1 (e-^''. + 26^-) | , (10.13) 

£ = diag|i(e2--e-2-) , ^ (e-^.. _ ,2..) | ^ 

This resulting pure and fully symmetric three-mode Gaussian state, obtained in 
general with differently squeezed inputs ri ^ r2, is locally equivalent to the state 
prepared with all initial squeezings equal to the average f = (ri -f- r2)/2 (this 
will be discussed in more detail in connection with teleportation experiments, see 

Seeing. 

The CM described by Eqs. (|10. 13110. 14p represents a CV GUZ/W state. It can 
be in fact transformed, by local symplectic operations, into the standard form CM 
given by Eq. (|7.39p , with 

1 



a=-v/4cosh[2(ri+r2)] + 5. (10.15) 

O 

The preparation scheme of CV GHZ/VF states is depicted in Fig. 110.31 It has been 
experimentally implemented [8] , and the fully inseparability of the produced states 
has been verified through the violation of the separability inequalities derived in 
Ref. [240] . Very recently, the production of strongly entangled GUZ/W states has 
also been demonstrated by using a novel optical parametric oscillator, based on 
concurrent x^^'' nonlinearities [34] . 

10.1.2.2. Noisy GHZ/W states. Noisy GUZ/W states, whose entanglement has been 
characterized in Sec. 17.4. 2[ can be obtained as GHZ/M^ states generated from 
(Gaussian) thermal states: one starts with three single- mode squeezed thermal 
states (with average photon number n = [n — l]/2) and combine them through 
a tritter Eq. (|10.12p . with the same procedure described in Fig. 110.31 for n = 1. 
The initial single, separable, modes are thus described by the following operators 
in Heisenberg picture, 

qi = V^e'- gO , pi = y^er'' , (10.16) 

92,3 = V^e"'' 3 , p2,3 = %Aie'' P2,3 • (10.17) 

Defining s = e"^^ , at the output of the tritter one obtains a CM of the form 
Eq. fZeOl, with 

This resulting CM is locally equivalent to the standard form of Eq. (|7.52p , with 
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Here s is the same as in Eq. (|7.53p . and was indeed defined there by inverting 
Eq. ([10:201) . 

Let us also mention again that noisy GHZ/M^ states would also result from the 
dissipative evolution of pure GHZ/IV states in proper Gaussian noisy channels (see 
Sec. OH- 
IO. 1.2. 3. T states. The T states have been introduced in Sec. l7.3.2l to show that in 
symmetric three-mode Gaussian states, imposing the absence of reduced bipartite 
entanglement between any two modes results in a frustration of the genuine tri- 
partite entanglement. It may be useful to know how to produce this novel class of 
mixed Gaussian states in the lab. 

The simplest way to engineer T states is to reutilize the scheme of Fig. 110. 3| 
i.e. basically the tritter, but with different inputs. Namely, one has mode 1 squeezed 
again in momentum (with squeezing parameter r) , but this time modes 2 and 3 are 
in a thermal state (with average photon number n = [n{r) — l]/2, depending on r). 
In Heisenberg picture: 

qi = e-f,, p^ = e~^pl, (10.21) 

92,3 = 92,3 : P2,3 = ?5^,3 , (10-22) 



with n{r) = \/3 + e"*'' - 



-2r 



Sending these three modes in a tritter Eq. (|10.12p one recovers, at the output, a T 
state whose CM is locally equivalent to the standard form of Eq. (|7.4ip . with 



a = iy^2e-2'- + e-4r (_3 + g^'') + Qe-'^^ + 11 . (10.23) 

10.1.2.4. Basset hound states. A scheme for producing the basset hound states of 
Sec. I7.4.3[ and in general the whole family of pure bisymmetric Gaussian states 
known as "multiuser quantum channels" (due to their usefulness for telecloning, as 
we will show in Sec. 112. 3p . is provided in Ref. [238] . In the case of three- mode 
basset hound states of the form given by Eqs. (|7.60l7.6ip . one can use a simplified 
version of the allotment introduced in Sec. 110. 1.11 for arbitrary pure states. One 
starts with a two-mode squeezed state (with squeezing parameter r) of modes 1 
and 2, and mode 3 in the single-mode vacuum, like in Eqs. (jlO.H - HOTSll . 

Then, one combines one half (mode 2) of the two-mode squeezed state with the 
vacuum mode 3 via a 50:50 beam-splitter, described in phase space by 523(1/2), 
Eq. (|2.26p . The resulting three- mode state is exactly a basset hound state described 
by Eqs. (|7.60l7.6ip . once one identifies a = cosh(2r). In a reaHstic setting, deahng 
with noisy input modes, mixed bisymmetric states can be obtained as well by the 
same procedure. 



10.2. How to produce and exploit unlimited promiscuous entanglement? 

In Chapter [HI four-mode Gaussian states with an unHmited promiscuous entan- 
glement sharing have been introduced. Their definition, Eq. (|8.ip . involves three 
instances of a two- mode squeezing transformation of the form Eq. (|2.24p . From a 
practical point of view, two-mode squeezing transformations are basic tools in the 
domain of quantum optics [16| . occurring e.g. in parametric down-conversions (see 
Sec. l9.2l for more technical details). Therefore, we can readily provide an all-optical 
preparation scheme for our promiscuous states [GA19j . as shown in Fig. 110.41 
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Figure 10.4. Preparation of ttie four-mode Gaussian states <t of Eq. I|8.1|l . 

Starting with four initially uncorrelated modes of light, all residing in the re- 
spective vacuum states (yellow beams), one first applies a two-mode squeezing 
transformation (light blue box), with squeezing s, between the central modes 
2 and 3, and then two additional two-mode squeezing transformations (light 
pink boxes), each one with equal squeezing a, acting on the pair of modes 
1,2 and 3,4 respectively. The resulting state is endowed with a peculiar, yet 
insightful bipartite entanglement structure, pictorially depicted in Fig. 18.11 



It is interesting to observe that the amount of producible squeezing in op- 
tical experiments is constantly improving [224] . Only technological, no a priori 
limitations need to be overcome to increase a and/or s to the point of engineering 
excellent approximations to the demonstrated promiscuous entanglement structure, 
elucidated in Chapter [8l in multimode states of light and atoms (see also [222j ). 

To make an explicit example, already with realistic squeezing degrees like 
s ~ 1 and a = 1.5 (corresponding to ~ 3 dB and 10 dB, respectively, where 
decibels are defined in footnote [20] on page I144P , one has a bipartite entanglement 
of Gr{cri\2) — Gr{crz\i) ~ 9 ebits (corresponding to a Gaussian entanglement of 
formation [270j . see Sec. 13.2.2} of ^ 3.3 ebits), coexisting with a residual multipar- 
tite entanglement of Gt-'^^*(<t) ~ 5.5 ebits, of which the tripartite portion is at most 
G/°""''(cri|2|3) ^ 0.45 ebits. This means that one can simultaneously extract at 
least 3 qubit singlets from each pair of modes {1,2} and {3, 4}, and more than a sin- 
gle copy of genuinely four-qubit entangled states (like cluster states [192| ). Albeit 
with imperfect efficiency, this entanglement transfer can be reaHzed by means of 
Jaynes-Cummings interactions [176] . representing a key step for a reliable physical 
interface between fields and qubits in a distributed quantum information processing 
network (see also Refs. [130, 216]). 



CHAPTER 11 



Efficient production of pure A/-mode 

Gaussian states 

Recently, a great insight into the role of entanglement in the description of quan- 
tum systems has been gained through the quantum information perspective, mostly 
focusing on the usefulness of entanglement, rather than on its meaning. In these 
years, quantum entanglement has turned from a paradoxical concept into a physi- 
cal resource allowing for the encoding, manipulation, processing and distribution of 
information in ways forbidden by the laws of classical physics. In this respect, we 
have evidenced how CV entanglement between canonically conjugate observables 
of infinite-dimensional systems, like harmonic oscillators, light modes and atomic 
ensembles, has emerged as a versatile and powerful resource. In particular, multi- 
mode Gaussian states have been proven useful for a wide range of implementations 
in CV quantum information processing [40], and advances in the characterization 
of their bipartite and multipartite entanglement have been recently recorded (see 
the previous Parts of this Dissertation). 

In experiments, one typically aims at preparing pure states, with the highest 
possible entanglement, even though unavoidable losses and thermal noises will affect 
the purity of the engineered resources, and hence the efficiency of the reafized 
protocols (a direct evidence is reported in Sec. 19. 2p . It is therefore important to 
understand the structure of correlations in pure Gaussian states of an arbitrary 
number of modes, and to provide economical schemes to produce such states in the 
lab with minimal elements, thus reducing the possibility of accumulating errors and 
unwanted noise. 

11.1. Degrees of freedom of pure Gaussian states: practical perspectives 

In the instance of two- and three-mode Gaussian states, efficient schemes for their 
optical production with minimal resources have been presented, respectively, in 
Chapters[9]and[T0l In the general case of pure iV-mode Gaussian states with TV > 3, 
we know from Eq. (|2.56p that the minimal number of degrees of freedom charac- 
terizing all their structural and informational properties (up to local unitaries) is 
(iV2 _ 2N) (see also Sec. and Appendix Ei- 

It would be desirable to associate the mathematically clear number (7V^ — 
2N) with an operational, physical insight. In other words, it would be useful for 
experimentalists (working, for instance, in quantum optics) to be provided with a 
recipe to create pure TV-mode Gaussian states with completely general entanglement 
properties in an economical way, using exactly {N'^ — 2N) optical elements, such 
as squeezers, beam-splitters and phase shifters. A transparent approach to develop 
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such a procedure consists in considering the reverse of the phase space 1 x (A^ — 1) 
Schmidt decomposition, as introduced in Sec. l2.4.2Tn Namely, a completely general 
(not accounting for the local invariances) state engineering prescription for pure 
Gaussian states can be cast in two main steps: (i) create a two-mode squeezed 
state of modes 1 and 2, which corresponds to the multimode state in its Schmidt 
form; (ii) operate with the most general {N — l)-mode symplectic transformation 

on the block of modes {2,3,...,iV} (with modes i = 3,...,N initially in 
the vacuum state) to redistribute entanglement among all modes. The operation 

is the inverse of the transformation S which brings the reduced CM of modes 
{2,3,..., N} in its Williamson diagonal form, see Sec. 12.2.2.11 It is also known 
that any such symplectic transformation (unitary on the Hilbert space) can 
be decomposed in a network of optical elements [193] . The number of elements 
required to accomplish this network, however, will in general greatly exceed the 
minimal number of parameters on which the entanglement between any two sub- 
systems depends. Shifting the local-unitary optimization from the final CM, back 
to the engineering symplectic network, is in principle an extremely involved and 
nontrivial task. 

This problem has been solved in Ref. [GA14| for a special subclass of Gaussian 
states, which is of null measure but still of central importance for practical imple- 
mentations. It is constituted by those pure A^-mode Gaussian states which can be 
locally put in a standard form with all diagonal 2x2 submatrices in Eq. (|2.20p 
{i.e. with null cTqp in the notation of AppendixEJ. This class encompasses general- 
ized GHZ-type Gaussian states, useful for CV quantum teleportation networks [236| 
(see Sec. 112. 2( ). Gaussian cluster states [28011242] employed in CV implementations 
of one-way quantum computation [155] , and states of four or more modes with an 
unlimited promiscuous entanglement sharing (see Chapter [8]). It also comprises (as 
proven in Sec. I7.1.2P all three-mode pure Gaussian states, whose usefulness for CV 
quantum communication purposes has been thoroughly investigated in this Disser- 
tation (see Chapter III Chapter [TOl and Sec. 112. 3|) . In the physics of many-body 
systems, those states are quite ubiquitous as they are ground states of harmonic 
Hamiltonians with spring-like interactions [11] . As such, they admit an efficient 
"valence bond" description, as discussed in Chapter fT3l 

For these Gaussian states, which we will call here block-diagonal — with re- 
spect to the canonical operators reordered as {qi, (j2, • ■ • , Qn, Pii ^2, ■ ■ ■ , Pn) — 
the minimal number of local-unitarily-invariant parameters reduces to N{N — l)/2 
for any A^l^ Accordingly, one can show that an efficient scheme can be devised to 
produce block-diagonal pure Gaussian states, involving exactly N{N — l)/2 opti- 
cal elements which in this case are only constituted by single-mode squeezers and 
beam-splitters, in a given sequence [GA14] . 

We will now detail the derivation of these results explicitly, as it will lead 
to an important physical insight into the entanglement structure (which we define 
"generic") of such block-diagonal Gaussian states. The latter, we recall, are basically 
all the resources currently produced and employed in optical realizations of CV 
quantum information and communication processing. 



^^This number is easily derived from the general framework developed in Appendix lA. 21 for 
Cqp = 0, Eqs. ||A.5[I and ||A.6|I reduce to a-q = (Tp^ . The only further condition to impose after 
the local reduction is then diag((Tq) = diag{<T^^), which brings the number of free parameters of 
the symmetric (T, from (N + l)N/2 down to N{N - l)/2. 
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11.2. Generic entanglement, standard form and state engineering of 
block-diagonal pure Gaussian states 

11.2.1. Generic entanglement of Gaussian states 

In this Section, based on Ref. [GA14] we address the question of how many phys- 
ical resources are really needed to engineer and characterize entanglement in pure 
Gaussian states of an arbitrary number of modes, up to local unitary operations. 
Let us recall again (see Sec. 12.4. 2"!) that for states of iV < 3 modes, it has been shown 
that such a number of minimal degrees of freedom scales as N(N — l)/2 . For a 
higher number of modes, however, a richer structure is achievable by pure Gaussian 
states, as from symplectic arguments like those of Appendix IA.2. II a minimal num- 
ber of parameters given by N{N — 2) can be inferred. A random state of > 4 
modes, selected according to the uniform distribution over pure Gaussian states, 
will be thus reducible to a form characterized by such a number of independent 
quantities. 

However, in practical realizations of CV quantum information one is interested 
in states which, once prepared with efficient resources, still achieve an almost com- 
plete structural variety in their multipartite entanglement properties. Such states 
will be said to possess generic entanglement [166| . where generic means practi- 
cally equivalent to that of random states, but engineered (and described) with a 
considerably smaller number of degrees of freedom. 

Precisely, we define as "generic-entangled" those Gaussian states whose local 
entropies of entanglement in any single mode are independent, and bipartite entan- 
glements between any pair of modes are unconstrained. Having a standard form for 
such A^-mode Gaussian states, may be in fact extremely helpful in understanding 
and quantifying multipartite CV entanglement, in particular from the theoretical 
point of view of entanglement sharing and monogamy constraints (see Chapter 
[6l), and from a more pragmatical approach centered on using entanglement as a 
resource. 

We show that, to achieve generic entanglement, for the global pure A^-mode 
Gaussian state it is enough to be described by a minimal number of parameters 
(corresponding to the local-unitarily invariant degrees of freedom) equal to A^ (A^ — 
l)/2 for any A^, and thus much smaller than the 2N{2N -\- l)/2 of a completely 
general CM. Therefore, generic entanglement appears in states which are highly not 
'generic' in the sense usually attributed to the term, i.e. randomly picked. Crucially, 
we demonstrate that "generic-entangled" Gaussian states coincide with the above 
defined "block-diagonal" Gaussian states, i.e. with the resources typically employed 
in experimental realizations of CV quantum information [40] . Accordingly, we 
provide an optimal and practical scheme for their state engineering. 

11.2.2. Minimal number of parameters 

Adopting the above definition of generic entanglement, we prove now the main 

Proposition 1. A generic-entangled N-mode pure Gaussian state is described, up to 
local symplectic (unitary) operations, by N{N — l)/2 independent parameters. 

Proof. Let us start with a A^-mode pure state, described by a CM cr^ = cr as 
in Eq. (|2.20p . with all single- mode blocks (Ti {i = 1 ... N) in diagonal form: we 
can always achieve this by local single-mode Williamson diagonalizations in each 
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of the N modes. Let <t\^ = (T2,-. ,n be the reduced CM of modes (2,...,iV). 
It can be diagonahzed by means of a symplectic S2,---,n, and brought thus to 
its Williamson normal form, characterized by a symplectic spectrum {a, 1, • • • , 1}, 
where a — -y/Deto^. Transforming cr by S" = li © 52,... ,Ar, brings the CM into its 
Schmidt form, constituted by a two-mode squeezed state between modes 1 and 2 
(with squeezing a), plus iV - 2 vacua [llSl [221 [92] (see Sec. I2.4.2.ip . 

All TV-mode pure Gaussian states are thus completely specified by the sym- 
plectic S2,---,N, plus the parameter a. Alternatively, the number of parameters of 
(T is also equal to that characterizing an arbitrary mixed (N — l)-mode Gaussian 
CM, with symplectic rank H = 1 {i.e. with N — 2 symplectic eigenvalues equal to 
1, see Sec. 12.2. 2.2p . This means that, assigning the reduced state cr2, .. ,n, we have 
provided a complete description of cr. In fact, the parameter a is determined as the 
square root of the determinant of the CM (T2,... _jv. 

We are now left to compute the minimal set of parameters of an arbitrary 
mixed state of TV — 1 modes, with symplectic rank H = 1. While we know that 
for iV > 4 this number is equal to N{N — 2) in general, we want to prove that for 
generic-entangled Gaussian resource states this number reduces to 

En = N{N -l)/2. (11.1) 

We prove it by induction. For a pure state of one mode only, there are no reduced 
"zero-mode" states, so the number is zero. For a pure state of two modes, an 
arbitrary one-mode mixed CM with H = 1 is completely determined by its own 
determinant, so the number is one. This shows that our law for Sjv holds true for 
TV = 1 and iV = 2. 

Let us now suppose that it holds for a generic iV, i.e. we have that a mixed 
(A^— l)-mode CM with H = 1 can be put in a standard form specified by N{N—l)/2 
parameters. Now let us check what happens for a (A^-|- l)-mode pure state, i.e. for 
the reduced A^-mode mixed state with symplectic rank equal to 1. A general way (up 
to LUs) of constructing a A^-mode CM with H = 1 yielding generic entanglement 
is the following: (a) take a generic-entangled (A^ — l)-mode CM with H = 1 in 
standard form; (b) append an ancillary mode {(Tn) initially in the vacuum state 
(the mode cannot be thermal as H must be preserved); (c) squeeze mode A^ with an 
arbitrary s (one has this freedom because it is a local symplectic operation); (d) let 
mode A^ interact couplewise with all the other modes, via a chain of beam-splitters, 
Eq. (|2.26p . with arbitrary transmittivities h^N, with i ~ I,-- - ,A^ — 1^3 (e) if 
desired, terminate with A^ suitable single-mode squeezing operations (but with all 
squeezings now fixed by the respective reduced CM's elements) to symplectically 
diagonalize each single-mode CM. 

With these steps one is able to construct a mixed state of A^ modes, with the 
desired rank, and with generic (local-unitarily-invariant) properties for each single- 
mode individual CM. We will show in the following that in the considered states 
the pairwise quantum correlations between any two modes are unconstrained. To 
conclude, let us observe that the constructed generic-entangled state is specified 
by a number of parameters equal to: A^(A^ — l)/2 (the parameters of the starting 
{N — l)-mode mixed state of the same form) plus 1 (the initial squeezing of mode 



^^Squeezings and beam-splitters are basic entangling tools in CV systems, see Sec. 12.2.21 
For A'' > 4, steps (c) and (d) should be generalized to arbitrary one- and two-mode symplectic 
transformations to achieve all possible Gaussian states, as discussed in Sec. 111. ll 
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A^) plus — 1 (the two-mode beam-splitter interactions between mode N and each 
of the others). Total: (N + l)N/2 ^ En+l ■ 

11.2.3. Quantum state engineering 

Following the ideas of the above proof, a physically insightful scheme to pro- 
duce generic-entangled iV-mode pure Gaussian states can be readily presented (see 
Fig. It consists of basically two main steps: (1) creation of the state in the 

1 X {N— 1) Schmidt decomposition; (2) addition of modes and entangling operations 
between them. One starts with a chain of N vacua. 

First of all (step 1), the recipe is to squeeze mode 1 of an amount s, and mode 
2 of an amount 1/s {i.e. one squeezes the first mode in one quadrature and the 
second, of the same amount, in the orthogonal quadrature); then one lets the two 
modes interfere at a 50 : 50 beam-splitter. One has so created a two-mode squeezed 
state between modes 1 and 2 (as in Fig. 19. ip , which corresponds to the Schmidt 
form of cr with respect to the 1 x {N — 1) bipartition. The second step basically 
corresponds to create the most general mixed state with H = 1, of modes 2, • • • , N, 
out of its Williamson diagonal form. This task can be obtained, as already sketched 
in the above proof, by letting each additional mode interact step-by-step with all 
the previous ones. Starting with mode 3 (which was in the vacuum Hke all the 
subsequent ones), one thus squeezes it (of an amount ^3) and combines it with mode 
2 via a beam-splitter -82,3(^2,3), Eq. (|2.26p (characterized by a transmittivity 62,3). 
Then one squeezes mode 4 by and lets it interfere sequentially, via beam-splitters, 
both with mode 2 (with transmittivity 62,4) and with mode 3 (with transmittivity 
63,4). This process can be iterated for each other mode, as shown in Fig. 111. until 
the last mode N is squeezed (r^r) and entangled with the previous ones via beam- 
splitters with respective transmittivities 6i,7v, ? = 2, • • • , TV— 1. Step 2 describes the 
redistribution of the two-mode entanglement created in step 1, among all modes. 
We remark that mode 1 becomes entangled with all the other modes as well, even 
if it never comes to a direct interaction with each of modes 3, • • • , TV. 

The presented prescription enables to create a generic form (up to local uni- 
taries) of multipartite entanglement among N modes in a pure Gaussian state, by 
means of active (squeezers) and passive (beam-splitters) linear optical elements. 
What is relevant for practical appHcations, is that the state engineering is im- 
plemented with minimal resources. Namely, the process is characterized by one 
squeezing degree (step 1), plus N ~ 2 individual squeezings for step 2, together 
with i = {N — 1){N — 2)/2 beam-splitter transmittivities, which amount to 

a total of N{N — l)/2 = En quantities. The optimally produced Gaussian states 
can be readily implemented for TV-party CV communication networks (see Chapter 

[HI). 

A remark is in order. From Eq. (|2.56p . it follows that the scheme of Fig. 111.1] 
in the special case iV = 3, allows for the creation of all pure three- mode Gaussian 
states with CM in standard form, Eq. (|7.19p . In other words, up to local unitaries, 
all pure three-mode Gaussian states exhibit generic entanglement as defined above. 
Therefore, the state engineering recipe presented here represents an alternative to 
the allotment box of Fig. fToTH introduced in Sec. llO.lTTl In both schemes, the input 
is a two-mode squeezed state of modes 1 and 2 (whose squeezing degree accounts 
for one of the three degrees of freedom of pure three-mode Gaussian states, see 
Sec. I7.1.2P and mode 3 in the vacuum state. The main difference is that in the 
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Figure 11.1. How to create a generic-entangled Af-mode pure Gaussian state. 
Wtiite balls are vacua, while each color depicts a different single-mode de- 
terminant {i.e. different degrees of local mixedness). Vertical arrows denote 
single-mode squeezing operations with squeezing parameters rj, while hori- 
zontal circle-ended lines denote beam-splitting operations, Eq. I)2.26|l . with 
transmittivities bij, acting on modes i and j. See text for details. 



present scheme (Fig. Ill.l]) . an additional active operation is implemented, as the 
third mode is squeezed in the first place; a single beam-splitter (between modes 2 
and 3) is then enough to achieve a completely general entanglement structure in the 
three modes, up to local unitaries. On the other hand, the allotment of Fig. llO.lt as 
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the name itself suggests, is realized by a passive redistribution of entanglement only, 
as the third mode is not squeezed but the three modes interfere with each other via 
three beam-splitters (one of which has fixed transmittivity) and this again yields a 
completely general entanglement freedom, up to local unitaries. Depending on the 
experimental facilities, one can thus choose either scheme when aiming to produce 
pure three-mode Gaussian states. 

11.2.4. Standard forms: generic-entangled block-diagonal 

The special subset of pure TV-mode Gaussian states emerging from our construc- 
tive proof exhibits a distinct property: all correlations between "position" qi and 
"momentum" pj operators are vanishing. Looking at Eq. (|2.20p . this means that 
any such generic-entangled pure Gaussian state can be put in a standard form 
where all the 2x2 submatrices of its CM are diagonal. The class of pure Gauss- 
ian states exhibiting generic entanglement coincides thus with that formed by the 
"block-diagonal" states discussed in Sees. 12. 4.21 and fTTTl 

The diagonal subblocks cr^ can be additionally made proportional to the iden- 
tity by local Williamson diagonalizations in the individual modes. This standard 
form for generic-entangled TV-mode Gaussian states, as already mentioned, can 
be achieved by all pure Gaussian states for TV = 2 [70] and TV = 3 [GA11| (see 
Sec. I7.1.2|) : for TV > 4, pure Gaussian states can exist whose number of indepen- 
dent parameters scales as TV(TV — 2) and which cannot thus be brought in the 
q-p block-diagonal form. Interestingly, all pure Gaussian states in our considered 
block-diagonal standard form, are ground states of quadratic Hamiltonians with 
spring-Hke interactions [TTj. Let us now investigate the physical meaning of the 
standard form. 

Vanishing q-p covariances imply that the TV-mode CM can be written as a 
direct sum (see also Appendix [A| cr ~ a-q (B ap, when the canonical operators 
are arranged as (gi, . . . , q^, Pi, • . . ,Pn)- Moreover, the global purity of cr imposes 
(Tp = <T~^. Named {(Tq)ij — Vq^- and {crp)hk = Vp^k^ this means that each Vp^^ is 
a function of the {vq^-}'s. The additional TV Williamson conditions Wp.^ = Wg.^ fix 
the diagonal elements of a-g. The standard form is thus completely specified by the 
off-diagonal elements of the symmetric TV x TV matrix a-q, which are, as expected, 
TV(TV - l)/2 = En from Eq. (jlTl) . 

Proposition [l] of Sec. 111.2.21 acquires now the following remarkable physical 
insight |GA14] . 

>- Generic entanglement of pure Gaussian states. The structural proper- 
ties of pure block-diagonal N-mode Gaussian states, and in particular their 
bipartite and multipartite entanglement, are completely specified (up to local 
unitaries) by the 'two-point correlations' Vq.. = {qiqj) between any pair of 
modes, which amount to TV(TV — l)/2 locally invariant degrees of freedom. 

For instance, the entropy of entanglement between one mode (say i) and the 
remaining TV — 1 modes, which is monotonic in DetcTi (see Sec. 12. 3p . is completely 
specified by assigning all the pairwise correlations between mode i and any other 
mode j 7^ i, as Det 0-^ = 1 — Det Sjj from Eq. (|2.55p . The rationale is that en- 
tanglement in such states is basically reducible to a mode-to-mode one. This state- 
ment, strictly speaking true only for the pure Gaussian states for which Proposition 
[T] holds, acquires a general vaHdity in the context of the modewise decomposition of 
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arbitrary pure Gaussian states [1161 [29l [92] . as detailed in Sec. 12.4.211 We remark 
that such an insightful correlation picture breaks down for mixed Gaussian states, 
where also classical, statistical-like correlations arise. 



11.3. Economical state engineering of arbitrary pure Gaussian states? 

Borrowing the ideas leading to the state engineering of block-diagonal pure Gauss- 
ian states [GA14] . see Fig. mm we propose here a scheme [GA18] . involving [N"^ — 
2N) independent optical elements, to produce more general A^-mode pure Gauss- 
ian states, encoding correlations between positions and momentum operators as 
well. To this aim, we introduce 'counter-beam-splitter' transformations, named 
seraphiqued\ which, recovering the phase space ordering of Sec. 12.11 act on two 
modes j and k as 



/ ^/^^ \ 

V7 -^/T^ 

x/T^ 

V -vr^ ^ J 



(11.2) 



where the amplitude t is related to an angle 6 in phase space by r = cos^ 9. 
Such operations can be obtained from usual beam-splitters Bj^r), Eq. (|2.26p . by 
applying a 7r/2 phase shifter Pk on only one of the two considered modes. Pk 
is a local rotation mapping, in Heisenberg picture, qk ^ —pk and pk '-^ Qk- In 
phase space, one has Cj.kir) = P^ Bj^k{T)Pk- Notice that, even though Cj.kir) is 
equal to the product of single-mode operations and beam-splitters, this does not 
mean that such a transformation is "equivalent" to a beam-splitter in terms of state 
generation. In fact, the local operations do not commute with the beam-splitters, 
so that a product of the kind Bj,k{T')Cj,k{T") cannot be written as Bj^k{T)Si for 
some local operation Si and r. 

The state engineering scheme runs along exactly the same lines as the one for 
the block-diagonal states. Sec. 111.2.3^ the only modification being that for each 
pair of modes except the last one (TV — l,N), a beam-splitter transformation is 
followed by a seraphique. In more detail (see Fig. I11.2| ): first of all (step 1), one 
squeezes mode 1 of an amount s, and mode 2 of an amount 1/s {i.e. one squeezes 
the first mode in one quadrature and the second, of the same amount, in the 
orthogonal quadrature); then one lets the two modes interfere at a 50 : 50 beam- 
splitter. One has so created a two-mode squeezed state between modes 1 and 2, 
which corresponds to the Schmidt form of the pure Gaussian state with respect 
to the 1 X (iV — 1) bipartition. The second step basically corresponds to a re- 
distribution of the initial two-mode entanglement among all modes; this task can 
be obtained by letting each additional k mode {k = 3 . . . N) interact step-by-step 
with all the previous I ones (/ = 2.. .k — 1), via beam-splitters and seraphiques 
(which are in turn combinations of beam-splitters and phase shifters). It is easy 
to see that this scheme is implemented with minimal resources. Namely, the state 
engineering process is characterized by one squeezing degree (step 1), plus TV — 2 
individual squeezings, together with X^ilii^ * = (A^ — 1)(-^ ~ 2)/2 beam-splitter 
transmittivities, and ^ 1 = N{N — 3)/2 seraphique amplitudes, which 

amount to a total of {N^ — 2N) quantities, exactly the ones parametrizing a generic 
pure Gaussian state of TV > 3 modes up to local symplectic operations, Eq. (|2.56p . 
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Figure 11.2. Possible scheme to create a general A^-mode pure Gaussian 
state. White balls are vacua, while each color depicts a different single-mode 
determinant {i.e. different degrees of local mixedness). Vertical arrows denote 



circle-ended lines denote beam-splitting operations, Eq. I|2.26|l . with transmit- 
tivity bij between modes i and j, and horizontal diamond-ended lines denote 
two-mode seraphiques, Eq. 1)11. 2(1 . with amplitudes Cij. See text for details. 



While this scheme (Fig. I11.2P is surely more general than the one for block- 
diagonal states (Fig. Ill.ip . as it enables to efficiently create a broader class of 
pure Gaussian states for > 3, we will leave it as an open question to check 
if it is general enough to produce all pure TV-mode Gaussian states up to local 
unitaries. Verifying this analytically leads to pretty intractable expressions already 
for A'^ = 4. Instead, it would be very interesting to investigate if the average 
entanglement of the output Gaussian states numerically obtained by a statistically 
significant sample of applications of our scheme with random parameters, matches 
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the typical entanglement of pure Gaussian states under "thermodynamical" state- 
space measures as computable along the lines of Ref. [209] . This would prove the 
optimality and generality of our scheme in an operational way, which is indeed more 
useful for practical applications. 

11.4. Generic versus typical entanglement: are off-block-diagonal corre- 
lations relevant? 

The structural properties of pure iV-mode Gaussian states under local operations 
have been addressed in Sec. 12.4.21 and completely characterized in Appendix [Al 
[GA18] . Here [GA14j . block-diagonal states {i.e. with no correlations between posi- 
tion and momentum operators) have been in particular proven to possess generic 
entanglement in the sense of Sec. 111.2.11 and their standard form covariances (de- 
termining any form of entanglement in such states) have been physically under- 
stood in terms of two-body correlations. It is thus quite natural to question if 
the N{N — 3)/2 additional parameters encoded in q-p correlations for non-block- 
diagonal pure states, have a definite impact or not on the bipartite and multipartite 
entanglement. 

At present, usual CV protocols are devised, even in multimode settings (see 
Chapter [12]) , to make use of states without any q-p correlations. In such cases, the 
economical (relying on N{N — l)/2 parameters) "block-diagonal state engineering" 
scheme detailed in Fig. lll.ll is clearly the optimal general strategy for the production 
of entangled resources. However, theoretical considerations strongly suggest that 
states with a-qp ^ [adopting the notation of Eq. (|A.4p ] might have remarkable 
potential for improved quantum- informational applications. In fact, considering as 
just mentioned the thermodynamical entanglement framework of Gaussian states 
[209| . one can define natural averages either on the whole set of pure Gaussian 
states, or restricting to states with a-qp ~ 0. Well, numerics unambiguously show 
[GA18] that the (thermodynamically-averaged) "generic" entanglement (under any 
bipartition) of Gaussian states without q-p correlations (Hke the ones considered in 
Sec. I11.2.ip is systematically lower than the "typical" entanglement of completely 
general pure Gaussian states, with this behavior getting more and more manifest 
as the total number of modes increases (clearly, according to Sec. 12. 4. 2^ this 
discrepancy only arises for A^ > 3). In a way, the full entanglement potential of 
Gaussian states is diminished by the restriction to block-diagonal states. 

On the other hand, the comparison between the average entanglement gener- 
ated in randomizing processes based on the engineering scheme of Fig. I11.2[ and 
the block-diagonal one of Fig. Ill.H is under current investigation as well. If the 
general scheme of Fig. 111.21 based on beam-splitters and seraphiques, turned out 
to be out-performing the simpler ones (Hke the one of Fig. 111.11 based on beam- 
splitters only) in terms of entanglement generation — as expected in view of the 
argument above — this would provide us with a formidable motivation to explore 
novel CV protocols capable of adequately exploiting q-p correlated resources. 
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CHAPTER 12 



Multiparty quantum communication with 

Gaussian resources 

The field of quantum information with continuous variables is fiourishing with the- 
oretical and experimental successes. It can be considered mature for what concerns 
two-party information and communication processing, exploiting in particular bi- 
partite entangled resources such as two-mode Gaussian states. We have ourselves 
contributed some experimental results on the production and manipulation of two- 
mode entanglement in Gaussian optical beams (see Sec. l9.2p . An in-depth excursus 
in this multifaceted physical sector is beyond the scope of the present Dissertation, 
and the interested reader may surely find a comprehensive and quite up-to-date 
review on the subject in Ref. [40] . 

In this Part, having laid the foundations for a proper quantification of multi- 
partite entanglement in CV system in Part IIIIl and having dealt with the issue of 
efficiently producing multipartite entangled resources in practical optical settings in 
Part llVj we judge a wise choice to collect our results concerning the usefulness and 
optimal exploitation of Gaussian entanglement for processes involving more than 
two parties. We will also include in this Part applications of our machinery to study 
the structure and distribution of correlations in harmonic lattices with an under- 
lying valence bond structure (Chapter [T3|). as well as to investigate entanglement 
sharing between non-inertial observers in a relativistic setting (Chapter [T4|) . 

We begin in this Chapter by epitomizing the capability of Gaussian states for 
quantum communication and by providing their theoretical entanglement charac- 
terization with a significant operative background. To this aim we will focus on the 
transmission of quantum states by means of classical communication and entangled 
Gaussian resources shared by N parties: specifically, CV teleportation networks 
and telecloning. 

12.1. Quantum teleportation with continuous variables 

For two parties, the process of quantum teleportation using entanglement and with 
the aid of classical communication was originally proposed for qubit systems [22] . 
and experimentally implemented with polarization-entangled photons [STl [27] . 

The CV counterpart of discrete-variable teleportation, using quadrature en- 
tanglement, is in principle imperfect due to the impossibility of achieving infinite 
squeezing. Nevertheless, by considering the finite EPR correlations between the 
quadratures of a two- mode squeezed Gaussian state, Eq. (|2.22p . a realistic scheme 
for CV teleportation was proposed [2341 [39] and experimentally implemented to 
teleport coherent states with a measured fidelity up to T = 0.70±0.02 [Ml [33l [226] . 
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Without using entanglement, by purely classical communication, an average fidelity 
of 

^oi ^ \ (12.1) 

is the best that can be achieved if the alphabet of input states includes all coherent 
states with even weight [381 1107j . Let us recall that the fidelity T , which is the 
figure of merit quantifying the success of a teleportation experiment, is defined with 
respect to a pure state as 

. (12.2) 

Here "in" and "out" denote the input and the output states (the latter being gen- 
erally mixed) of a teleportation process, respectively. T reaches unity only for a 
perfect state transfer, = |'(/;™)(?/'™|. To accomplish teleportation with high 
fidelity, the sender (Alice) and the receiver (Bob) must share an entangled state 
(resource). The sufficient fidelity criterion [38] states that, if teleportation is per- 
formed with T > Tci, then the two parties exploited an entangled state. The 
converse is generally false, that is, quite surprisingly, some entangled resources may 
in principle yield lower-than-classical fidelities. This point will be discussed thor- 
oughly in the following and the solution to such a puzzling issue, obtained in [GA9] . 
will be explained. 

Let us briefly mention how to compute Eq. (|12.2p . in terms of CMs. Setting, as 
usual, all flrst moments to zero, the fldelity of two-user teleportation of arbitrary 
single-mode Gaussian states exploiting two-mode Gaussian resources can be com- 
puted directly from the respective second moments [206| . Being (Tin the CM of the 
unknown input state, and 

the CM of the shared two-mode resource, and deflning the matrix ^ = diag{ — 1 , 1}, 
the fidelity reads [206] 

2 -r 
^ = — , S = 2 <T„, + i(Ta£, +(Tb+ ieab + S^bC • (12.4) 

vDct 2j 

We will exploit this formula in the following. 

To generaHze the process of CV teleportation from two to three and more 
users, one can consider two basic possible scenarios. On the one hand, a network 
can be created where each user is able to teleport states with better-than-classical 
efficiency (being the same for all sender / receiver pairs) to any chosen receiver with 
the assistance of the other parties. On the other hand, one of the parties acts as the 
fixed sender, and distributes many approximate copies (with in principle different 
cloning fidelities) to all the others acting as remote receivers. These two protocols, 
respectively referred to as "teleportation network" [236] and "telecloning" [238] . 
will be described in the two following sections, and the connections between their 
successful implementation with multimode Gaussian resources and the amounts of 
shared bipartite and multipartite entanglement, as obtained in Refs. [GA91 [GA16] . 
will be elucidated. We just mention that several interesting variants to these basic 
schemes do exist, (see e.g., in a tripartite setting, the 'cooperative telecloning' of 
Ref. [181] . where two receivers, instead of two senders, are cooperating). 
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12.2. Equivalence between entanglement in symmetric Gaussian resource 
states and optimal nonclassical teleportation fidelity 

The original CV teleportation protocol [39j has been generalized to a multi-user 
teleportation network requiring multiparty entangled Gaussian states in Ref. [236] . 
The tripartite instance of such a network has been recently experimentally demon- 
strated by exploiting three- mode squeezed states, yielding a maximal fidelity of 
J" = 0.64 ±0.02 [272]. 

Here, based on Ref. [GA9] . we investigate the relation between the fidelity of 
a CV teleportation experiment and the entanglement present in the shared re- 
source Gaussian states. We find in particular that, while all the states belonging 
to the same local-equivalence class {i.e. convertible into each other by local uni- 
tary operations) are undistinguishable from the point of view of their entanglement 
properties, they generally behave differently when employed in quantum informa- 
tion and communication processes, for which the local properties such as the op- 
tical phase reference get relevant. Hence we show that the optimal teleportation 
fidelity, maximized over all local single-mode unitary operations (at fixed amounts 
of noise and entanglement in the resource), is necessary and sufficient for the pres- 
ence of bipartite (multipartite) entanglement in two-mode (multimode) Gaussian 
states employed as shared resources. Moreover, the optimal fidelity allows for the 
quantitative definition of the entanglement of teleportation, an operative estima- 
tor of bipartite (multipartite) entanglement in CV systems. Remarkably, in the 
multi-user instance, the optimal shared entanglement is exactly the "localizable en- 
tanglement", originally introduced for spin systems [248] (not to be confused with 
the unitarily localizable entanglement of bisymmetric Gaussian states, discussed in 
Chapter [5]), which thus acquires for Gaussian states a suggestive operative meaning 
in terms of teleportation processes. Moreover, let us recall that our previous study 
on CV entanglement sharing led to the definition of the residual Gaussian con- 
tangle, Eq. (|7.36p . as a tripartite entanglement monotone under Gaussian LOCC 
for three- mode Gaussian states [GAIO] (see Sec. 17.2.21) . This measure too is here 
operationally interpreted via the success of a three-party teleportation network. 

Besides these fundamental theoretical results, our findings are of important 
practical interest, as they answer the experimental need for the best preparation 
recipe for entangled squeezed resources, in order to implement CV teleportation 
(in the most general setting) with the highest fidelity. It is indeed crucial in view 
of experimental implementations, to provide optimal ways to engineer quantum 
correlations, such that they are not wasted but optimally exploited for the specifical 
task to be realized. We can see that this was the leitmotiv of the previous Chapter 
as well. 

We will now detail the results obtained in Ref. [GA9) . starting with the two- 
party teleportation instance, and then facing with the general (and more interest- 
ing) iV-party teleportation network scenario. Notice that, by the defining structure 
itself of the protocols under consideration, the employed resources will be (both in 
the two-party and in the general TV-party case) fully symmetric, generally mixed 
Gaussian states (see Sec. I2.4.3|) . Therefore the equivalence between optimal non- 
classical fidelity and entanglement strictly holds only for fully symmetric Gaussian 
resources. We will discuss this thoroughly in the following, and show how this inter- 
esting connection actually is not valid anymore for nonsymmetric, even two-mode 
resources. 
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Figure 12.1. Optical generation of two-mode symmetric mixed Gaussian 
states, by superimposing two independently squeezed single-mode noisy beams 
at a 50:50 beam-splitter. The output states can be employed as resources 
for CV teleportation of unknown coherent states. For ri = r2 = r and 
ni = n2 = 1 (meaning absence of noise), the output states reduce to those of 
Fig. EH 



12.2.1. Optimal fidelity of two-party teleportation and bipartite entanglement 

The two-user CV teleportation protocol [39j would require, to achieve unit fidelity, 
the sharing of an ideal (unnormalizable) EPR resource state [73j . i.e. the simul- 
taneous eigenstate of relative position and total momentum of a two-mode radi- 
ation field. An arbitrarily good approximation of the EPR state, as we know, is 
represented by two-mode squeezed Gaussian states of Eq. (|2.22p with squeezing 
parameter r — > oo. 

As remarked in Sec. 19. 2^ a two-mode squeezed state can be, in principle, pro- 
duced by mixing a momentum-squeezed state and a position-squeezed state, with 
squeezing parameters ri and r2 respectively, through a 50:50 ideal (lossless) beam- 
splitter. In practice, due to experimental imperfections and unavoidable thermal 
noise the two initial squeezed states will be mixed. To perform a realistic analysis, 
we must then consider two thermal squeezed single-mode states [f^ described by the 
following quadrature operators in Heisenberg picture 



where the suffix "0" refers to the vacuum. The action of an ideal (phase-free) beam- 
splitter operation Bij{9) on a pair of modes i and j, corresponding to a phase-space 
rotation of an angle 9, is defined by Eq. (|2.25p . 

When applied to the two modes of Eqs. (|12.5ll2.6p . the beam-splitter entangling 
operation {9 = 7r/4) produces a symmetric mixed state [131] . depending on the 
squeezings ri,2 and on the thermal noises ni,2, as depicted in Fig. 112. l[ The CM 




I — r9 -0 -SQ I To -0 



(12.5) 
(12.6) 



Any losses due to imperfect optical elements and/or to the fibre or open-air propagation 
of the beams can be embedded into the initial single-mode noise factors. 
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cr of such a state reads 

/ e'^^Tii + e~^^n2 e''^ni — e^''^7i2 

_ 1 e-''ini +e'^^n2 e~ 

e'ljii - e^'^^na e^'ini + e^'^^Jia 

\0 e~''ini - e^'^na e^'i?!! + e'^^ria / 

(12.7) 

The noise can be difficult to control and reduce in the lab, but we assume it is at 
least quantifiable (see Sec. 19.2^ . Now, keeping n\ and na fixed, all states produced 
starting with different t\ and ra, but with equal average 

(12.8) 

are completely equivalent up to local unitary operations and possess, by defini- 
tion, the same entanglement. Let us recall that, as we are dealing with symmetric 
two-mode Gaussian states, all conceivable entanglement quantifications are equiva- 
lent, including the computable entanglement of formation (see Sec. I4.2.2|) . and are 
all decreasing functions of the smallest symplectic eigenvalue v- of the partially 
transposed CM, computable as in Eq. (|4.13p . 

For the mixed two-mode states considered here, we have 

V- = ^AM^e-('■l+''^) (12.9) 

The entanglement thus depends both on the arithmetic mean of the individual 
squeezings, and on the geometric mean of the individual noises, which is related to 
the purity of the state [i = (riiria)"^. The teleportation success, instead, depends 
separately on each of the four single-mode parameters. The fidelity J- Eq. (|12.2p 
(averaged over the complex plane) for teleporting an unknown single-mode coherent 
state can be computed by writing the quadrature operators in Heisenberg picture 
[23611235] . 

^ ^ r'^^ <P = { [{{qteif) + 1] [{{Ptelf) + 1] } /4 , (12.10) 

where {{qteiY) and {{pteiY) are the variances of the canonical operators qtei and 
ptei which describe the teleported mode. For the utilized states, we have 

, „ 12.11 

where the suffix "in" refers to the input coherent state to be teleported. RecaUing 
that, in our units (see SecEU), (^Mf) = {{p^i?) = {{q"'f) = {{p"'f) = 1, we can 
compute the fidelity from Eq. (|12.10p . obtaining 

0(ri,2,ni,2) -e-2('-i+-2)(g2n ^^^)(g2r, 

It is convenient to replace ri and r2 by r, Eq. (|12.8p . and 

(i^^^l^. (12.12) 

One has then 

0(f, d, ni,2) = e-4--(e2(f+<i) ^ „^)(e2(r-d) ^ (^2.13) 

Maximizing the fidelity, Eq. (|12.10p . for given entanglement and noises of the 
Gaussian resource state {i.e. for fixed ni^2,r) simply means finding the d = d°P* 
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which minimizes the quantity (j) of Eq. (|12.13p . Being <j> a convex function of d, it 
suffices to find the zero of d(j)/dd, which yields an optimal d = c?°p* given by 



For equal noises (ni = 712), 0?°^* = 0, indicating that the best preparation of the 
entangled resource state needs two equally squeezed single-mode states, in agree- 
ment with the results presented in Ref. [32] for pure states. For different noises, 
however, the optimal procedure involves two different squeezings, biased such that 
n -r2 = 2d°P*. Inserting from Eq. (|12.14p . in Eq. (|12.13p . we have the optimal 
fidelity 



where U- is exactly the smallest symplectic eigenvalue of the partial transpose cr 
of the CM cr, Eq. (flZT]! . defined by Eq. (flZOll . 

Eq. (|12.15p clearly shows that the optimal teleportation fidelity depends only 
on the entanglement of the resource state, and vice versa. In fact, the fidelity 
criterion becomes necessary and sufficient for the presence of the entanglement, if 
is considered: the optimal fidelity is classical for i>- > 1 (separable state) and 
it exceeds the classical threshold for any entangled state. Moreover, provides a 
quantitative measure of entanglement completely equivalent to the negativities and 
to the two- mode entanglement of formation [GA9] . Namely, from Eqs. (|4. 17112. ISp . 



with h{x) defined by Eq. (|4.18p . In the limit of infinite squeezing (f — > 00), jF°p* 
reaches 1 for any amount of finite thermal noise. 

On the other extreme, due to the convexity of (j), the lowest fidelity is attained 
at one of the boundaries, d = ±f. Explicitly, the worst teleportation success, 
corresponding to the maximum waste of bipartite entanglement, is achieved by 
encoding zero squeezing in the more mixed mode, i.e. ri = if ni > 712, and r2 ~ 
otherwise. For infinite squeezing, the worst fidelity cannot exceed 1/ -^/maxlni, 712}, 
easily falling below the classical bound JF"^' = 1/2 for strong enough noise. 

12.2.2. Optimal fidelity of /V-party teleportation networks and multipartite en- 
tanglement 

We now extend our analysis [GA9j to a quantum teleportation-network protocol, 
involving N users who share a genuine TV-partite entangled Gaussian resource, fully 
symmetric under permutations of the modes [236j (see Sec. l2.4.3l for the analysis of 
fully symmetric Gaussian states). 

Two parties are randomly chosen as sender (Alice) and receiver (Bob) , but this 
time, in order to accomplish teleportation of an unknown coherent state. Bob needs 
the results of iV — 2 momentum detections performed by the other cooperating par- 
ties. A nonclassical teleportation fidelity {i.e. T > T"^^ = 1/2) between any pair 
of parties is sufficient for the presence of genuine A^-partite entanglement in the 
shared resource, while in general the converse is false [see e.g. Fig. 1 of Ref. [236] . 
reproduced in Fig. 112. 3( b)]. Our aim is to determine the optimal multi-user telepor- 
tation fidelity, and to extract from it a quantitative information on the multipartite 
entanglement in the shared resources. 
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Figure 12.2. Optical generation of A^-mode fully symmetric mixed Gaussian 
states, by combining independently squeezed single-mode noisy beams (one 
squeezed in momentum, and Af — 1 in position) via a cascade of Af — 1 beam- 
splitters with sequentially tuned transmittivities. The output states can be 
employed as shared resources for CV teleportation networks among TV users. 
For pure inputs (n; = 1) and A'' = 3 we recover the scheme of Fig. 110.31 

We begin with the state engineering of the shared TV-partite resource. Let us 
consider, generahzing Sec. 112.2. H a mixed momentum-squeezed state described by 
ri, ni as in Eq. (|12.5p . and — 1 position-squeezed states of the form Eq. (|12.6p . 

= ^A^^e'■^g^ ff^^,e~^^pl^ (12.17) 
gf = V^e-'-=g°, = V^e'-^pO, (12.18) 

with j = 2, . . . , TV. We then combine the TV beams into an TV-sphtter, which is a 
sequence of suitably tuned beam-splitters [236] : 

Ni,„N = SA,_i,Ar(7r/4)^Ar__2,Ar-l(cOS-l l/VS) • . . . • Bi,2(cOS-l 1/\/TV) , (12.19) 

where the unitary beam-sphtter operator Bi j{9) acting on modes i and j is defined 
by Eq. (|2.25p . Eq. (|12.19p represents the generahzation to TV modes of the "tritter", 
Eq. pl2|) . 

The resulting state (see Fig. 112. 2p is a completely symmetric mixed Gaussian 
state of a TV- mode CV system, with a CM cr of the form Eq. (|2.60p . parametrized 
by 'T.1,2, r and d. Once again, all states with equal {f^l,2, belong to the same iso- 
entangled class of equivalence, up to local unitaries. For f ^ oo and for rii_2 = 1 
(pure states), these states reproduce the (unnormalizable) CV generalized GHZ 
state, / dx\x,x, . . . ,x), an eigenstate with total momentum X^iLi-Pi ~ ^^'^ 
relative positions qi — qj = {i, j = 1, . . . , TV). 

Choosing randomly two modes, denoted by the indices k and I, to be respec- 
tively the sender and the receiver, the teleported mode is described by the following 
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quadrature operators (see Refs. [2361 1235) for further details): 

Qtel = Qin — Qrel , 

. ^ . 12.20 

with 

<irel = Qk — qi , 

Ptot = Pk+pi + gN ^ Pj , (12.21) 

where is an experimentally adjustable gain. To compute the teleportation fi- 
delity from Eq. (|12.10p . we need the variances of the operators Qrei and ptot of 
Eq. (|12.2ip . From the action of the TV-splitter, Eq. (|12.19p . we find 

{{ptotf) = {[2+(iV-2).gAr]Ve-2(--+'') (12.22) 

The optimal fidelity can be now found in two straightforward steps: 1) minimiz- 
ing {{ptot)^) with respect to gN (i.e. finding the optimal gain ff^*); 2) minimizing 
the resulting (j) with respect to d (i.e. finding the optimal bias rf^*). The results 
are 

gt = l-Nl[{N-2) + 2e''n.2/n,] , (12.23) 

N 



{N -2) + 2e^^n2/ni\ ' ^^^'^^^ 

Inserting Eqs. (|12.22tfTT24i) in Eq. (|12.10p . we find the optimal teleportation- 
network fidelity, which can be put in the following general form for N modes 



For N = 2, i>^^ = {>- from Eq. (|12.9p . showing that the general multipartite 
protocol comprises the standard bipartite one as a special case. 

By comparison with Eq. (|12.15p . we observe that, for any N > 2, the quantity 
u^'^ plays the role of a "generalized symplectic eigenvalue", whose physical meaning 
will be clear soon. Before that, it is worth commenting on the form of the optimal 
resources, focusing for simplicity on the pure-state setting (ni,2 = !)• The optimal 
form of the shared TV-mode symmetric Gaussian states, for TV > 2, is neither 
unbiased in the qi and pi quadratures (like the states discussed in Ref. [32] for 
three modes), nor constructed by TV equal squeezers (ri = r2 = r). This latter case, 
which has been implemented experimentally for TV = 3 [277], is clearly not optimal, 
yielding fidelities lower than 1/2 for TV > 30 and f falling in a certain interval 
[236] [see Fig. I12.3f b)]. The explanation of this paradoxical behavior, provided by 
the authors of Ref. [236] . is that their teleportation scheme might not be optimal. 
Our analysis [GA9] shows instead that the problem does not lie in the choice of 
the protocol, but rather in the form of the employed states. If the shared TV- 
mode resources are prepared by suitable pre-processing — or transformed by local 
unitary (symplectic on the CM) operations — into the optimal form of Eq. (|12.24p . 
the teleportation fidelity is guaranteed to be nonclassical [see Fig. 112. 3f a)] as soon 
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Figure 12.3. (a) Optimal fidelity for teleporting unknown coherent states 
from any sender to any receiver chosen from A'' (= 2, 3, 4, 8, 20, and 50) parties, 
sharing pure A''-party entangled symmetric Gaussian resources and with the 
aid of JV — 2 cooperating parties, plotted as a function of the average squeezing 
used in the resource production (expressed in decibels, for the definition of dB 
see footnote [20] on page I144)l . The optimal fidelity is nonclassical > 
JT'^' = 0.5) for any N, if the initial squeezings are adjusted as in Eq. I|12.24[l 
[GA9| . At fixed entanglement, states produced with all equal squeezers yield 
lower-than-classical fidelities (J^ < J^'^'' = 0.5) for N > 30, as shown in (b) 
(adapted from Fig. 1 of Ref. [236| V In the inset of Plot (a) we compare, for 
N = 3 and a window of average squeezing, the optimal fidelity (blue solid 
line), the fidelity obtained with states having all unbiased quadratures [32] 
(green dashed line), and the fidelity obtained with equally squeezed states 
[236] (red dotted line). The three curves are close to each other, but the 
optimal preparation yields always the highest fidelity. 



as f > for any A^, in which case the considered class of pure states is genuinely 
multiparty entangled (we have shown this unambiguously in Sec. I5.2p . Therefore, 
we can state the following [GA9] . 
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^ Equivalence between entanglement and optimal fidelity of continuous 
variable teleportation. A nonclassical optimal fidelity is necessary and suf- 
ficient for the presence of multipartite entanglement in any multimode sym- 
metric Gaussian state, shared as a resource for CV teleportation networks. 

This equivalence silences the embarrassing question that entanglement might 
not be an actual physical resource, as protocols based on some entangled states 
might behave worse than their classical counterparts in processing quantum infor- 
mation. 

On the opposite side, the worst preparation scheme of the multimode resource 
states, even retaining the optimal protocol {gN = 9°^*"), is obtained setting n = if 
ni > 2n2e^^ / {Ne^^ + 2 — N), and 7'2 = otherwise. For equal noises (ni = 712), the 
case ri = is always the worst one, with asymptotic fidelities (in the limit f — > 00) 
equal to l/-\/l + iVni,2/2, and so rapidly dropping with N at given noise. 

12.2.2.1. Entanglement of teleportation and localizable entanglement. The meaning 
of £'1^\ Eq. (|12.25p . crucial for the quantification of the multipartite entanglement, 
stems from the following argument. The teleportation network [236j is realized 
in two steps: first, the TV — 2 cooperating parties perform local measurements 
on their modes, then Alice and Bob exploit their resulting highly entangled two- 
mode state to accomplish teleportation. Stopping at the first stage, the protocol 
describes a concentration, or localization of the original A^-partite entanglement, 
into a bipartite two- mode entanglement [2361 1235j . The maximum entanglement 
that can be concentrated on a pair ofparties by locally measuring the others, is 



in Fig. [m 

Here, the localizable entanglement is the maximal entanglement concentrable 
onto two modes, by unitary operations and nonunitary momentum detections per- 
formed locally on the other N — 2 modes. The two-mode entanglement of the 
resulting state (described by a CM (t'°^) is quantified in general in terms of the 
symplectic eigenvalue D'f'^ of its partial transpose. Due to the symmetry of both 
the original state and the teleportation protocol (the gain is the same for every 
mode), the localized two-mode state cr'""^ will be symmetric too. We have shown in 
Sec. 14. 2. 51 that, for two-mode symmetric Gaussian states, the symplectic eigenvalue 
i>- is related to the EPR correlations by the expression [GA3] 



For the state cr'°'^, this means Ai^'f'^ = {{qreiY) + {{ptot)^), where the variances have 
been computed in Eq. (|12.22p . Minimizing J>f?'^ with respect to d means finding 
the optimal set of local unitary operations (unaffecting multipartite entanglement) 
to be appHed to the original multimode mixed resource described by {ni^2,r,d}; 
minimizing then i>''°'^ with respect to gN means finding the optimal set of momentum 
detections to be performed on the transformed state in order to localize the highest 
entanglement on a pair of modes. From Eq. (|12.22p . the optimizations are readily 
solved and yield the same optimal and d^* of Eqs. (|12. 23112. 24p . 



This localization procedure, based on measurements, is different from the unitary localiza- 
tion which can be performed on bisymmetric Gaussian states, as discussed in Chapter [S] 



known as the localizable 




4z>_ = ((qi-g2)') + ((pi+P2)'). 
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Figure 12.4. Localizable entanglement in the sense of [248] . By optimal local 
measurements on A'^ — 2 subsystems in a A^-party system, a highly entangled 
two-mode state is (probabilistically, in principle) obtained between the two 
non-measuring parties. For Gaussian states and measurements the localization 
process in indeed deterministic, as the entanglement properties of the resulting 
states are independent of the measurement outcomes. 



The resulting optimal two-mode state cr contains a localized entanglement 
which is exactly quantified by the quantity 

It is now clear that of Eq. (|12.25p is a proper symplectic eigenvalue, being 
the smallest one of the partial transpose cr'""^ of the optimal two-mode state (t'°'^ 
that can be extracted from a A^-party entangled resource by local measurements on 
the remaining modes (see Fig. I12.4p . Eq. (|12.25p thus provides a bright connection 
between two operative aspects of multipartite entanglement in CV systems: the 
maximal fidelity achievable in a multi-user teleportation network [236] . and the CV 
localizable entanglement [248] . 

This results yield quite naturally a direct operative way to quantify multipartite 
entanglement in A^-mode (mixed) symmetric Gaussian states, in terms of the so- 
called Entanglement of Teleportation, defined as the normalized optimal fidelity 
[GA9] 

<^ ^ "lax jo, ^fsff I = nmx |o, ^^|^| > (12-26) 

and thus ranging from (separable states) to 1 (CV generalized GHZ state). The 
localizable entanglement of formation E^p'^ of A^-mode symmetric Gaussian states 
cr of the form Eq. (|2.60p is a monotonically increasing function of e!^\ namely: 

E'^^ct) - h 

with h{x) given by Eq. (|4.18p . For N — 2 the state is already localized and Ep'^ = 

Ef, Eq. (fme]) 

In the next subsection we will see how the entanglement of teleportation relates, 
for three-mode states, to the residual Gaussian contangle introduced in Sec. 17.2.21 



l-E, 



(TV) 



1 + E, 



(N) 



(12.27) 
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12.2.3. Operational interpretation of tripartite Gaussian entanglement and how 
to experimentally investigate its sharing structure 

12.2.3.1. Entanglement of teleportation and residual contangle. Let us focus, for the 
following discussion, on the case = 3, i.e. on three-mode states shared as re- 
sources for a three-party teleportation network. This protocol is a basic, natural 
candidate to operationally investigate the sharing structure of CV entanglement in 
three-mode symmetric Gaussian states. 

A first theoretical question that arises is to compare the tripartite entanglement 
of teleportation Eq. ()12.26p . which possesses a strong operational motivation, and 
the tripartite residual (Gaussian) contangle Eq. (|7.36p (defined in Sec. 17.2. 2|) . which 
is endowed with a clear physical interpretation in the framework of entanglement 
sharing and is built on soHd mathematical foundations (being an entanglement 
monotone under Gaussian LOGO, see Sec. 17.2. 2.ip . Remarkably, in the case of 
pure three-mode shared resources — i.e. CV GHZ/M^ states, obtained by setting 
Til = 722 = 1 in Eqs. (|12. 17112. ISp . see Sec. 17.3.11 and Fig. 110.31 — the two measures 
are completely equivalent, being monotonically increasing functions of each other. 
Namely, from Eq. (|7.40p . 

^.e.. GHz/w. ^ J 2 2V2Et^{Et + 1)^EITT _ 1 2 E^ + l 
" ^ ' ' ^ {ET~l)VET{ET + 'i) + l 2 ^ ETiET + 4.) + l' 

(12.28) 

where Et = -Bf ^ in Eq. ([T226|. Let us moreover recall that G!^*^* coincides with 
the true residual contangle (globally minimized in principle over all, including non- 
Gaussian, decompositions), Eq. (|7.35p . in these states (see Sec. 17. 3. l|) . The residual 
(Gaussian) contangle is thus enriched of an interesting meaning as a resource en- 
abling a better-than-classical three-party teleportation experiment, while no oper- 
ational interpretations are presently known for the three-way residual tangle quan- 
tifying tripartite entanglement sharing in qubit systems [59] (see Sec. I1.4.3|) . 

We remark that in the tripartite instance, the optimal teleportation-network 
fidelity of Eq. (|12.25p {N — 3) achieves indeed its global maximum over all possible 
Gaussian POVMs performed on the shared resource, as can be confirmed with the 
methods of Ref . [ijS] . 



12.2.3.2. The power of promiscuity in symmetric three-mode resources. The relation- 
ship between optimal teleportation fidelity and residual (Gaussian) contangle, em- 
bodied by Eq. (|12.28p . entails that there is a 'unique' kind of three-party CV entan- 
glement in pure symmetric three-mode Gaussian states (ahas CV finite-squeezing 
GHZ/M^ states, introduced in Sec. 17.3. ip . which merges at least three (usually 
inequivalent) properties: those of being maximally genuinely tripartite entangled, 
maximally bipartite entangled in any two-mode reduction, and 'maximally efficient' 
(in the sense of the optimal fidelity) for three-mode teleportation networks. Recall 
that the first two properties, taken together, label such entanglement as promiscu- 
ous, as discussed in Sec. 17.3.31 These features add up to the property of tripartite 
GHZ/M^ Gaussian states of being maximally robust against decoherence effects 
among all three-mode Gaussian states, as shown in Sec. 17.4.11 

All this theoretical evidence strongly promotes GUZ/W states, experimentally 
realizable with current optical technology [8l|34j (see Sec. 110.1. 2. ip . as paradigmatic 
candidates for the encoding and transmission of CV quantum information and in 
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general for reliable CV quantum communication. Let us mention that, in partic- 
ular, these tripartite entangled symmetric Gaussian states have been successfully 
employed to demonstrate quantum secret sharing [137] . controlled dense coding 
[128j . and the above discussed teleportation network [277j . Recently, a theoretical 
solution for CV Byzantine agreement has been reported [161j . based on the use of 
sufficiently entangled states from the family of CV GUZ/W states. 

Building on our entanglement analysis, we can precisely enumerate the pecu- 
liarities of those states which make them so appealing for practical implementations 
[GA16] . Exploiting a strongly entangled three-mode CV GHZ/W state as a quan- 
tum channel affords one with a number of simultaneous advantages: 

(i) the "guaranteed success" {i.e. with better-than-classical figures of merit) 
of any known tripartite CV quantum information protocol; 

(ii) the "guaranteed success" of any standard two-user CV protocol, because 
a highly entangled two-mode channel is readily available after a unitary 
(reversible) localization of entanglement has been performed through a 
single beam-splitter (see Fig. l5.ip : 

(iii) the "guaranteed success" (though with nonmaximal efficiency) of any two- 
party quantum protocol through each two-mode channel obtained discard- 
ing one of the three modes. 

Point (iii) ensures that, even when one mode is lost, the remaining (mixed) two- 
mode resource can be still implemented for a two-party protocol with better-than- 
classical success. It is realized with nonmaximal efficiency since, from Eq. (|7.45p . the 
reduced entanglement in any two-mode partition remains finite even with infinite 
squeezing (this is the reason why promiscuity of tripartite Gaussian entanglement 
is only partial, compared to the four-partite case of Chapter [8]). 

We can now readily provide an explicit proposal to implement the above check- 
list in terms of CV teleportation networks. 

12.2.3.3. Testing the promiscuous sharing of tripartite entanglement. The results just 
elucidated pave the way towards an experimental test for the promiscuous sharing 
of CV entanglement in symmetric Gaussian states [GA9I IGA16j . To unveil this 
peculiar feature, one should prepare a pure CV GHZ/VF state — corresponding 
to ni = n2 = 1 in Eqs. (|12. 17112. ISp — according to Fig. I10.3[ in the optimal 
form given by Eq. (|12.24p . It is worth remarking that, in the case of three modes, 
non-optimal forms like that produced with equal single-mode squeezings ri = r2 
[8l l277] yield fidelities really close to the maximal one [see the inset of Fig. flTsy a)]. 
and are thus practically as good as the optimal states (if not even better, taking 
into account that the states with ri = r2 are generally easier to produce in practice, 
and so less sensitive to imperfections). 

To detect the presence of tripartite entanglement, one should be able to im- 
plement the network in at least two different combinations [277| . so that the tele- 
portation would be accomplished, for instance, from mode 1 to mode 2 with the 
assistance of mode 3, and from mode 2 to mode 3 with the assistance of mode 
1. To be complete (even if it is not strictly needed [240] ). one could also realize 
the transfer from mode 3 to mode 1 with the assistance of mode 2. Taking into 
account a realistic asymmetry among the modes, the average experimental fidelity 
J-^^* over the three possible situations would provide a direct quantitative measure 
of tripartite entanglement, through Eqs. (|12.25l fIZ26l I12.28p . 
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To demonstrate the promiscuous sharing, one would then need to discard each 
one of the modes at a time, and perform standard two-user teleportation between 
the remaining pair of parties. The optimal fidelity for this two-user teleportation, 
which is achieved exactly for ri = r2 [see Eq. (|12.14p ]. is 

•^2Terf=3^^3^g^_4.- (12.29) 

Again, one should implement the three possible configurations and take the average 
fidelity as figure of merit. As anticipated in Sec. 112.2.3.21 this fidelity cannot reach 
unity because the entanglement in the shared mixed resource remains finite, and in 
fact -?"2.r*ed saturates to 3/ (3 + \/3) « 0.634 in the limit of infinite squeezing. 

Finding simultaneously both J-^^* and -?^2-^*ed ^-bove the classical threshold 
T^'^ = 1/2, Eq. (fl2l1l . at fixed squeezing r, would be a clear experimental fin- 
gerprint of the promiscuous sharing of tripartite CV entanglement. Theoretically, 
this is true for all f > 0, as shown in Fig. 112.51 From an experimental point of 
view, the tripartite teleportation network has been recently implemented, and the 
genuine tripartite shared entanglement unambiguously demonstrated by obtaining 
a nonclassical teleportation fidelity (up to 0.64 ±0.02) in all the three possible user 
configurations [277j . Nevertheless, a nonclassical fidelity T2:red in the teleportation 
exploiting any two-mode reduction was not observed. This fact can be consistently 
explained by taking into account experimental noise. In fact, even if the desired re- 
source states were pure GHZ/M^ states, the unavoidable effects of decoherence and 
imperfections resulted in the experimental production of mixed states, namely of 
the noisy GHZ/VK states discussed in Sec. \7.4.2\ It is very likely that the noise was 
too high compared with the pumped squeezing, so that the actual produced states 
were still fully inseparable, but laid outside the region of promiscuous sharing (see 
Fig. 17. 6p . having no entanglement left in the two-mode reductions. However, in- 
creasing the degree of initial squeezing, and/or reducing the noise sources might be 
accomplished with the state-of-the-art equipment employed in the experiments of 
Ref. [277] (see also [226] ). The conditions required for a proper test (to be followed 
by actual practical applications) of the promiscuous sharing of CV entanglement in 
symmetric three-mode Gaussian states, as detailed in Sec. 112.2.3.21 should be thus 
met shortly. As a final remark, let us observe that repeating the same experiment 
but employing T states, introduced in Sec. 17.3.2} as resources (engineerable as de- 
tailed in Sec. 110.1. 2. 3p . would be another interesting option. In fact, in this case 
the expected optimal fidelity is strictly smaller than in the case of GUZ/W states, 
confirming the promiscuous structure in which the reduced bipartite entanglement 
enhances the value of the genuine tripartite one. 

With the same GHZ/H^ shared resources (but also with all symmetric and 
bisymmetric three-mode Gaussian states, including T states, noisy GHZ/VF states 
and basset hound states, all introduced in Chapter [7|, one may also test the power 
of the unitary localization of entanglement by local symplectic operations [GA5) 
(presented in Chapter [5]), as opposed to the nonunitary localization of entangle- 
ment by measurements [248] (described in Fig. 112.4]) . needed for the teleportation 
network. Suppose that the three parties Alice, Bob and Claire share a GHZ/V7 
state. If Bob and Claire are allowed to cooperate (non-locally) , they can combine 
their respective modes at a 50:50 beam-splitter, as depicted in Fig. 15.11 The result 
is an entangled state shared by Alice and Bob, while Claire is left with an uncorre- 
lated state. The optimal fidelity of standard teleportation from Alice to Bob with 



12.2. Equivalence between entanglement and optimal teleportation fidelity 



209 




L 



0.5 



5 



iO 



L5 



r [dE] 



Figure 12.5. Expected success for an experimental test of ttie promiscu- 
ous siiaring of CV tripartite entanglement in finite-squeezing GUZ/W states. 
Referring to the check-list in Sec. If 2.2.3.21 the solid curve realizes point (i), 
being the optimal fidelity .^-"3''' of a three-party teleportation network; the 
dotted curve realizes point (ii), being the optimal fidelity °^ two-party 

teleportation exploiting the two-mode pure resource obtained from a unitary 
localization applied on two of the modes; the dashed curve realizes point (iii), 
being the optimal fidelity ^2''red °^ two-party teleportation exploiting the two- 
mode mixed resource obtained discarding a mode. All of them lie above the 
classical threshold J^'^'' = 0.5, providing a direct evidence of the promiscuity of 
entanglement sharing in the employed resources. 



Notice that J^2:uni is larger than JFg^ , as shown in Fig. 112.51 This is true for any 
number N of modes, and the difference between the two fidelities — the optimal 
teleportation fidelity employing the unitarily-localized two-mode resource, minus 
the iV-party optimal teleportation-network fidelity, corresponding to a two-party 
teleportation with nonunitarily- localized resources, Eq. (|12.25p — at fixed squeez- 
ing increases with TV. This confirms that the unitarily localizable entanglement of 
Chapter [5] is strictly stronger than the (measurement-based) localizable entangle- 
ment [248j of Fig. 112. 4[ as discussed in Sec. 15.1.31 This is of course not surprising, 
as the unitary localization generally requires a high degree of non-local control on 
the two subset of modes, while the localizable entanglement of Ref. [248] is defined 
in terms of LOCC alone. 

12.2.4. Degradation of teleportation efFiciency under quantum noise 

In Sec. 17.4.11 we have addressed the decay of three-partite entanglement (as quan- 
tified by the residual Gaussian contangle) of three-mode states in the presence of 
losses and thermal noise. We aim now at relating such an 'abstract' analysis to pre- 
cise operational statements, by investigating the decay of the optimal teleportation 



the unitarily localized resource, reads 




(12.30) 
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Figure 12.6. Evolution of tiie optimal fidelity for GHZ/W states with 
local mixedness a = 2 (corresponding to f ~ 0.6842) (solid lines) and T states 
with local mixedness a = 2.8014. Such states have equal initial residual Gauss- 
ian contangle. Uppermost curves refer to baths with n = ('pure losses'), while 
lowermost curves refer to baths with n = 1. T states affording for the same 
initial fidelity as the considered GRZ/W state were also considered, and found 
to degrade faster than the GHZ/VF state. 

fidelity, Eq. (|12.25p {N = 3), of shared three- mode resources subject to environ- 
mental decoherence. This study will also provide further heuristic justification for 
the residual Gaussian contangle, Eq. (|7.36p . as a proper measure of tripartite en- 
tanglement even for mixed ('decohered') Gaussian states. Notice that the effect of 
decoherence occurring during the creation of the state on the teleportation fidelity 
has been already implicitly considered in Eqs. (|12.17tfl2.18p . by the noise terms ni 
and 712- Here, we will instead focus on the decay of the teleportation efficiency un- 
der decoherence affecting the resource states after their distribution to the distant 
parties. 

We will assume, realistically, a local decoherence {i.e. with no correlated noises) 
for the three modes, in thermal baths with equal average photon number n. The 
evolving states maintain their Gaussian character under such evolution (for a de- 
tailed description of the master equation governing the system and of its Gaussian 
solutions, refer to Sec. I7.4.1|) . 

As initial resources, we have considered both pure GHZ/M^ states, described 
in Sec. 17.3.11 and mixed T states, described in Sec. 17.3.21 The results, showing the 
exact evolution of the fidelity JFg^* (optimized over local unitaries) of teleportation 
networks exploiting such initial states, are shown in Fig. 112.61 GUZ/W states, al- 
ready introduced as "optimal" resources for teleportation networks, were also found 
to allow for protocols most robust under decoherence. Notice how the qualitative 
behavior of the curves of Fig. 112.61 follow that of Fig. 17. 5[ where the evolution of 
the residual Gaussian contangle of the same states under the same conditions is 
plotted. Also the vanishing of entanglement at finite times (occurring only in the 
presence of thermal photons, i.e. for n > 0) reciprocates the fall of the fidelity 
below the classical threshold of 0.5. The status of the residual Gaussian contangle 
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as a measure reflecting operational aspects of the states is thus strengthened in 
this respect, even in the region of mixed states. Notice, though, that Fig. 112.61 
also shows that the entanglement of teleportation is not in general quantitatively 
equivalent (but for the pure-state case) to the residual Gaussian contangle, as the 
initial GHZ/VF and T states of Fig. 112.61 have the same initial residual Gaussian 
contangle but grant manifestly different fldelities and, further, the times at which 
the classical threshold is trespassed do not exactly coincide with the times at which 
the residual contangle vanishes. 

This confirms the special role of pure fully symmetric GHZ/iy Gaussian states 
in tripartite CV quantum information, and the "uniqueness" of their entanglement 
under manifold interpretations as discussed in Sec. 112.2.3.21 much on the same 
footage of the "uniqueness" of entanglement in symmetric (mixed) two- mode Gauss- 
ian states (see Sec. I4.2.2P 

12.2.5. Entanglement and optimal fidelity for nonsymmetric Gaussian resources? 

Throughout the whole Sec. 112.21 have only dealt with completely symmetric 
resource states, due to the invariance requirements of the considered teleportation- 
network protocol. In Ref. [GA9| . the question whether expressions like Eq. (|12.25p 
and Eq. (|12.26p . connecting the optimal fidelity and the entanglement of telepor- 
tation to the symplectic eigenvalue £'i^', were vaHd as well for nonsymmetric en- 
tangled resources, was left open (see also Ref. [182| ). In Sec. 112.31 devoted to 
telecloning, we will show with a specific counterexample that this is not the case, 
not even in the simplest case of = 2. 

In this respect, let us mention that the four- mode states of Chapter[8l exhibiting 
an unlimited promiscuous entanglement sharing, are not completely symmetric and 
as such they are not suitable resources for efficient implementations of four-partite 
teleportation networks. Therefore, alternative, maybe novel communication and/or 
computation protocols are needed to demonstrate in the lab — and take advantage 
of — their unconstrained distribution of entanglement in simultaneous bipartite 
and multipartite form. A suggestion in terms of entanglement transfer from CV 
systems to qubits was proposed in Sec. 110.21 

12.3. 1 — ► 2 telecloning with bisymmetric and nonsymmetric three-mode 
resources 

12.3.1. Continuous variable "cloning at a distance" 

Quantum telecloning [159j among -I- 1 parties is defined as a process in which 
one party (Alice) owns an unknown quantum state, and wants to distribute her 
state, via teleportation, to all the other TV remote parties. The no-cloning theorem 
[2741 [67] yields that the TV — 1 remote clones can resemble the original input state 
only with a finite, nonmaximal fidelity. In CV systems, 1 ^ telecloning of 
arbitrary coherent states was proposed in Ref. [238j . involving a special class of 
(iV-|- l)-mode multiparty entangled Gaussian states (known as "multiuser quantum 
channels") shared as resources among the TV -I- 1 users. The telecloning is then 
realized by a succession of standard two-party teleportations between the sender 
Alice and each of the TV remote receivers, exploiting each time the corresponding 
reduced two-mode state shared by the selected pair of parties. 
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Depending on the symmetries of the shared resource, the telecloning can be real- 
ized with equal fidelities for all receivers {symmetric telecloning) or with unbalanced 
fidelities among the different receivers {asymmetric telecloning). In particular, in 
the first case, the needed resource must have complete invariance under mode per- 
mutations in the A^-mode block distributed among the receivers: the resource state 
has to be thus a 1 x bisymmetric state [GA4I IGA5] (see Sec. 12.4.31 and Chapter 
El). 

Here, based on Ref. [GA16] . we specialize on 1 ^ 2 telecloning, where Alice, 
Bob and Claire share a tripartite entangled three-mode Gaussian state and Alice 
wants to teleport arbitrary coherent states to Bob and Claire with certain fidelities. 
As the process itself suggests, the crucial resource enabhng telecloning is not the 
genuine tripartite entanglement (needed instead for a successful 'multidirectional' 
teleportation network, as shown in the previous Section) , but the couplewise entan- 
glement between the pair of modes 1|2 and 1|3. We are assuming that the sender 
(Alice) owns mode 1, while the receivers (Bob and Claire) own modes 2 and 3. 

12.3.2. Symmetric telecloning 

Let us first analyze the case of symmetric telecloning, occurring when Alice aims 
at sending two copies of the original state with equal fidelities to Bob and Claire. 
In this case it has been proven [511 [50l 1238] that Alice can teleport an arbitrary 
coherent state to the two distant twins Bob and Claire (employing a Gaussian 
cloning machine) with the maximal fidelity 

•^m7x = I ■ (12.31) 

Very recently, unconditional symmetric 1^2 telecloning of unknown coherent 
states has been demonstrated experimentally [134] . with a fidelity for each clone of 
T ~ 0.58 ± 0.01, surpassing the classical threshold of 0.5, Eq. (|12.ip . 

The argument accompanying Eq. (|12.3ip inspired the introduction of the 'no- 
cloning threshold' for two-party teleportation [104] . basically stating that only a 
fidelity exceeding 2/3 — thus greater than the previously introduced "classical" 
threshold of 1/2, Eq. (|12.ip . which implies the presence of entanglement — ensures 
the realization of actual two-party quantum teleportation of a coherent state. In 
fact, if the fidelity falls in the range 1/2 < T < 2/3, then Alice could have kept 
a better copy of the input state for herself, or sent it to a 'malicious' Claire. In 
this latter case, the whole process would result into an asymmetric telecloning, 
with a fidelity > 2/3 for the copy received by Claire. It is worth remarking 
that two-party CV teleportation beyond the no-cloning threshold has been recently 
demonstrated experimentally, with a fidelity T = 0.70 ±0.02 [226] . Another impor- 
tant and surprising remark is that the fidelity of 1 ^ 2 cloning of coherent states, 
given by Eq. (|12.3ip . is not the optimal one. As recently shown in Ref. [52] . using 
non-Gaussian operations as well, two identical copies of an arbitrary coherent state 
can be obtained with optimal single-clone fidelity « 0.6826. 

In our setting, dealing with Gaussian states and Gaussian operations only, 
Eq. (|12.3ip represents the maximum achievable success for symmetric 1^2 tele- 
cloning of coherent states. As previously anticipated, the basset hound states cr^ of 
Sec. I7.4.3l are the best suited resource states for symmetric telecloning. Such states 
belong to the family of multiuser quantum channels introduced in Ref. [238] , and 
are 1x2 bisymmetric pure states (see Fig. 15. ip . parametrized by the single- mode 
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Figure 12.7. Bipartite entanglement Gr ' (dastied green line) in l\l {I = 2, 3) 
two-mode reductions of basset hound states, and genuine tripartite entangle- 
ment G!;*^" (solid red line) among the three modes, versus the local mixedness 
a of mode 1. Entanglements are quantified by the Gaussian contangle (see 
Chapter [6j. The fidelity J^l^ of symmetric 1^2 telecloning employing 
basset hound resource states is plotted as well (dotted blue line, scaled on the 
right axis), reaching its optimal value of 2/3 for a = 3. 



mixedness a of mode 1, according to Eqs. (|7.60irr6l|l . In particular, it is interesting 
to study how the single-clone telecloning fidelity behaves compared with the actual 
amount of entanglement in the l\l (I = 2, 3) nonsymmetric two-mode reductions of 
cr^ states. 

The fidelity for teleporting a single-mode input Gaussian state <Tj„ via a two- 
mode Gaussian entangled resource (Tab is given by Eq. (|12.4p . In our case, (Tin = I2 
because Alice is teleporting coherent states, while the resource (Tab is obtained by 
discarding either the third (a = 1, 6 = 2) or the second (a = 1, 6 = 3) mode from 
the CM <T^ of basset hound states. From Eqs. (|7.60l 17.611 112. 4p . the single-clone 
fidelity for symmetric 1—^2 telecloning exploiting basset hound states is: 

^Imn = . (12.32) 

3a-2V2x/^2— ^ ' 

Notice, remembering that each of modes 2 and 3 contains an average number of 
photons n = (a - l)/2, that Eq. (|12.32p is the same as Eq. (19) of Ref. [85] . 
where a production scheme for three-mode Gaussian states by interlinked nonlinear 
interactions in x^^-* media is presented, and the usefulness of the produced resources 
for 1 — *■ 2 telecloning is discussed as well. 

The basset hound states realize an optimal symmetric cloning machine, i.e. the 
fidelity of both clones saturates Eq. (|12.3ip . for the finite value a = 3. Surpris- 
ingly, with increasing a > 3, the fidelity Eq. (|12.32p starts decreasing, even if the 
two-mode entanglements Eq. (|7.64p in the reduced (nonsymmetric) bipartitions of 
modes 1|2 and 1|3, as well as the genuine tripartite entanglement Eq. (|7.62p . in- 
crease with increasing a. As shown in Fig. 112.71 the telecloning fidelity is not a 
monotonic function of the employed bipartite entanglement. Rather, it roughly fol- 
lows the difference Gt' — G^'^'*, being maximized where the bipartite entanglement 
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is stronger than the tripartite one. This fact heuristically confirms that in basset 
hound states bipartite and tripartite entanglements are competitors, meaning that 
the CV entanglement sharing in these states is not promiscuous, as described in 
Sec. [7A3l 

12.3.2.1. Entanglement and teleportation fidelity are inequivalent for nonsymmetric 
resources. The example of basset hound states represents a clear hint that the tele- 
portation fidelity with generic two-mode (pure or mixed) nonsymmetric resources 
is not monotone with the entanglement. Even if an hypothetical optimization of 
the fidelity over the local unitary operations could be performed (on the guidelines 
of Sec. 112.21 [GA9j ). it would entail a fidelity growing up to 2/3 and then staying 
constant while entanglement increases, which means that no direct estimation of 
the entanglement can be extracted from the nonsymmetric teleportation fidelity, 
at variance with the symmetric case. To exhibit a quantitative argument, suppose 
that Eq. (|12.25p (with N = 2) held for nonsymmetric resources as well. Applying it 
to the 1|^ {I ~ 2,3) two- mode reduced resources obtained from basset hound states, 
would imply an "optimal" fidelity reaching 3/4 in the limit a — *■ oo. But this value is 
impossible to achieve, even considering non-Gaussian cloning machines [52] : thus, 
the simple relation between teleportation fidelity and entanglement, formalized by 
Eq. (|12.25p . fails to hold for nonsymmetric resources, even in the basic two-mode 
instance [GA16j . 

This somewhat controversial result can be to some extent interpreted as fol- 
lows. For symmetric Gaussian states, there exists a 'unique type' of bipartite CV 
entanglement. In fact, measures such as the logarithmic negativity (quantifying the 
violation of the mathematical PPT criterion) , the entanglement of formation (re- 
lated to the entanglement cost, and thus quantifying how expensive is the process of 
creating a mixed entangled state through LOCC), and the degree of EPR correla- 
tion (quantifying the correlations between the entangled degrees of freedom) are all 
completely equivalent for such states, being monotonic functions of only the small- 
est symplectic eigenvalue i>- of the partially transposed CM (see Sec. I4.2p . As we 
have seen, this equivalence extends also to the efficiency of two-user quantum tele- 
portation, quantified by the fidelity optimized over local unitaries (see Sec. ll2.2!T|) . 
For nonsymmetric states, the chain of equivalences breaks down. In hindsight, this 
could have been somehow expected, as there exist several inequivalent but legit- 
imate measures of entanglement, each of them capturing distinct aspects of the 
quantum correlations (see e.g. the discussion in Sec. I1.3.33|) . 

In the specific instance of nonsymmetric two- mode Gaussian states, we have 
shown that the negativity is neither equivalent to the (Gaussian) entanglement 
of formation (the two measures may induce inverted orderings on this subset of 
entangled states, see Sec. I4.5P [GA7| . nor to the EPR correlation (see Sec. I4.2.3|) 
[GA3| . It is thus justified that a process like teleportation emphasizes a distinct 
aspect of the entanglement encoded in nonsymmetric resources. Notice also that 
the richer and more complex entanglement structure of nonsymmetric states, as 
compared to that of symmetric states, refiects a crucial operational difference in 
the respective (asymmetric and symmetric) teleportation protocols. While in the 
symmetric protocols the choice of sender and receiver obviously does not affect 
the fidelity, this is no longer the case in the asymmetric instance: this physical 
asymmetry between sender and receiver properly exemplifies the more complex 
nature of the two-mode asymmetric entanglement. 
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Figure 12.8. Fidelities for asymmetric telecloning with three-mode pure 
Gaussian resources, at a fixed ai = 2, as functions of a2 and as, varying in the 
allowed range of parameters constrained by Ineq. I|7.17|l (see also Fig. 17. 111 . The 
darker surface on the right-hand side of the diagonal 02 = 03 (along which the 
two surfaces intersect) is the fidelity of Bob's clone, .^asym ^' while the lighter, 
'mirror-reflected' surface on the left-hand side of the diagonal is the fidelity of 
Claire's clone, -^i^^-a- Only nonclassical fidelities (i.e. T > 1/2) are shown. 



12.3.3. Asymmetric telecloning 

We focus now on the asymmetric telecloning of coherent states, through generic pure 
three- mode Gaussian states shared as resources among the three parties. Consid- 
ering states in standard form, Eq. (|7.19p (see Sec. 17.1 .21) . parametrized by the local 
single-mode mixednesses ai of modes i = 1, 2, 3, the fidelity J^asym:2 of Bob's clone 
(employing the 1|2 two- mode reduced resource) can be computed from Eq. ()12.4p 
and reads 

KTyL2 - 2 |-2a2 + 2aia2+4(ai+a2) + 3(a? + a2) (12.33) 

f ^ / [(ai+a2-a3)^-l][(ai+a2 + a3)^-l] , ^1^' 
- [ai + a2 + 2) \ h 2 > , 

y aia2 J 

Similarly, the fidelity J-^asyrn-.s of Claire's clone can be obtained from Eq. (|12.33p by 
exchanging the roles of "2" and "3". 

It is of great interest to explore the space of parameters {ai, 02, 03} in order 
to find out which three-mode states allow for an asymmetric telecloning with the 
fidelity of one clone above the symmetric threshold of 2/3, while keeping the fidelity 
of the other clone above the classical threshold of 1/2. Let us keep ai fixed. With 
increasing difference between 02 and 03 , one of the two telecloning fidelities increases 
at the detriment of the other, while with increasing sum 02 + a3 both fidelities 
decrease to fall eventually below the classical threshold, as shown in Fig. ll2.8l The 
asymmetric telecloning is thus optimal when the sum of the two local mixednesses of 
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Figure 12.9. Optimal fidelities for asymmetric telecloning with three-mode 
pure Gaussian resources, as functions of the single-mode mixedness a of mode 
1, and of the parameter t determining the local mixednesses of the other modes, 
through Eqs. I|12.34l I12.35|l . The darker, rightmost surface is the optimal 
fidelity of Bob's clone, J^aTyri-t^ ' while the lighter, leftmost surface is the 
optimal fidelity of Claire's clone, J^a^rriy^ ■ Along the intersection line t = 1/2 
the telecloning is symmetric. Only nonclassical fidelities {i.e. T > 1/2) are 
shown. 



modes 2 and 3 saturates its lower bound. From Ineq. (|7.17p . the optimal resources 
must have 

03 = ai - 02 + 1 , (12.34) 
A suitable parametrization of these states is obtained setting oi = o and 

02 = l + (a-l)t, 0<i<l. (12.35) 

For t < 1/2 the fidelity of Bob's clone is smaller than that of Claire's one, J^asym:2 < 
•^asym:3) while for t > 1/2 the situation is reversed. In all the subsequent discussion, 
notice that Bob and Claire swap their roles if t is replaced by 1 — t. For t = 1/2, 
the asymmetric resources reduce to the bisymmetric basset hound states useful for 
symmetric telecloning. The optimal telecloning fidelities then read 

2 

^J{a+3)^+ia-l)^f^+2{a-l){3a+5)t-4:y/(a^-lji[a+{a-l)t+3] ' (12.36) 



asym:2 



and similarly for J-asln,^^ replacing i by l~t. The two optimal fidelities are plotted 
in Fig. \12M 

With these pure nonsymmetric resources, further optimizations can be per- 
formed depending on the needed task. For instance, one may need to implement 
telecloning with the highest possible fidelity of one clone, while keeping the other 
nonclassical. This problem is of straightforward solution, and yields optimal asym- 
metric resources with 

7 A 

(12.37) 



4 

i = - , 
5 
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In this case the fidelity of Claire's clone saturates the classical threshold, J-asyrn^^ ~ 
1/2, while the fidelity of Bob's clone reaches J^asynrt^ ~ 4/5, which is the maximum 
allowed value for this setting [204j . Also, choosing t = 1/5, Bob's fidelity gets 
classical and Claire's fidelity is maximal. 



In general, a telecloning with J^asym^"^ > 2/3 and 



only in the window 
2V2 



'TyLlf > 1/2 is possible 



1.26; 



2-\ I + V2 



<a< 2V2 



I + V2 



10.05 



(12.38) 



and, for each a falling in the region defined by Ineq. (|12.38p . in the specific range 

a — 1 a — 1 

For instance, for a = 3, the optimal asymmetric telecloning (with Bob's fidelity 
above no-cloning and Claire's fidelity above classical bound) is possible in the whole 
range 1/2 << < 2\/2 — 1, where the boundary t = 1/2 denotes the basset hound 
state realizing optimal symmetric telecloning (see Fig. 112.7]) . The sum 



gopt 



:1^2 



r. 



opt: l—>2 



■opt: l—>2 



asym:2 ^ asym:3 

can be maximized as well, and the optimization is realized by values of a falling 
in the range 2.36 ^ a < 3, depending on t. The absolute maximum of is 
reached, as expected, in the fully symmetric instance i = 1/2, a = 3, and yields 
S^^' = 4/3. 

We finally recall that optimal three-mode Gaussian resources, can be produced 
by implementing the allotment operator (see Sec. IIO.ITTI) [GA16] . and employed to 
perform all-optical symmetric and asymmetric telecloning machines [2381 1204] . 



CHAPTER 13 



Entanglement in Gaussian valence bond 

states 

The description of many-body systems and the understanding of multiparticle en- 
tanglement are among the hardest challenges of quantum physics. The two issues 
are entwined: recently, the basic tools of quantum information theory have found 
useful applications in condensed matter physics. In particular, the formaHsm of 
valence bond states and more generally that of the so-called "matrix product 
representations" [180| , have led to an efficient simulation of many-body spin Hamil- 
tonians [251] and to a deeper understanding of quantum phase transitions [271] . 

On the wave of the growing interest which is being witnessed in the theoretical 
and experimental applications of CV systems to quantum information and commu- 
nication processing [40] , the extension of the valence bond framework to Gaussian 
states of CV systems has been recently introduced [202] , In this Chapter, based on 
Refs. [GA13I IGA17] we adopt a novel point of view, aimed to comprehend the cor- 
relation picture of the considered many-body systems from the physical structure 
of the underlying valence bond framework. In the case of harmonic lattices, we 
demonstrate that the quantum correlation length (the maximum distance between 
pairwise entangled sites) of translationally invariant Gaussian valence bond states 
is determined by the amount of entanglement encoded in a smaller structure, the 
'building block', which is a Gaussian state isomorphic to the valence bond pro- 
jector at each site. This connection provides a series of necessary and sufficient 
conditions for bipartite entanglement of distant pair of modes in Gaussian valence 
bond states depending on the parameters of the building block, as explicitly shown 
for a six-mode harmonic ring. 

For any size of the ring we show remarkably that, when single ancillary bonds 
connect neighboring sites, an infinite entanglement in the building block leads to 
fully symmetric (permutation- invariant, see Sec. 12. 4. 3|) Gaussian valence bond states 
where each individual mode is equally entangled with any other, independently of 
the distance. As the block entropy of these states can diverge for any bipartition of 
the ring (see Sec. 15. 2|) . our results unveil a basic difference with finite-dimensional 
valence bond states of spin chains, whose entanglement is limited by the bond 
dimensionality [250] and is typically short-ranged [82] . 

We finally focus on the experimental realization of Gaussian valence bond states 
by means of quantum optics, provide a scheme for their state engineering, and 
discuss the applications of such resources in the context of CV telecloning (see 
Sec. 112.3]) on multimode harmonic rings. 
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Figure 13.1. Gaussian valence bond states. F"* is the state of A'' EPR bonds 
and -y is the three-mode building block. After the EPR measurements (de- 
picted as curly brackets), the chain of modes "f^ collapses into a Gaussian 
valence bond state with global state r°"*. 

13.1. Gaussian valence bond states 

Let us introduce the basic definitions and notations for Gaussian valence bond states 
(GVBS), as adopted in Ref. [GA13] . The so-called matrix product Gaussian states 
introduced in Ref. [202j are iV-mode states obtained by taking a fixed number, M, 
of infinitely entangled ancillary bonds (EPR pairs) shared by adjacent sites, and 
applying an arbitrary 2 A/ 1 Gaussian operation on each site i = 1, . . . , N . Such 
a construction, more properly definable as a "valence bond" picture for Gaussian 
states, can be better understood by resorting to the Jamiolkowski isomorphism 
between quantum operations and quantum states [2051 [90] . In this framework, one 
starts with a chain of N Gaussian states of 2M + 1 modes (the building blocks). 
The global Gaussian state of the chain is described by a CM T = 0j^i 7''' . As the 
interest in GVBS lies mainly in their connections with ground states of Hamiltonians 
invariant under translation [202] . we can focus on pure (Det 7W = 1), translationally 
invariant (7'*' = j^i) GVBS. Moreover, in this Chapter we consider single-bonded 
GVBS, i.e. with M — 1. This is also physically motivated in view of experimental 
implementations of GVBS, as more than one EPR bond would result in a building 
block with five or more correlated modes, which appears technologically demanding. 
However, our analysis can be easily generalized to multiple bonds {AI > 1), and to 
mixed Gaussian states as well. 

Under the considered prescriptions, the building block 7 is a pure Gaussian 
state of three modes (see Sec. 17.1.21 for an extended discussion on the structural 
properties of pure three- mode Gaussian states). As we aim to construct a trans- 
lationally invariant GVBS, it is convenient to consider a 7 whose first two modes, 
which will be combined with two identical halves of consecutive EPR bonds (see 
Fig. 113. have the same reduced CM. This yields a pure, three-mode Gaussian 
building block with the property of being a 2 x 1 bisymmetric state (see Fig. 15. ip . 
that is with a CM invariant under permutation of the first two modes. This choice 
of the building block is further justified by the fact that, among all pure three-mode 
Gaussian states, bisymmetric states maximize the genuine tripartite entanglement 
(see Fig. 17. 3p : no entanglement is thus wasted in the projection process. 
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The 6x6 CM 7 of the building block can be written as follows in terms of 
2x2 submatrices (see Sec. 12.4. 3p . 

7s ^ss ^sx \ 

(13.1) 

The 4x4 CM of the first two modes (each of them having reduced CM 7^) will be 
denoted by 7^5, and will be regarded as the input port of the building block. On 
the other hand, the CM 7^ of mode 3 will play the role of the output port. The 
intermodal correlations are encoded in the off-diagonal e matrices. Without loss of 
generality, we can assume 7 to be, up to local unitary operations, in the standard 
form of Eq. (|7.19p . with 

7s = diag{s, s} , 7^, = diag{a::, a;} , (13.2) 
£ss = diag{t+, i_} , Ssx = diag{M+, u_} ; 



1 



- 1 ± v/l6s4 - 8(x2 + l)s2 + (x2 - 1)^ 



4 



The valence bond construction works as follows (see Fig. 113. ip . The global 



CM r = 7 acts as the projector from the state T*" of the N ancillary EPR 



pairs, to the final A^-mode GVBS r°"*. This is realized by collapsing the state F™, 
transposed in phase space, with the 'input port' Fss — ®i7ss of T, so that the 
'output port' Tx ~ ®ilx turns into the desired r°"*. Here collapsing means that, 
at each site, the two two-mode states, each constituted by one mode (1 or 2) of 
7^^ and one half of the EPR bond between site i and its neighbor (i — 1 or z + 1, 
respectively), undergo an "EPR measurement" i.e. are projected onto the infinitely 
entangled EPR state [2051 [90l 1202) . An EPR pair between modes i and j can be 
described as a two-mode squeezed state (Tij{r) = (T^j{r), Eq. (|2.22p . in the limit 
of infinite squeezing (r — ^ 00). The input state is then 

TV 

r"= lim 0^,.,+i(r), 

i 

where we have set periodic boundary conditions so that iV + 1 = 1 in labeling the 
sites. The projection corresponds mathematically to taking a Schur complement 
(see Refs. [2Q2l [2051 [90] for details), yielding an output pure GVBS of iV modes on 
a ring with a CM 

pout ^ _ pT^(p^^ ^ 0r"0)-iF,, , (13.3) 

where Tgx = ®^ Isx^ ^ = ®^ diag{l, —1, 1, —1} represents transposition in 
phase space [218] {qi qi, pt — > —pi), see Eq. (|3.2p . 

Within the building block picture, the valence bond construction can be in toto 
understood as a multiple CV entanglement swapping [237] . as shown in Fig. 113.21 
the GVBS is created as the entanglement in the bonds is swapped to the chain of 
output modes via CV teleportation [39] (see Chapter [12]) through the input port of 
the building blocks. It is thus clear that at a given initialization of the output port 
{i.e. at fixed x), changing the properties of the input port {i.e. varying s), which 
corresponds to implementing different Gaussian projections from the ancillary space 
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Figure 13.2. How a Gaussian valence bond state is created via continuous- 
variable entanglement swapping. At each step, Alice attempts to teleport her 
mode (half of an EPR bond, depicted in yellow) to Bob, exploiting as an 
entangled resource two of the three modes of the building block (denoted at 
each step by 1 and 2). The curly bracket denotes homodyne detection, which 
together with classical communication and conditional displacement at Bob's 
side achieves teleportation. The state will be approximately recovered in mode 
2, owned by Bob. Since mode 0, at each step, is entangled with the respective 
half of an EPR bond, the process swaps entanglement from the ancillary chain 
of the EPR bonds to the modes in the building block. The picture has to be 
followed column-wise. For ease of clarity, we depict the process as constituted 
by two sequences: in the first sequence [frames (1) to (4)] modes 1 and 2 are 
the two input modes of the building block (depicted in blue); in the second 
sequence [frames (5) to (8)[ modes 1 and 2 are respectively an input and an 
output mode of the building block. As a result of the multiple entanglement 
swapping [frame (9)[ the chain of the output modes (depicted in red), initially 
in a product state, is transformed into a translationally invariant Gaussian 
valence bond state, possessing in general multipartite entanglement among all 
the modes (depicted in magenta). 

to the physical one, will affect the structure and entanglement properties of the 
target GVBS. This link is explored in the following Section. 

We note here that the Gaussian states generally constructed according to the 
above procedure are ground states of harmonic Hamiltonians (a property of all 
GVBS [202] ). This follows as no mutual correlations are ever created between the 
operators qi and pj for any i,j — 1, . . . , iV, due to the fact that both EPR bonds 
and building blocks are chosen from the beginning in standard form. The final CM 



13.1. Gaussian valence bond states 



223 



Eq. (|13.3p thus takes the form 

r°"* = C-i©C, (13.4) 

where C is a circulant NxN matrix [18] and the phase space operators are assumed 
here to be ordered as (gi, q2, . . . , Qn, Pi, P2, ■ • ■ , Pn)- It can be shown that a CM 
of the form Eq. (|13.4p corresponds to the ground state of the quadratic Hamiltonian 

with the potential matrix given hy V = [llj . The GVBS we are going to investi- 
gate, therefore, belong exactly to the class of block-diagonal pure iV-mode Gaussian 
states which, in Sec. lll.2TTl have been shown to achieve "generic entanglement". We 
will now interpret the entanglement and in general the distribution of correlations 
in GVBS in terms of the structural and entanglement properties of the building 
block 7- 

13.1.1. Properties of the building block 

In the Jamiolkowski picture of Gaussian operations [2021 12051 [90] , different valence 
bond projectors correspond to differently entangled Gaussian building blocks. Let 
us recall some results on the characterization of bipartite entanglement from PartlTTl 
of this Dissertation. 

According to the PPT criterion, a Gaussian state is separable (with respect 
to a 1 X iV bipartition) if and only if the partially transposed CM satisfies the 
uncertainty principle, see Sec. 13.1.11 As a measure of entanglement, for two-mode 
symmetric Gaussian states 7, ^ we can adopt either the logarithmic negativity E^, 
Eq. (|3.8p . or the entanglement of formation Ep, computable in this case [95] via the 
formula Eq. (|4.17p . Both measures are equivalent being monotonically decreasing 
functions of the positive parameter Dij, which is the smallest symplectic eigenvalue 
of the partial transpose 7,^ of Jij- For a two-mode state, i>i,j can be computed 
from the symplectic invariants of the state [GA3) (see Sec. 14.2. ip , and the PPT 
criterion Eq. (|3.6p simply yields 7^ ^ entangled as soon as i>i.j < 1, while infinite 
entanglement (accompanied by infinite energy in the state) is reached for — *■ 0"'". 

We are interested in studying the quantum correlations of GVBS of the form 
Eq. (|13.3p . and in relating them to the entanglement properties of the building block 
7, Eq. ()13.ip . The building block is a pure three-mode Gaussian state. As discussed 
in Sec. I7.1.2[ its standard form covariances Eq. (|13.2p have to vary constrained to 
the triangle inequality (|7.17p for 7 to describe a physical state [GAll] . This results 
in the following constraints on the parameters x and s, 

X + 1 

a; > 1 , s> Smin ^ ^ ■ (13.5) 

Let us keep the parameter x fixed: this corresponds to assigning the CM of 
mode 3 (output port) . Straightforward applications of the PPT separability con- 
ditions, and consequent calculations of the logarithmic negativity Eq. (|3.8p . reveal 
that the entanglement between the first two modes in the CM 7^3 (input port) is 
monotonically increasing as a function of s, ranging from the case s = Smin when 
7g^ is separable to the limit s ^ 00 when the block 7^^ is infinitely entangled. 
Accordingly, the entanglement between each of the first two modes 7^ of 7 and the 
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Figure 13.3. Entanglement properties of ttie ttiree-mode building block T, 
Eq. 1)13. of the Gaussian valence bond construction, as functions of the 
standard form covariances x and d = s — Sniin- (a) Bipartite entanglement, 
as quantified by the logarithmic negativity, between the first two input-port 
modes 1 and 2; (b) Bipartite entanglement, as quantified by the logarithmic 
negativity, between each of the first two modes and the output-port mode 3; 
(c) Genuine tripartite entanglement, as quantified by the residual Gaussian 
contangle, among all the three modes. 



third one decreases with s. One can also show that the genuine tripartite en- 
tanglement in the building block, as quantified by the residual Gaussian contangle 
Eq. (|7.36p (see Sec. I7.2.3p . increases both as a function of x and with increasing 
difference 

d = S - Sniin • (13.6) 

The bipartite and tripartite entanglement properties of the building block are sum- 
marized in Fig. 113.31 

13.2. Entanglement distribution in Gaussian valence bond states 

The main question we raise is how the initial entanglement in the building block 7 
gets distributed in the GVBS r°"*. The answer will be that the more entanglement 
we prepare in the input port , the longer the range of the quantum correlations 
in the output GVBS will be [GA13] . We start from the case of minimum s. 
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13.2.1. Short-range correlations 

Let us consider a building block 7 with s ~ Smin = + l)/2. It is straightforward 
to evaluate, as a function of x, the GVBS in Eq. ()13.3p for an arbitrary number 
of modes (we omit the CM here, as no particular insight can be drawn from the 
expHcit expressions of the covariances) . By repeatedly applying the PPT criterion, 
one can analytically check that each reduced two-mode block 7°"* is separable for 
> 1, which means that the output GVBS r°"* exhibits bipartite entanglement 
only between nearest neighbor modes, for any value of a; > 1 (for a; = 1 we obtain 
a product state). 

While this certainly entails that r°"* is genuinely multiparty entangled, due to 
the translational invariance, it is interesting to observe that, without feeding entan- 
glement in the input port 7^^ of the original building block, the range of quantum 
correlations in the output GVBS is minimum. The pairwise entanglement between 
nearest neighbors will naturally decrease with increasing number of modes, being 
frustrated by the overall symmetry and by the intrinsic limitations on entangle- 
ment sharing (the so-called monogamy constraints [GAIO] . see Chapter [6]). We can 
study the asymptotic scaling of this entanglement in the limit x ^ 00. One finds 
that the corresponding partially-transposed symplectic eigenvalue Vi^i+i is equal to 
(TV - 2)/N for even N, and [{N - 2)/7V]i/2 for odd N: neighboring sites are thus 
considerably more entangled if the ring size is even-numbered. Such frustration 
effect on entanglement in odd-sized rings, already devised in a similar context in 
Ref. [272| . is quite puzzHng. An explanation may follow from counting arguments 
applied to the number of parameters (which are related to the degree of pairwise 
entanglement) characterizing a block-diagonal pure state on harmonic lattices (see 
Sec. 111.2 as we will now show. 

13.2.1.1. Valence bond representability and entanglement frustration. Let us make a 
brief digression. It is conjectured that all pure iV-mode Gaussian states can be 
described as GVBS [202] . Here we provide a lower bound on the number M of 
ancillary bonds required to accomplish this task, as a function of N. We restrict 
to ground states of harmonic chains with spring-like interactions, i.e. to the block- 
diagonal Gaussian states of Sec. 111.2.1} which have been proven to rely on N{N ~ 
l)/2 parameters |GA14| . and which are GVBS with a CM of the form Eq. (fIT?]) . 

With a simple counting argument using Eq. (jll.ip , the total number of param- 
eters of the initial chain T of building blocks should be at least equal to that of the 
target state, i.e. 

N{2M +l){2M)/2 > N{N - l)/2 , 



which means M > IntPart[(-\/4iV — 3 — l)/4]. This implies, for instance, that to 
describe general pure states with at least N > 7 modes, a single EPR bond per 
site is no more enough (even though the simplest case of M = 1 yields interesting 
famines of A^-mode GVBS for any N, as shown in the following). 

The minimum M scales as N-^^^, diverging in the field limit N 00. As infin- 
itely many bonds would be necessary (and maybe not even sufficient) to describe 
general infinite harmonic chains, the valence bond formalism is probably not helpful 
to prove or disprove statements related to the entropic area scaling law [187| for 
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Figure 13.4. Pictorial representation of the entanglement between a probe 
(green) mode and its neighbor (magenta) modes on an harmonic ring with an 
underlying valence bond structure. As soon as the parameter s (encoding en- 
tanglement in the input port of the valence bond building block) is increased, 
pairwise entanglement between the probe mode and its farther and farther 
neighbors gradually appears in the corresponding output Gaussian valence 
bond states. By translational invariance, each mode exhibits the same entan- 
glement structure with its respective neighbors. In the limit s — » co, every 
single mode becomes equally entangled with every other single mode on the 
ring, independently of their relative distance: the Gaussian valence bond state 
is in this case fully symmetric. 



critical bosons, which in general do not fall in special subclasses of finite-bonded 



The valence bond picture however effectively captures the entanglement dis- 
tribution in translationally invariant A^-mode harmonic rings [GA13] . as we are 
demonstrating in this Chapter. In this case the GVBS building blocks are equal at 
all sites, 'y^^^ = 7 Vi, while the number of parameters Eq. (jll.ip of the target state 
reduces, see Sec. I11.2.4[ to the number of independent pairwise correlations (only 
functions of the distance between the two sites) , which by our counting argument is 
Q]y = {N — N mod 2)/2. The corresponding threshold for a GVBS representation 
becomes M > IntPart[(-\/807v + 1 — l)/4]. As 6 w is bigger for even N, so it is the 
resulting threshold, which means that in general a higher number of EPR bonds 
is needed, and so more entanglement is inputed in the GVBS projectors and gets 
distributed in the target iV-mode Gaussian state, as opposed to the case of an odd 
N. This finally clarifies why nearest-neighbor entanglement in ground states of 
pure translationally invariant iV-mode harmonic rings (which belong to the class of 
states characterized by Proposition [T] of Sec. I11.2!2|) is frustrated for odd [272] . 




13.2.2. Medium-range correlations 

Back to the main track, the connection between input entanglement in the building 
block and output correlation length in the destination GVBS, can be investigated 
in detail considering a general building block 7 with s > Smin- The GVBS CM 
in Eq. (|13.3p can still be worked out analytically for a low number of modes, and 



Recently, analytical progress on the area law issue (complementing the known results for 
the noncritical bosonic case [187| ) has been obtained for the continuum limit of the real scalar 
Klein-Gordon massless field [60|. It is known [202| that the ground state of such critical model 
does not admit a GVBS representation with a finite number M of ancillary EPR bonds. 
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Figure 13.5. Entanglement distribution for a six-mode GVBS constructed 
from (a) infinitely entangled EPR bonds and (b) finitely entangled bonds given 
by two-mode squeezed states of the form Eq. (|2.22|l with r = 1.1. The entan- 
glement thresholds with fc = 1 (solid red line), k = 2 (dashed green line) 
and k = 3 (dotted blue line) are depicted as functions of the parameter x of 
the building block. For s > s^, all pairs of sites i and j with \i — j\ < k are 
entangled (see text for further details). 



numerically for higher N. Let us keep the parameter x fixed; we find that with in- 
creasing s the correlations extend smoothly to distant modes. A series of thresholds 
Sfc can be found such that for s > s^, two given modes i and j with \i — j\ < k are 
entangled. While trivially si(x) = Smin for any N (notice that nearest neighbors 
are entangled also for s = si), the entanglement boundaries for k > 1 are in general 
different functions of x, depending on the number of modes. We observe however 
a certain regularity in the process: Sk{x,N) always increases with the integer k. 
These considerations follow from analytic calculations on up to ten-modes GVBS, 
and we can infer them to hold true for higher N as well, given the overall scaling 
structure of the GVBS construction process. This entails the following remarkable 
result [GA13] . pictorially summarized in Fig. 113.41 

Entanglement distribution in Gaussian valence bond states. The maxi- 
mum range of bipartite entanglement between two modes, i.e. the maximum 
distribution of multipartite entanglement, in a GVBS on a translationally in- 
variant harmonic ring, is monotonically related to the amount of entanglement 
in the reduced two-mode input port of the building block. 

Moreover, no complete transfer of entanglement to more distant modes occurs: 
closer sites remain still entangled even when correlations between farther pairs arise. 
This feature will be precisely understood in the limit s oo. 

13.2.2.1. Example: a six-mode harmonic ring. To clearly demonstrate the intriguing 
connection described above, let us consider the example of a GVBS with iV = 6 
modes. In a six-site translationally invariant ring, each mode can be correlated 
with another being at most 3 sites away {k = 1,2,3). From a generic building 
block Eq. (jlS.ip . the 12 x 12 CM Eq. (jlS.Sp can be analytically computed as a 
function of s and x. We can construct the reduced CMs 7°"+^. of two modes 
with distance fc, and evaluate for each fc the respective symplectic eigenvalue i>i^i+k 
of the corresponding partial transpose. The entanglement condition s > Sk will 
correspond to the inequality i>i,i+fc < 1. With this conditions one finds that S2(x) is 
the only acceptable solution to the equation: 72s^ - 12{x'^ -|- l)s^ -|- (-34x'* -|- 28x^ - 
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Figure 13.6. Entanglement of formation between two sites i and j in a six- 
mode GVBS, with \i — j\ equal to: (a) 1, (b) 2, and (c) 3, as a function of the 
parameters x and d = s — Smin determining the building block. For each plot, 
the modes whose entanglement is displayed are schematically depicted as well 
(green balls). 



34) s'' + {x^ - 5x* - + l)s2 + (a;2 - - + 1) = 0, ^j^jjg f^^. ^j^g next-next- 

nearest neighbors threshold one has simply S3 {x) = x. This enables us to classify the 
entanglement distribution and, more specifically, to observe the interaction scale in 
the GVBS r°"*: Fig.[13H;a) clearly shows how, by increasing initial entanglement 
in 7ss, one can gradually switch on quantum correlations between more and more 
distant sites. 

We can also study entanglement quantitatively. Fig. 113.61 shows the entangle- 
ment of formation Ep of 7°"+^ for A: = 1, 2, 3 (being computable in such symmetric 
two-mode reductions, see Sec. I4.2.2p . as a function of the standard form covari- 
ances x and d, Eq. (|13.6p . of the building block. For any (x, d) the entanglement 
is a decreasing function of the integer fc, i.e. quite naturally it is always stronger 
for closer sites. However, in the limit of high d (or, equivalently, high s), the three 
surfaces become close to each other. We want now to deal exactly with this limit, 
for a generic number of modes. 

13.2.3. Long-range correlations 

The most interesting feature is perhaps obtained when infinite entanglement is fed 
in the input port of the building block (s — > 00). In this limit, the expressions 
greatly simplify and we obtain a iV-mode GVBS F™* of the form Eq. ([1331, where 
C and C^^ are completely degenerate circulant matrices, with 

iC-\, =a, = [{N - 1) + x^]/iNx) , {C-'kJ^^ - - (x^ - l)/(7Vx) ; 

iC)u ^ap = \l + {N- l)x^]/{Nx) , iC-'kJ^^ - Cp - -c, . 

For any N, thus, each individual mode is equally entangled with any other, no 
matter how distant they are. 

The asymptotic limit of our analysis shows then that an infinitely entangled in- 
put port of the building block results in GVBS with maximum entanglement range. 
These iV-mode Gaussian states are well-known as "fully symmetric" (permutation- 
invariant) Gaussian states, introduced in Sec. 12.4.31 The CM F""* of these GVBS 
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can indeed be put, by local symplectic (unitary) operations, in a standard form 
parametrized by the single-mode purity 

as in Eq. (|2.60p . Remarkably, in the limit ^/oc (i.e. x oo), the entropy of 
any if-sized {K < N) sub-block of the ring, quantifying entanglement between K 
modes and the remaining N — K, is infinite, as shown in Sec. 15.21 (see Fig. 15. 4p . 

This observation unveils a striking difference between finite-dimensional and 
infinite-dimensional valence bond states, as the former are by construction slightly 
entangled for a low dimensionality of the bonds [250j . and their entanglement is 
short-ranged [82]. We have just shown instead that pure, fully symmetric, iV-mode 
Gaussian states are exactly GVBS with minimum bond cardinality (M = 1): yet, 
their entanglement can diverge across any global splitting of the modes, and their 
pairwise quantum correlations have maximum range. How this feature connects 
with the potential validity of an area law for all critical bosonic systems [1871 160] . 
as already remarked, is currently an open question. 

13.2.3.1. Permutation-invariance and promiscuity from the valence bond construction. 
Within the valence bond framework, we also understand the peculiar "promiscu- 
ous" entanglement sharing of fully symmetric A^-mode Gaussian states (evidenced 
for = 3 in Sec. I7.3.3P : being them built by a symmetric distribution of infi- 
nite pairwise entanglement among multiple modes, they achieve maximum genuine 
multiparty entanglement while keeping the strongest possible bipartite one in any 
pair. Let us also note that in the field Hmit {N oo) each single pair of modes 
is in a separable state, as they have to mediate a genuine multipartite entangle- 
ment distributed among all the infinite modes under a monogamy constraint (see 
Sec. [6221) • 

Keeping Fig. ll3.2j in mind, we can conclude that having the two input modes ini- 
tially entangled in the building blocks, increases the efficiency of the entanglement- 
swapping mechanism, inducing correlations between distant modes on the GVBS 
chain, which enable to store and distribute joint information. In the asymptotic 
limit of an infinitely entangled input port of the building block, the entanglement 
range in the target GVBS states is engineered to be maximum, and communication 
between any two modes, independently of their distance, is enabled nonclassically. 

In the next Sections, based on Ref. [GA17| . we investigate the possibility of pro- 
ducing GVBS with Hnear optics, and discuss with a specific example the usefulness 
of such resource states for multiparty CV quantum communication protocols such 
as 1 ^ (iV — 1) telecloning of unknown coherent states [238] (see Sec. 112.3]) . 

13.3. Optical implementation of Gaussian valence bond states 

The power of describing the production of GVBS in terms of physical states, the 
building blocks, rather than in terms of arbitrary non-unitary Gaussian maps, Hes 
not only in the immediacy of the analytical treatment. From a practical point 
of view, the recipe of Fig. 113.11 can be directly implemented to produce GVBS 
experimentally in the domain of quantum optics. We first note that the EPR mea- 
surements are realized by the standard toolbox of a beam-splitter plus homodyne 
detection [90], as demonstrated in several CV teleportation experiments [89] . 

The next ingredient to produce a A^-mode GVBS is constituted by N copies 
of the building block 7. We provide here an easy scheme, following Sec. 110. 1.2. 41 



230 



13. Entanglement in Gaussian valence bond states 



f3 



r1 



% 
% 
% 




Figure 13.7. Optical production of bisymmetric tiiree-mode Gaussian states, 
used as building blocks for the valence bond construction, (a) Three initial 
vacuum modes are entangled through two sequential twin-beam boxes, the first 
(parametrized by a squeezing degree ''1,3) acting on modes f and 3, and the 
second (parametrized by a squeezing degree ^1,2) acting on the transformed 
mode 1 and mode 2. The output is a pure three-mode Gaussian state whose 
CM is equivalent, up to local unitary operations, to the standard form given 
in Eq. I|13.1|l . (b) Detail of the entangling twin-beam transformation. One 
input mode is squeezed in a quadrature, say momentum, of a degree r (this 
transformation is denoted by stretching arrows — >| f*— ); the other input mode 
is squeezed in the orthogonal quadrature, say position, of the same amount 
(this anti-squeezing transformation is denoted by the corresponding rotated 
symbol). Then the two squeezed modes are combined at a 50:50 beam-splitter. 
If the input modes are both in the vacuum state, the output is a pure two-mode 
squeezed Gaussian state {twin-beam state), with entanglement proportional to 
the degree of squeezing r, as in Fig. 19.11 



(see also Ref. [238j ). to realize bisymmetric three-mode Gaussian states of the 
form Eq. (|13.ip . As shown in Fig. 113. 7[ one can start from three vacuum modes 
and first apply a two-mode squeezing operation (twin-beam box) to modes 1 and 3, 
characterized by a squeezing ri^s, then apply another twin-beam operation to modes 
1 and 2, parametrized by ri,2- The symplectic operation Tij{rij) describing the 
twin-beam transformation (two-mode squeezing plus balanced beam-splitter) acting 
on modes i and j is given by Eq. (|2.28p and pictorially represented in Fig. I13.7lf b). 
The output of this optical network is a pure, bisymmetric, three-mode Gaussian 
state with a CM 



7b = ri,2(ri,2)ri,3(ri,3)ri"^3(ri,3)Ti^2(''i,2) , 
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of the form Eq. (|13.ip . with 

Is = diag I ^e-2'-i-2 (e^'^i cosh (2ri,3) + l) , (cosh (2ri,3) + e^''^-^) 

7^ = diag {cosh (2ri, 3) , cosh (2ri,3)}, 

ess - diag I ^g4n,. ,osh (2ri,3) - l) , \e-^'-''' (cosh (2ri,3) - e^"^^'^) 

Esx = diag |'\/2e''^'^ cosh (ri,3) sinh (ri,3) , —\/2e~''^'^ cosh (7-1,3) sinh (7'i^3)|. 

(13.7) 

By means of local symplectic operations (unitary on the Hilbert space), Hke addi- 
tional single-mode squeezings, the CM 7^ can be brought in the standard form of 
Eq. (|13.2p . from which one has 



ri 3 = arccos 



ri 2 = arccos * 



+ 1 



(13.8) 



4a; 



For a given ri 3 [i.e. at fixed a;), the quantity ri_2 is a monotonically increasing 
function of the standard form covariance s, so this squeezing parameter which 
enters in the production of the building block (see Fig. 113. 7p directly regulates the 
entanglement distribution in the target GVBS, as discussed in Sec. 113.21 

The only unfeasible part of the scheme seems constituted by the ancillary EPR 
pairs. But are infinitely entangled bonds truly necessary? In Ref. [GA13] we have 
considered the possibility of using a given by the direct sum of two-mode 
squeezed states of Eq. (|2.22p . but with finite r. Repeating the analysis of Sec. 113.21 
to investigate the entanglement properties of the resulting GVBS with finitely en- 
tangled bonds, it is found that, at fixed (a;,s), the entanglement in the various 
partitions is degraded as r decreases, as somehow expected. 

Crucially, this does not affect the connection between input entanglement and 
output correlation length. Numerical investigations show that, while the thresholds 
Sfc for the onset of entanglement between distant pairs are quantitatively modified 
— namely, a bigger s is required at a given x to compensate the less entangled 
bonds — the overall structure stays untouched. As an example, Fig. ll3.5f b) depicts 
the entanglement distribution in six-mode GVBS obtained from finitely entangled 
bonds with r = 1.1, corresponding to ~ 6.6 dB of squeezing (an achievable value 
(2241). 

This ensures that the possibility of engineering the entanglement structure in 
GVBS via the properties of the building block is robust against imperfect resources, 
definitely meaning that the presented scheme is feasible. Alternatively, one could 
from the beginning observe that the triples consisting of two projective measure- 
ments and one EPR pair can be replaced by a single projection onto the EPR state, 
applied at each site i between the input mode 2 of the building block and the con- 
secutive input mode 1 of the building block of site i + 1 [202| . The output of all 
the homodyne measurements would conditionally realize the target GVBS. 
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Figure 13.8. 1 — > 5 quantum telecloning of unknown coherent states ex- 
ploiting a six-mode translationally invariant Gaussian valence bond state as 
a shared resource. Alice owns mode i. Fidelities JP" for distributing clones to 
modes j such as = |i — j\ are plotted for fc = 1 [(a),(d)]; k = 2 [(b), (e)]; 
and fc = 3 [(c), (f)], as functions of the local invariants s and x of the building 
block. In the first row [(a)-(c)[ the fidelities are achieved exploiting the non- 
optimized Gaussian valence bond resource in standard form. In the second row 
[(d)-(f)[ fidelities optimized over local unitary operations on the resource (see 
Sec. 112.2)1 are displayed, which are equivalent to the entanglement in the cor- 
responding reduced two-mode states (see Fig. 113.61 . Only nonclassical values 
of the fidelities (J^ > 0.5) are shown. 



13.4. Telecloning with Gaussian valence bond resources 

The protocol of CV quantum telecloning among multiple parties |238| has been 
described in Sec. 112.31 We can now consider the general setting of asymmetric 
1 ^ iV — 1 telecloning on harmonic rings, where N parties share a A^-mode GVBS 
as an entangled resource, and one of them plays the role of Alice (the sender) 
distributing imperfect copies of unknown coherent states to all the N — 1 receivers 
[GA17] . For any TV, the fidelity can be easily computed from the reduced two-mode 
CMs via Eq. (|12.4p and will depend, for translationally invariant states, only on 
the relative distance between the two considered modes. 

We focus here on the practical example of a GVBS on a translationally invariant 
harmonic ring, with = 6 modes. In Sec. 113. 2. 2.1) the entanglement distribution 
in a six-site GVBS has been studied, finding in particular that, by increasing initial 
entanglement in 7^^, one can gradually switch on pairwise quantum correlations 
between more and more distant sites. Accordingly, it is interesting to test whether 
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this entanglement is useful to achieve nonclassical telecloning towards distant re- 
ceivers [i.e. with fidelity J- > JF'^' = 1/2, see Eq. (|12.ip ]. In this specific instance, 
Alice will send two identical (approximate) clones to her nearest neighbors, two 
other identical clones (with in principle different fidelity than the previous case) to 
her next-nearest neighbors, and one final clone to the most distant site. The fideli- 
ties for the three transmissions can be computed from Eq. (|12.4p and are plotted in 
Fig. I13.8lf a). For s = Smin, obviously, only the two nearest neighbor clones can be 
teleported with nonclassical fidelity, as the reduced states of more distant pairs are 
separable. With increasing s also the state transfer to more distant sites is enabled 
with nonclassical efficiency, but not in the whole region of the space of parameters 
s and X in which the corresponding two-mode resources are entangled [see, as a 
comparison. Fig. I13.5lf a)]. 

As elucidated in Sec. 112.21 one can optimize the telecloning fidelity consider- 
ing resources prepared in a different way but whose CM can be brought by local 
unitary operations (single-mode symplectic transformations) in the standard form 
of Eq. (|13.3p . We know that for symmetric resources — in this case the two-mode 
reduced Gaussian states relative to the sender and each receiver at a time — the 
optimal teleportation fidelity obtained in this way is equivalent to the shared entan- 
glement [GA9] . For GVBS resources, this local-unitary freedom can be transferred 
to the preparation of the building block. A more general 7 locally equivalent to the 
standard form given in Eq. (|13.2p . can be realized by complementing the presented 
state engineering scheme for the three-mode building block as in Eq. (|13.7p [see 
Fig. I13.7f a)]. with additional single- mode rotations and squeezing transformations 
aimed at increasing the output fidelity in the target GVBS states, while keeping 
both the entanglement in the building block and consequently the entanglement in 
the final GVBS unchanged by definition. 

The optimal telecloning fidelity, obtained in this way exploiting the results of 
Sec. 112.21 is plotted in Fig. 113.8( b) for the three bipartite teleportations between 
modes i and j with k ~ \i ~ j\ — 1, 2, 3. In this case, one immediately recovers a 
non-classical fidelity as soon as the separability condition s < is violated in the 
corresponding resources. Moreover, the optimal telecloning fidelity at a given k is 
itself a quantitative measure of the entanglement in the reduced two-mode resource, 
being equal to [see Eq. (|12.15p ] 

^ 1/(1 + f>,,,+fc) , (13.9) 

where ui^i+k is the smallest symplectic eigenvalue of the partially transposed CM in 
the corresponding bipartition. The optimal fidelity is thus completely equivalent to 
the entanglement of formation Eq. (|4.17p and to the logarithmic negativity Eq. (|3.8P : 
the optimal fidelity surfaces of Fig. 113.8( b) and the corresponding entanglement 
surfaces of Fig. 113.61 exhibit indeed the same, monotonic, behavior. 

In the limit s ^ 00, as discussed in Sec. 113.2.31 the GVBS become fully 
permutation-invariant for any TV. Consequently, the (optimized and non-optimized) 
telecloning fidelity for distributing coherent states is equal for any pair of sender- 
receiver parties. These resources are thus useful for 1 ^ — 1 symmetric tele- 
cloning. However, due to the monogamy constraints on distribution of CV entan- 
glement [GAIO] (see Sec. 16.2.2")) . this two-party fidelity will decrease with increasing 
A^, vanishing in the limit A^ ^ 00 where the resources become completely separable. 
In this respect, it is worth pointing out that the fully symmetric GVBS resources 



234 



13. Entanglement in Gaussian valence bond states 



(obtained from an infinitely entangled building block) are more useful for teleporta- 
tion networks as thoroughly discussed in Sec. 112.2.21 In this case, more economical 
state engineering procedures are available than the impractical (requiring infinite 
entanglement) valence bond construction, as exemplified by Fig. 112.21 

13.5. Discussion 

The valence bond picture is a valuable framework to study the structure of corre- 
lations in quantum states of harmonic lattices. In fact, the motivation for such a 
formalism is quite different from that underlying the finite-dimensional case, where 
valence bond/matrix product states are useful to efficiently approximate ground 
states of A^-body systems — generally described by a number of parameters expo- 
nential in — with polynomial resources [180] . In CV systems, the key feature 
of GVBS Hes in the understanding of their entanglement distribution as governed 
by the properties of simpler structures. We have in fact shown that the range of 
pairwise quantum correlations in translationally invariant A^-mode GVBS is deter- 
mined by the entanglement in the input port of the building block [GA13] . To the 
best of our knowledge, such an interesting connection had not been pointed out in 
traditional discrete- variable matrix product states, and further investigation in this 
direction, still resorting to the Jamiolkowski isomorphism, may be worthy. 

Our analysis has also experimental implications giving a robust recipe to en- 
gineer correlations in many-body Gaussian states from feasible operations on the 
building blocks. We have provided a simple scheme to produce bisymmetric three- 
mode building blocks with linear optics, and discussed the subsequent implemen- 
tation of the valence bond construction. We have also investigated the usefulness 
of such GVBS as resources for nonclassical communication, like telecloning of un- 
known coherent states to distant receivers on a harmonic ring [GA17] . 

It would be interesting to employ the valence bond picture to describe quantum 
computation with CV cluster states [155], and to devise efficient protocols for its 
optical implementation |242j . 



CHAPTER 14 



Gaussian entanglement sharing in 

non-inertial frames 

In the study of most quantum information tasks such as teleportation and quantum 
cryptography, non-relativistic observers share entangled resources to perform their 
experiments [163j . Apart from a few studies [611 [88l [6l [H [71 |4], most works 
on quantum information assume a world without gravity where space-time is flat. 
But the world is relativistic and any serious theoretical study must take this into 
account. It is therefore of fundamental interest to revise quantum information 
protocols in relativistic settings [179j . It has been shown that relativistic effects 
on quantum resources are not only quantitatively important but also induce novel, 
qualitative features [88l [6l [TH Hj . For example, it has been shown that the dynamics 
of space-time can generate entanglement [H]. This, in principle, would have a 
consequence in any entanglement-based protocol performed in curved space-time. 
Relativistic effects have also been found to be relevant in a flat spacetime where the 
entanglement measured by observers in relative acceleration is observer-dependent 
since it is degraded by the Unruh effect [881 f6l [4]. In the inflnite acceleration limit, 
the entanglement vanishes for bosons |88l Hj and reaches a non- vanishing minimum 
for fermions [6] . This degradation on entanglement results in the loss of fidelity of 
teleportation protocols which involve observers in relative acceleration (7]. 

Understanding entanglement in a relativistic framework is not only of interest to 
quantum information. Relativistic entanglement plays an important role in black 
hole entropy |26l |46l 1187] and in the apparent loss of information in black holes 
[228| . one of the most challenging problems in theoretical physics at the moment 
[1081 1109) . Understanding the entanglement between modes of a field close to the 
horizon of a black hole might help to understand some of the key questions in black 
hole thermodynamics and their relation to information. 

In this Chapter, based on Ref. [GA20| . we interpret the loss of bipartite en- 
tanglement between two modes of a scalar field in non-inertial frames as an effect 
of entanglement redistribution. We consider two observers, each with a detector 
sensitive to a single mode. The observers make measurements on the field and look 
for correlations to determine the degree to which the field modes are entangled. 
Suppose that the observers are inertial and that the two field modes measured are 
entangled to a given degree. The state will appear less entangled if the observers 
move with uniform acceleration in a non-inertial frame [88] . This is because each in- 
ertial mode becomes a two-mode squeezed state in non-inertial coordinates [6311233] . 
Therefore, the two-mode entangled state in the inertial frame becomes a three-mode 
state when one observer is in uniform acceleration and a four-mode state if both 
observers are accelerated. The observers moving with uniform acceleration have 
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access only to one of the non-inertial modes. Therefore, when measuring the state 
(which involves tracing over the unaccessible modes) the observers find that some 
of the correlations are lost. This effect, from the quantum information perspective, 
was first studied for bosonic scalar fields [88] (considering one inertial observer and 
the other one undergoing uniform acceleration) and later for a fermionic Dirac field 
[6]. Although entanglement is in both cases degraded as a function of the acceler- 
ation, there are important differences in the results. For example, in the infinite 
acceleration limit, the entanglement reaches a non- vanishing minimum value for 
fermions, while it completely disappears in the bosonic case. The loss of entangle- 
ment was explained in the fermionic case in the light of the entanglement sharing 
framework (see Sec. II. 4p as an effect of the redistribution of entanglement among 
all, accessible and unaccessible, modes. Although the loss of entanglement was first 
studied for scalar fields (considering an inertial entangled state which is maximally 
entangled in a two-qubit space, ~ |00) + |11)), entanglement sharing was not 
analyzed in that instance, due to the difficulty of computing entanglement in such 
a hybrid qubit-continuous-variable system. Fortunately, as we have thoroughly 
demonstrated in the previous Parts of this dissertation, the theory of CV entan- 
glement has been in recent times developed, allowing for the exact, quantitative 
study of bipartite entanglement and its distribution in the special class of Gaussian 
states. 

Here, we consider a free scalar field which is, from an inertial perspective, in a 
two-mode squeezed state. The choice of the state is motivated by different obser- 
vations. We have seen that it is the paradigmatic entangled state of a CV system, 
approximating to an arbitrarily good extent the EPR pair [73|, and as member of 
the Gaussian family it admits an exact description of classical and quantum cor- 
relations. Since the Unruh transformations are Gaussian themselves, it is possible 
to characterize analytically the redistribution of correlations (see Chapter [6]) due 
to relativistic effects. Furthermore, the two-mode squeezed state plays a special 
role in quantum field theory. It is possible to define particle states (necessary in 
any entanglement discussion) when the spacetime has at least two asymptotically 
fiat regions [251 114] . In this case, the most general particle states correspond to 
multi-mode squeezed states in which all field modes are in a pair-wise squeezed en- 
tangled state. The state we consider in our entanglement discussion is the simplest 
multi-mode squeezed state possible in which all modes are in the vacuum except 
for two entangled modes. 

A first investigation on the degradation of CV entanglement in a two-mode 
squeezed state due to the Unruh effect has been recently reported [4]. The en- 
tanglement loss, quantified by the logarithmic negativity [253] [see Eq. (|3.8p ]. was 
analyzed when one of the observers is accelerated and found to decrease more dras- 
tically when the entanglement in the inertial frame is stronger and to vanish in the 
infinite acceleration limit. 

We perform an extensive study of both quantum (entanglement) and classi- 
cal correlations of the two-mode squeezed state in non-inertial frames. Our work 
aims at a conclusive understanding and characterization of the relativistic effects 
on shared correlations detected by observers in uniform acceleration. Therefore, 
we evaluate not only the bipartite entanglement as degraded by the Unruh ther- 
malization, but remarkably, the multipartite entanglement which arises among all 
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modes in Rindler coordinates. Our analysis is possible thanks to the analytical re- 
sults on entanglement sharing and the quantification of multipartite entanglement 
in Gaussian states, presented in Part IIIII of this Dissertation. This analysis relays 
on the (Gaussian) contangle [GA10| . Eq. (|6.13p . introduced in Sec. 16.1.2.11 The 
Gaussian contangle for mixed states is not fully equivalent to the negativity (the 
former belonging to the Gaussian entanglement measures, see Sec. l4.5p . Therefore, 
in the case of a single accelerated observer, our results will evidence significant 
differences with the results presented in Ref. [4]. The main novel result we find in 
this case, is that in the infinite acceleration limit, all the bipartite entanglement 
in the inertial frame is exactly redistributed into genuine tripartite correlations in 
the non-inertial frame. We also analyze total correlations, finding that the classical 
correlations are invariant under acceleration when one observer is non-inertial. 

Furthermore, we present an original analysis of the Unruh effect on CV entan- 
glement when both observers undergo uniform acceleration. This analysis yields 
a series of significant new results. First, the bipartite entanglement measured by 
observers in non-inertial frames may vanish completely at finite acceleration even 
when the state contains an infinite amount of entanglement in the inertial frame. 
Second, the acceleration induces a redistribution of entanglement, such that the 
modes in the non-inertial frame share genuine four-partite entanglement. This en- 
tanglement increases unboundedly with the acceleration, easily surpassing the orig- 
inal inertial bipartite entanglement (the parametric four-mode state one obtains 
is exactly the same as that discussed in Chapter [HI). Third, classical correlations 
are also degraded as function of the acceleration. The degradation is of at most 
one unit with respect to the case of a single non-inertial observer. Moreover, we 
study the dependence of the bipartite entanglement on the frequency of the modes 
detected by the non-inertial observers, finding that with increasing acceleration the 
range of entangled frequencies gets narrower and narrower, becoming empty in the 
limit of infinite acceleration. 

Our results are on one hand an interesting application of the Gaussian quantum- 
information machinery, developed in this Dissertation (and commonly confined to 
quantum optics or light-matter interfaces, as we have seen in the previous Chapters) 
to a relativistic setting. On the other hand, they provide a deeper understanding 
of the characterization of the inherent relativistic effects on the distribution of 
information. This may lead to a better understanding of the behavior of information 
in presence of a black hole [GA21j . 

14.1. Entanglement in non-inertial frames: the Unruh effect 

To study entanglement from the point of view of parties in relative acceleration 
is necessary to consider that field quantization in different coordinates is inequiva- 
lent. While an inertial observer concludes that the field is in the vacuum state, an 
observer in relative acceleration detects a thermal distribution of particles propor- 
tional to his/her acceleration. This is known as the Unruh effect [6311233] and it has 
important consequences on the entanglement between (bosonic and/or fermionic) 
field modes and its distribution properties (88l [6] . We will unveil such consequences 
in the case of bosonic scalar fields and a two-mode squeezed state shared by two 
observers in an inertial perspective. Let us first discuss how the Unruh effect arises. 

Consider an observer moving in the (i, z) plane (c = 1) with constant accel- 
eration a. Rindler coordinates (r, Q are appropriate for describing the viewpoint 
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of an uniformly accelerated observer. Two different sets of Rindler coordinates, 
which differ from each other by an overall change in sign, are necessary for covering 
Minkowski space. These sets of coordinates define two Rindler regions (/ and //) 
that are causally disconnected from each other: 

at = e"^ sinh(ar), az = e"^ cosh(ar); 
at = — sinh(aT), az = — e"^ cosh(ar). 

A particle undergoing eternal uniform acceleration remains constrained to either 
Rindler region / or // and has no access to the opposite region, since these two 
regions are causally disconnected. 

Now consider a free quantum scalar field in a flat background. The quantization 
of a scalar field in the Minkowski coordinates is not equivalent to its quantization 
in Rindler coordinates. However, the Minkowski vacuum state can be expressed in 
terms of a product of two-mode squeezed states of the Rindler vacuum [259j 



coshr 

n=0 



oo 

|0>P„ -T;^^!: r \n)^^ |n)^„ = C/(r) , (14.1) 

where 



coshr=n-e , (14.2) 

and U{r) is the two- mode squeezing operator introduced in Eq. (|2.2ip . Each 
Minkowski mode of frequency \ujp\ has a Rindler mode expansion given by Eq. (|14.ip . 
The relation between higher energy states can be found using Eq. (|14.ip and 
the Bogoliubov transformation between the creation and annihilation operators, 
Up = cosh rbpj — sinh rhj^^^ , where cip is the annihilation operator in Minkowski 

space for mode p and bpj and bpjj are the annihilation operators for the same mode 
in the two Rindler regions [63l 1233] . A Rindler observer moving in region / needs 
to trace over the modes in region // since he has no access to the information in 
this causally disconnected region. Therefore, while a Minkowski observer concludes 
that the field mode p is in the vacuum |0)p^^, an accelerated observer constrained 
to region /, detects the state 

1 °° 

mou E t^^h'" h^X'^Ip. (14.3) 

n— 

which is a thermal state with temperature T ~ where ks is Boltzmann's 

constant. 



14.2. Distributed Gaussian entanglement due to one accelerated ob- 
server 

We consider two inertial observers with detectors sensitive to modes a and p, re- 
spectively. All field modes are in the vacuum state except for modes a and p which 
are originally in a two-mode squeezed state with squeezing parameter s, as in [4]. 
This Gaussian state, which is the simplest multi-mode squeezed state (of central 
importance in quantum field theory [25|). clearly allows for the exact quantification 
of entanglement in all partitions of the system in inertial and non-inertial frames. 



14.2. Distributed Gaussian entanglement due to one accelerated observer 



239 



From an inertial perspective, we can describe the two-mode squeezed state via 
its CM [see Eq. ([222)] 

= ^aM,pM(s)l4C.,PM(s) ' (14.4) 

where I4 is the CM of the vacuum \0)aM l^) pm ■ If the observer (Rob) who 
detects mode p is in uniform acceleration, the state corresponding to this mode 
must be described in Rindler coordinates, so that the Minkowski vacuum is given 
by \0)pM = Up,,p,,{r){\0)p,(g>\0)p,,), with U{r) given by Eq. ^21^. Namely, the 
acceleration of Rob induces a further two-mode squeezing transformation, with 
squeezing r proportional to Rob's acceleration [see Eq. (|14.2p ]. As a consequence 
of this transformation, the original two-mode entanglement in the state Eq. (|14.4p 
shared by Alice (always inertial) and Rob from an inertial perspective, becomes 
distributed among Alice, the accelerated Rob moving in Rindler region /, and a 
virtual anti-Rob (R) theoretically able to detect the mode pu in the complimentary 
Rindler region //. 

Our aim is to investigate the distribution of entanglement induced by the purely 
relativistic effect of Rob's acceleration. It is clear that the three-mode state shared 
by Alice, Rob and anti-Rob is obtained from the vacuum by the application of 
Gaussian unitary operations only, therefore, it is a pure Gaussian state. Its CM, 
according to the above description, is (see also [1]) 

(rARR{r,s) = [laM®Sp,,p,j{r)]-[SaM,pj{s)®lpjj] 

■ l6 • (s) © Ip.. ] [1«M © si (r)] , 

(14.5) 

where the symplectic transformations S are given by Eq. (|2.24p . and Ig is the CM 
of the vacuum \0)aM®\^) pi®\^) pu ■ Explicitly, 

/ (TA SAR £ar \ 
^ARR = s'ar CTfl ^RR > (14-6) 
\ ^AR ^RR I 

where: 

(J A = cosh(2s)l2 , 

(Tii ~ [cosh(2s) cosh^(r) + sinh^(r)]l2 , 
(Tj^j ~ [cosh^(r) + cosh(2s) sinh^(r)]l2 , 
£ar = [cosli^(r) -I- cosh(2s) sinh^(r)]Z2 , 
^AR = [sinh(r) sinh(2s)]l2 , 
^RR = [cosh^(s) sinh(2r)]Z2 , 

with Z2 = (J _°). We remind the reader to Chapter [7] for an introduction to the 
structural and informational properties of three- mode Gaussian states. 

As pointed out in Ref. [88] the infinite acceleration limit (r 00) can be 
interpreted as Alice and Rob moving with their detectors close to the horizon of a 
black hole. While Alice falls into the black hole Rob escapes the fall by accelerating 
away from it with uniform acceleration a. 



240 



14. Gaussian entanglement sharing in non-inertial frames 



14.2.1. Bipartite entanglement 

We now turn to an analysis of the entanglement between the different observers. 
As already mentioned, we adopt the Gaussian contangle [GAlOj (see Sec. l6.1.2!T|) as 
entanglement quantifier. Hence we refer to the notation of Eq. (|6.13p and write, for 
each partition the corresponding parameter mj|j involved in the optimization 
problem which defines the Gaussian contangle for bipartite Gaussian states. 

The Gaussian contangle G'r(<T^|^), which quantifies the bipartite entanglement 

shared by two Minkowski observers, is equal to 4s^, as can be straightforwardly 
found by inserting rn^^^ = cosh(2s) in Eq. (|6.13p . 

Let us now compute the bipartite entanglement in the various 1x1 and 1x2 
partitions of the state ctarr- The 1x2 (Gaussian) contangles are immediately 
obtained from the determinants of the reduced single-mode states of the globally 
pure state cr^^j^, Eq. (|14.6p . yielding 

'mA\(RR) = \/Det<TA = cosh(2s) , (14.7) 
''^r\(Ar:) ^ ^/Det a-j^ ~ cosh(2.s) cosh^(r) + sinh^(r) , 
"^fl|(A_R,) = \/Det (Tj:> = cosh^(r) + cosh(2s) sinh^(r) . 

For any nonzero value of the two squeezing parameters s and r {i.e. entanglement 
in the inertial frame and Rob's acceleration, respectively), each single party is in 
an entangled state with the block of the remaining two parties, with respect to 
all possible global splitting of the modes. This classifies the state ctarr fully 
inseparable according to the scheme of Sec. 17.1.1) [94| : it contains therefore genuine 
tripartite entanglement, which will be precisely quantified in the next subsection, 
thanks to the results of Sec. 17.2.31 

Notice also that Ti^j^^/j-) = m^j^, i.e. all the inertial entanglement is shared, 
from a non-inertial perspective, between AHce and the group {Rob, anti-Rob}, as 
expected since the coordinate transformation Spj^p,j{r) is a local unitary operation 
with respect to the considered bipartition, which preserves entanglement by defini- 
tion. In the following, we will always assume s ^ to rule out trivial circumstances. 

Interestingly, as already pointed out in Ref. [4], Alice shares no direct entan- 
glement with anti-Rob, because the reduced state cr^|^ is separable by inspection, 
being Det e^^ > 0. Actually, we notice that anti-Rob shares the minimum possible 
bipartite entanglement with the group constituted by Alice and Rob. This follows 
by recalling that, in any pure three-mode Gaussian state (T123, the local single-mode 
determinants have to satisfy the triangle inequality (|7.22p [GAll] . which reads 

|mi — 7712! + 1 < 7713 < mi -f 7712 — 1 , 

with rrii = \/Ucta\. In our case, identifying mode 1 with Alice, mode 2 with Rob, 
and mode 3 with anti-Rob, Eq. (|14.7p shows that the state cr^j^^ saturates the 
leftmost side of the triangle inequality (|7.22p , 

''^R\{AR.} = "^fl|(Ai?,) ~ T^A\{RR) + 1 • 

In other words, the mixedness of anti-Rob's mode, which is directly related to his 
entanglement with the other two parties, is the smallest possible one. The values 
of the entanglement parameters 777i|(jfc) from Eq. (|14.7P are plotted in Fig. 114. li as 
a function of the acceleration r, for a fixed degree of initial squeezing s. 
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Figure 14.1. Plot, as a function of ttie acceleration parameter r, of the 
bipartite entanglement between one observer and the group of the other two, 
as expressed by the single-mode determinants miy^,) defined in Eq. I|14.7|l . 
The inertial entanglement is kept fixed at s = 1. The solid red line represents 
^A\(RR)^ tlis dashed green line corresponds to "i^jkah): while the dotted blue 
line depicts m^n^^). 



On the other hand, the PPT criterion (see Sec. 13.1. ip states that the reduced 
two-mode states cr^i^ and cr^pi are both entangled. To compute the Gaussian 
contangle in those partitions, we first observe that all the two-mode reductions of 
'^ARR belong to the special class of GMEMMS [GA3j . mixed Gaussian states of 
maximal negativities at given marginal mixednesses, introduced in Sec. 14.3.21 [see 
Fig. l4.1f a)] This is a curious coincidence because, when considering entanglement of 
Dirac fields in non-inertial frames [6], and describing the effective three-qubit states 
shared by the three observers, also in that case all two-qubit reduced states belong 
to the corresponding family of MEMMS [GAlj , mixed two-qubit states of maximal 
entanglement at fixed marginal mixednesses [see Fig. 14.1( b)]. Back to the CV case, 
this observation is useful as we know that for two-mode GMEMMS the Gaussian 
entanglement measures, including the Gaussian contangle, are computable in closed 
form [GA7| . as detailed in Sec. 14.5.21 GMEMMS are indeed simultaneous GMEMS 
and GLEMS (see Sec. 14. 3. 3. therefore either Eq. (|4.74p or Eq. (|4.76p can be used 
to evaluate their Gaussian contangle. We have then 

2 sinh^ (r) + (cosh(2r) + 3) cosh(2s) 
2cosh(2s)sinh^(r) +cosh(2r) H-3 ' 
cosh(2r) . (14.9) 

Let us first comment on the quantum correlations created between the two 
Rindler regions / and //, given by Eq. (|14.9p . Note that the entanglement in the 
mixed state cr^/j is exactly equal, in content, to that of a pure two-mode squeezed 
state with squeezing r, irrespective of the inertial Alice-Rob entanglement quanti- 
fied by s. This provides a clearcut interpretation of the Unruh mechanism, in which 
the acceleration alone is responsible of the creation of entanglement between the 
accessible degrees of freedom belonging to Rob, and the unaccessible ones belonging 
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Figure 14.2. Bipartite entanglement between Alice and the non-inertial ob- 
server Rob, who moves with uniform acceleration parametrized by the effective 
squeezing r. From an inertial perspective, the two observers share a two-mode 
squeezed state with squeezing degree s. Plot (a) depicts the Gaussian contan- 
gle Gt{o'a\r)j given by Eqs. l|6.13l[lA8|l . as a function of r and s. In plot (b) 
the same quantity is normalized to the original contangle as seen by inertial 
observers, Gt(<t^|^) = 4s^. Notice in (a) how the bipartite Gaussian contan- 
gle is an increasing function of the entanglement, s, while it decreases with 
increasing Rob's acceleration, r, vanishing in the limit r oo. This decay is 
faster for higher s, as clearly visible in (b). 

to the virtual anti-Rob. By comparison with Ref. [4], we remark that if the loga- 
rithmic negativity is used as an entanglement measure, this insightful picture is no 
longer true, as in that case the entanglement between Rob and anti-Rob depends 
on s as well. While this is not surprising given the aforementioned inequivalence 
between negativities and Gaussian entanglement measures in quantifying quantum 
correlation of nonsymmetric mixed Gaussian states [GA7| (see Sec. 14. 5p . it gives 
an indication that the negativity is probably not the best quantifier to capture the 
transformation of quantum information due to relativistic effects. 

The proper quantification of Gaussian entanglement, shows that the bipar- 
tite quantum correlations are regulated by two competing squeezing degrees. On 
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one hand, the resource parameter s regulates the entanglement G'r(<T^|^) = 
measured by inertial observers. On the other hand, the acceleration parameter r 
regulates the uprising entanglement Gr(<Tfl.|^) = 4s^ between the non-inertial Rob 
and his alter ego anti-Rob. The latter entanglement, obviously, increases to the 
detriment of the Alice-Rob entanglement Gr(<T^|7j) = .^["^^Ifl] perceived by the 
accelerating observer. Eq. (|14.8p shows in fact that Gr(T^|fl) is increasing with s 
and decreasing with r, as pictorially depicted in Fig. 114.21 Interestingly, the rate at 
which this bipartite entanglement decays with r, |9Gr((T^|^)/9r|, increases with s: 
for higher s Alice and Rob share more entanglement (in the inertial frame which 
corresponds to r = 0) , but it drops faster when the acceleration (r) comes into play. 
The same behavior is observed for the negativity [Ij . For any inertial entanglement 
s, no quantum correlations are left in the infinite acceleration limit (r — > oo), when 
the state <T^|fl becomes asymptotically separable. 

It is instructive to compare these results to the analysis of entanglement when 

the field (for r = 0) is in a two-qubit Bell state (|0)aj,j |0)p„ + ll)^^, |1)pa/)i 
where |1) stands for the single-boson Fock state [55]. When one observer is non- 
inertial, the state belongs to a three-partite Hilbert space with dimension 2 x oo x oo. 
The free entanglement in the state is degraded with the acceleration and vanishes 
in the infinite acceleration limit. Fig. 114.31 plots the entanglement between Alice 
and the non-inertial Rob in such a qubit-CV setting [88j . compared with the fully 
CV scenario considered here [GA20| . When the field in the inertial frame is in 
a two- mode squeezed Gaussian state with s > 1/2, the entanglement is always 
stronger than the entanglement in the Bell-state case. We also observe that, even 
for s < 1/2, the decay of entanglement with acceleration is slower for the Gaussian 
state. The exploitation of all the infinitely-many degrees of freedom available in 
the Hilbert space, therefore, results in an improved robustness of the entanglement 
against the thermalization induced by the Unruh effect. 

In this context, we can pose the question of how much entanglement, at most, 
can Alice and the non-inertial Rob hope to maintain, given that Rob is moving 
with a finite, known acceleration r. Assuming that from an inertial perspective the 
state is a perfect EPR state, we find 

lim rUMR = 1 + 2/sinh^(r) , (14.10) 

meaning that the maximum entanglement left by the Unruh thermalization, out of 
an initial unlimited entanglement, approaches asymptotically 

Gr"'""(TA|i?) = arcsinh^ 

Only for zero acceleration, r = 0, this maximum entanglement diverges. For any 
nonzero acceleration, the quantity Gr^'^^io'AlR) is finite and rapidly decays with 
r. This provides an upper bound to the effective quantum correlations and thus, 
the efficiency of any conceivable quantum information protocol that Alice and the 
non-inertial Rob may wish to implement. For example, if Rob travels with a modest 
acceleration given by r = 0.5, no more than 8 ebits of entanglement are left between 
Alice and Rob, even if they shared an infinitely entangled state in the Minkowski 
frame. This apparent 'loss' of quantum information will be precisely understood 
in the next subsection, where we will show that the initial bipartite entanglement 
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Figure 14.3. Bipartite entanglement between Alice and the non-inertial Rob 
moving with uniform acceleration parametrized by r. The dotted red curve 
depicts the evolution of the logarithmic negativity between Alice and Rob in 
the instance of them initially sharing a two-qubit Bell state, as computed in 
Ref. [88] . The other solid curves correspond to ^Gr(<T^|fl) (the square root 
of the Gaussian contangle is taken to provide a fair dimensional comparison) 
as computed in Ref. |GA20| [see Eq. I|14.8|l ]. in the instance of Alice and Rob 
initially sharing a two-mode squeezed state, with different squeezing param- 
eters s = 0.25, 0.5, 1, 2 (referring to the purple, blue, green and gold curve, 
respectively). As a further comparison, the entanglement between Rob and 
anti-Rob, given by '^Gt((t r^b.) = 2r [see Eq. I|14.9[l [ independently of s, is 
plotted as well (dashed black diagonal line). 

does not disappear, but is redistributed into tripartite correlations among Alice, 
Rob and anti-Rob. 

14.2.2. Tripartite entanglement 

We have introduced a proper measure of genuine tripartite entanglement for all 
three- mode Gaussian states in Chapter [7l [GAlOl IGAll] . see Eq. (|7.36p . This mea- 
sure, known as the "residual Gaussian contangle", emerges from the monogamy in- 
equality (|6.17p and is an entanglement monotone under tripartite Gaussian LOCC 
for pure states, as proven in Sec. l7. 2.2711 The residual Gaussian contangle GT{eTi\j\k) 
of a generic three-mode {i, j, and k) pure Gaussian state cr has been computed in 
Sec. 17X31 

We can promptly apply such definition to compute the shared tripartite entan- 
glement in the state f^jj^. From Eq. (|14.7p . we find that < nT-AKRR) ^or 
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Figure 14.4. Genuine tripartite entanglement, as quantified by ttie residual 
Gaussian contangle Eq. 1)14. 12|l . among the inertial Alice, Rob in Rindler re- 
gion /, and anti-Rob in Rindler region //, plotted as a function of the initial 
squeezing s and of Rob's acceleration r. The tripartite entanglement increases 
with r, and for r — > oo it approaches the original entanglement content 
shared by Alice and Rob in the Minkowski modes. 



r < r* , with 

r* = arccosh-y/ tanh^(s) + 1 , 

while is always bigger than the other two quantities. Therefore, by using 

Eqs. ([6T3l rOel flATl flASl flAQll together with Gr(or^|fl) = 0, we find that the 
residual Gaussian contangle is given by 



Grio- 



A\R\R) 



R\(AB.)' 



r < r*; 
otherwise. 



(14.12) 



— 4r^ + arcsinh^ Y [cosli^(r) + cosh(2s) sinh^(7 

r < r*; 

,2 



1, 



4s^ 



— arcsinh' 
otherwise 



[2 sinh''(r) + (cosli(2r)+3) cosli(2s)]'^ 
[2 cosh(2s) sinh2(r)+cosh(2r)-|-3]^ 



The tripartite entanglement is plotted in Fig. ll4.4l as a function of r and s. Very 
remarkably, for any initial squeezing s it increases with increasing acceleration r. 
In the limit of infinite acceleration, the bipartite entanglement between Alice and 
Rob vanishes so we have that 



lim Gr{(T 



A\R\R> 



A\(RR)) 



Grirr" 



A\R' 



As' 



(14.13) 



Precisely, the genuine tripartite entanglement tends asymptotically to the two-mode 
squeezed entanglement measured by Alice and Rob in the inertial frame. 

We have now all the elements necessary to fully understand the Unruh effect on 
CV entanglement of bosonic particles, when a single observer is accelerated. The 
acceleration of Rob, produces basically the following effects: 
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• a bipartite entanglement is created ex novo between the two Rindler re- 
gions in the non-inertial frame. This entanglement is only function of the 
acceleration and increases unboundedly with it. 

• the bipartite entanglement measured by two inertial observers is redis- 
tributed into a genuine tripartite entanglement shared by Alice, Rob and 
anti-Rob. Therefore, as a consequence of the monogamy of entanglement, 
the entanglement between Alice and Rob is degraded and eventually dis- 
appears for infinite acceleration. 

In fact, bipartite entanglement is never created between the modes measured by 
Alice and anti-Rob. This is very different to the distribution of entanglement of 
Dirac fields in non-inertial frames [6], where the fermionic statistics does not allow 
the creation of maximal entanglement between the two Rindler regions, implying 
that the entanglement between Alice and Rob is never fully degraded; as a result of 
the monogamy constraints on entanglement sharing, the mode measured by Alice 
becomes entangled with the mode measured by anti-Rob and the entanglement in 
the resulting three-qubit system is distributed in couplewise correlations, and a 
genuine tripartite entanglement is never created in that case [6]. 

In the next Section, we will show how in the bosonic case the picture radi- 
cally changes when both observers undergo uniform acceleration, in which case the 
relativistic effects are even more surprising. 

14.2.3. Mutual information 

It is interesting to compute the total (classical and quantum) correlations between 
Alice and the non-inertial Rob, encoded in the reduced (mixed) two-mode state 
(Ta\r of Eq. (|14.6p . using the mutual information I{(Ta\r), Eq. (|2.40p . The sym- 
plectic spectrum of such state is constituted by I'-icrAiR) = 1 and I'+icrAiR) = 
y/Deta]^: since it belongs to the class of GMEMMS, it is in particular a mixed 
state of partial minimum uncertainty (GLEMS), which saturates Ineq. (|2.19p (see 
Sec. I4.3.3?T|) . Therefore, the mutual information reads 

H'^air) = /(\/Det (Ta) + /( VDet an) - /(v^Det o-^) , (14.14) 

with f{x) given by Eq. ([ZSQ]) 
Explicitly: 

I{(^a\r) 

= log[cosh^(.s) sinh^(r)] sinh^(r) cosh^(s) -|- log[cosh^(s)] cosh^(s) 
+ log[cosh^(r) cosh^(s)] cosh^(r) cosh^(s) — log[sinh^(s)] sinh^(s) 

- i log{i[cosh(2s) cosh2(r) + sinh^(r) - l]}[cosh(2s) cosh^(r) + sinh2(r) - 1] 

- i log{i[cosh^(r) -I- cosh(2s) sinh^(r) + l]}[cosh^(r) + cosh(2s) sinh^(r) + 1]. 

The mutual information of Eq. ()14.14p is plotted in Fig. 114. 5f a) as a func- 
tion of the squeezing degrees s (corresponding to the entanglement in the iner- 
tial frame) and r (refiecting Rob's acceleration). It is interesting to compare the 
mutual information with the original two-mode squeezed entanglement measured 
between the inertial observers. In this case, it is more appropriate to quantify 
the entanglement in terms of the entropy of entanglement, £'y((T^|^), defined 
as the Von Neumann entropy of each reduced single-mode CM [see Eq. (|1.25p ]. 
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Figure 14.5. Total correlations between Alice and the non-inertial observer 
Rob, moving with acceleration given by the effective squeezing parameter r. 
In an inertial frame the two observers shared a two-mode squeezed state with 
squeezing degree s. Plot (a) depicts the evolution of the mutual information 
/(<tx|_r), given by Eq. 1)14. 14|l . as a function of r and s. In plot (b) the same 
quantity is normalized to the entropy of entanglement as perceived by inertial 
observers, EvCf^j^), Eq. I|14.15|l . Notice in (a) how the mutual information 
is an increasing function of the initial shared entanglement, s; at variance with 
the entanglement (see Fig. I14.2"|l . it saturates to a nonzero value in the limit 
of infinite acceleration. From plot (b), one clearly sees that this asymptotic 
value is exactly equal to the inertial entropy of entanglement. 



= ^y«) = Namely, 

^^'Wiii) = /(cosh2s), (14.15) 

with f{x) given by Eq. (|2.39p . In the inertial frame (r = 0), the observers share a 
pure state, crj^^fi = cr^^j^ and the mutual information is equal to twice the entropy 
of entanglement of Eq. (|14.15p . meaning that the two parties are correlated both 
quantumly and classically to the same degree. When Rob is under acceleration 
{r ^ 0), the entanglement shared with AHce is degraded by the Unruh effect (see 
Fig. 114. 2p . but the classical correlations are left untouched. In the limit r 
c», all entanglement is destroyed and the remaining mutual information J(cr^|^), 
quantifying classical correlations only, saturates to Ev{(T^^ff) from Eq. (|14.15p . 
For any s > the mutual information of Eq. (|14.14p . once normalized by such 
entropy of entanglement [see Fig. 114.5( b)]. ranges between 2 (1 normalized unit 
of entanglement plus 1 normalized unit of classical correlations) at r = 0, and 1 
(all classical correlations and zero entanglement) at r ^ oo. The same behavior 
is found for classical correlations in the case of Alice and Rob sharing a bosonic 
two-qubit Bell state in an inertial perspective [88j . 

14.3. Distributed Gaussian entanglement due to both accelerated ob- 
servers 

A natural question arises whether the mechanism of degradation or, to be pre- 
cise, distribution of entanglement due to the Unruh effect is qualitatively modified 
according to the number of accelerated observers, or it only depends on the estab- 
lishment of some relative acceleration between the observers. One might guess that 
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when both observers travel with constant acceleration, basically the same features 
as unveiled above for the case of a single non-inertial observer will manifest, with 
a merely quantitative rescaling of the relevant figures of merit (such as bipartite 
entanglement decay rate). Indeed, we will now show that this is noi the case [GA20] . 

We consider here two non-inertial observers, with different names for ease of 
clarity and to avoid confusion with the previous picture. Leo and Nadia both travel 
with uniform accelerations and a^v, respectively. They have single- mode detec- 
tors sensitive to modes A and v, respectively. We consider, that in the inertial 
frame all the field modes are in the vacuum except for modes A and v which are in 
the pure two-mode squeezed state cr^j^is) of the form Eq. (|2.22p . with squeezing 
parameter s as before. Due to their acceleration, two horizons are created so the 
entanglement is redistributed among four parties: Leo, anti-Leo (living respectively 
in Rindler region / and // of Leo's horizon), Nadia, anti-Nadia (Hving respectively 
in Rindler region / and // of Nadia's horizon). These four (some real and some 
virtual) parties will detect modes A/, A//, vj, vn, respectively. By the same argu- 
ment of Sec. 114.21 the four observers will share a pure, four-mode Gaussian state, 
with CM given by 

where the symplectic transformations S are given by Eq. (|2.24p . Is is the CM of 
the vacuum \Q)\jj®\0)\j®\0),yj®\0)uii, while I and n are the squeezing parame- 
ters associated with the respective accelerations and aat of Leo and Nadia [see 
Eq. ([1421]. Explicitly, 



'^LLNN 



where: 

^x 

^xx = ^xX 

^XY ~ ^YX 
^XY 
£XY 

with Z2 — (q _") ] X,Y — {L, N} with X ^Y, and accordingly for the lower-case 
symbols x,y = {I, n}. 

The infinite acceleration limit (l,n 00) can now be interpreted as Leo and 
Nadia both escaping the fall into a black hole by accelerating away from it with 
acceleration gl and qn, respectively. Their entanglement will be degraded since 
part of the information is lost through the horizon into the black hole [GA21| . Their 
acceleration makes part of the information unavailable to them. We will show that 
this loss involves both quantum and classical information. 



LN 



ctn 

£^ - 



LN \ 
J 



• N 



(14.17) 



[cosh^(a;) + cosh(2s) sinh^(x)]l2 ; 
[cosh^(a;) cosh(2s) + sinh^(x)]l2 ; 
[cosh^(s) sinh(2a;)]Z2 , 
[cosh(y) sinh(2s) sinh(a::)]l2 , 
[sinh(2.s) sinh(2;) sinh(2/)]Z2 , 
[cosh(.T) cosh(y) sinh(2s)]Z2 , 
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14.3.1. Bipartite entanglement 

We first recall that the original pure-state contangle GrCc^i^) ~ 4s^ detected by 
two inertial observers is preserved under the form of bipartite four-mode entan- 
glement Gt{(T(^il-)\(^]s[n)) between the two horizons, as the two Rindler change of 
coordinates amount to local unitary operations with respect to the {LL)\{NN) bi- 
partition. The computation of the bipartite Gaussian contangle in the various 1x1 
partitions of the state c^,^^^ is still possible in closed form thanks to the results 
of Sec. [4X2I [gat] . From Eqs. ([4741 l4776l [6l3l flAlTl) . we find 

mL\N = mN\L = »7i£|jv = 1, (14.18) 
m^|£ = cosh(2Z) , mj^^j^ = cosh(2n) , (14.19) 

1, 

tanh(s) < sinh(^) sinh(n) ; 

(14.20) 



mL\N 



= < 



2 cosh(2i) cosh(27i) cosh'' (s)+3 cosh(2s)-4 sinh(;) sinh(n) sinh(2s)- 1 
2[(cosh(2/)+cosh(2n)) cosh^ (s)-2 sinh^ (s)+2 sinh(i) sinh(n) sinh(2s)] • 

otherwise . 



Let us first comment on the similarities with the setting of an inertial Alice 
and a non-inertial Rob, discussed in the previous Section. In the present case of 
two accelerated observers, Eq. (|14.18p entails (we remind that m = 1 means sep- 
arability) that the mode detected by Leo (Nadia) never gets entangled with the 
mode detected by anti-Nadia (anti-Leo). Naturally, there is no bipartite entangle- 
ment generated between the modes detected by the two virtual observers L and N. 
Another similarity found in Eq. (|14.19p . is that the reduced two-mode state cr^^^ 
assigned to each observer X = {L,N} and her/his respective virtual counterpart 
X, is exactly of the same form as f^^., and therefore we find again that a bipartite 
Gaussian contangle is created ex novo between each observer and her /his alter ego, 
which is a function of the corresponding acceleration x = {I, n} only. The two 
entanglements corresponding to each horizon are mutually independent, and for 
each the X\X entanglement content is again the same as that of a pure, two-mode 
squeezed state created with squeezing parameter x. 

The only entanglement which is physically accessible to the non-inertial ob- 
servers is encoded in the two modes A/ and lyj corresponding to Rindler regions 
/ of Leo and Nadia. These two modes are left in the state ctlat, which is not a 
GMEMMS (like the state ctab. in Sec. 114. 2p but a nonsymmetric thermal squeezed 
state (GMEMS [GA3j ). for which the Gaussian entanglement measures are avail- 
able as well [see Eq. (|4.76p ]. The Gaussian contangle of such state is in fact given 
by Eq. (|14.20p . Here we find a first significant qualitative difference with the case 
of a single accelerated observer: a state entangled from an inertial perspective 
can become disentangled for two non-inertial observers, both traveling with finite 
acceleration. Eq. (|14.20p shows that there is a trade-off between the amount of en- 
tanglement (s) measured from an inertial perspective, and the accelerations of both 
parties {I and n) . If the observers are highly accelerated — namely, if sinh(^) sinh(ri) 
exceeds tanh(s) — the entanglement in the state <tljv vanishes, or better said, be- 
comes physically unaccessible to the non-inertial observers. Even in the ideal case, 
where the state contains infinite entanglement (corresponding to s — > oo) in the 
inertial frame, the entanglement completely vanishes in the non-inertial frame if 
sinh(Z) sinh(n) > 1. Conversely, for any nonzero, arbitrarily small accelerations 
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I and n, there is a threshold on the entanglement s such that, if the entangle- 
ment is smaller than the threshold, it vanishes when observed in the non-inertial 
frames. With only one horizon, instead (Sec. 114. 2|) . any infinitesimal entanglement 
will survive for arbitrarily large acceleration, vanishing only in the infinite accel- 
eration limit. The present feature is also at variance with the Dirac case, where 
entanglement never vanishes for two non-inertial observers [6]. 

To provide a better comparison between the two settings, let us address the 
following question. Can the entanglement degradation observed by Leo and Nadia 
(with acceleration parameters I and n respectively) be observed by an inertial Alice 
and a non-inertial Rob traveling with some effective acceleration r'^-^-f? We will 
look for a value of r*^^-^ such that the reduced state cr^^ of the three-mode state 
in Eq. ()14.6p is as entangled as the reduced state cr of the four-mode state in 
Eq. (|14.17p . The problem can be straightforwardly solved by equating the corre- 
sponding Gaussian contangles Eq. (|14.8p and Eq. (|14.20p . to obtain 



cosh(Z) cosh(n) sinh(s) 
sinh(s) — cosh(s) siiih {I) sinh(n) 



arccosh 

j.eff _ J tanh(s) > sinh(^) sinh(n) ; ^-1^4 21) 

00, otherwise. 

Clearly, for very high accelerations I and n (or, equivalently, very small inertial 
entanglement s) the information loss due to the formation of the second horizon is 
only matched by an infinite effective acceleration in the case of a single horizon. In 
the regime in which entanglement does not decay completely, the effective acceler- 
ation of Rob in the equivalent single-non-inertial-observer setting is a function of 
the inertial entanglement s, as well as of the accelerations of Leo and Nadia. 

14.3.1.1. Entanglement between different frequency modes. The condition on the ac- 
celeration parameters I and n for which the entanglement of the maximally en- 
tangled state (s — > 00) vanishes, from Eq. (|14.20p . corresponds to the following 
condition 

where ~ 2X/{aL) and fl^ = 2v/{aN). Here we recall that aL,N are the proper 
accelerations of the two non-inertial observers and A, v the frequencies of the re- 
spective modes, see Eq. (|14.2p . We assume now that Leo and Nadia have the same 
acceleration ol = = a and that they carry with them single-frequency detectors 
which can be tuned, in principle, to any frequency. We ask the question of, given 
their acceleration, which frequency modes would they find entangled. This pro- 
vides a different, more operationally-oriented view on the setting of this Chapter 
and in general on the effect of the Unruh thermalization on the distribution of CV 
correlations. 

Our results immediately show that in this context the entanglement vanishes 
between field modes such that 

e¥> + e^^-e*(^+'^) >0. (14.22) 

This means that if the field is in a two-mode squeezed state with frequencies sat- 
isfying Eq. (|14.22p . Leo and Nadia would detect no entanglement in the field. We 
have thus a practical condition to determine which modes would be entangled from 
Leo and Nadia's non-inertial perspective, depending on their frequency. 
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Figure 14.6. Entanglement condition, Ineq. I|14.22|l . for different frequency 
modes assuming ttiat Leo and Nadia tiave ttie same acceleration (a) a = 2it and 
(b) a = IOtt. Entanglement is only present in the frequency range where the 
plotted surfaces assume negative values, and vanishes for frequencies where the 
plots become positive; the threshold [saturation of Ineq. I|14.22|l ] is highlighted 
with a black line. Only modes whose frequencies are sufficiently high exhibit 
bipartite entanglement. For higher accelerations of the observers, the range of 
entangled frequency modes gets narrower, and in the infinite acceleration limit 
the bipartite entanglement between all frequency modes vanish. 



In Fig. 114.61 we plot the condition (|14.22p on entanglement for different fre- 
quency modes. The modes become disentangled when the graph takes positive 
values. We see that only modes with the highest frequencies exhibit bipartite en- 
tanglement for a given acceleration a of the observers. The larger the acceleration 
the less modes remain entangled, as expected. In the limit of infinite acceleration, 
X/{aL),i'/{aN) ^ 0, the set of entangled modes becomes empty. 

Considering once more equally accelerated observers, ql = o-n = o, with finite 
a, it is straightforward to compute the Gaussian contangle of the modes that do 
remain entangled, in the case of a maximally entangled state in the inertial frame. 
From Eq. (|14.20p . we have 

cosh(2Z) cosli(2n) — 4sinh(/) sinh(n) + 3 

"^L|Ar(s ^ oo) = . ., ,,, .,,,,„ . (14.23) 

' 2[smh(/) + smh(n)]2 ^ ' 

In Fig. 114.71 we plot the entanglement between the modes, Eq. (|14.23p . as a function 
of their frequency A and ly [using Eq. (|14.2p ] when Leo and Nadia travel with the 
same acceleration a = 2n. We see that, consistently with the previous analysis, at 
fixed acceleration, the entanglement is larger for higher frequencies. In the infinite 
acceleration limit, as already remarked, entanglement vanishes for all frequency 
modes. 

14.3.1.2. Equal acceleration parameters. We return to consider detectors sensitive to 
a single mode frequency and, for simplicity, we restrict our attention to the case 
where Leo and Nadia's trajectories have the same acceleration parameter 

I = 11 = a. (14.24) 

This means that X/a^ = v/aj^. While the following results do not rely on this 
assumption, it is particularly useful in order to provide a pictorial representation 
of entanglement in the four-mode state ct^^tytvi which is now parametrized only 
by the two competing squeezing degrees, the inertial quantum correlations (s) and 
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the acceleration parameter of both observers (a). In this case, the acceleration 
parameter a* for which the entanglement between the modes detected by Leo and 
Nadia vanishes, is 



a*{s) — arcsinh ^/ tanh(s) , (14.25) 

where we used Eq. (|14.20p . The Gaussian contangle in the state cr^jv is therefore 
given by 

{1 , a > a*(s) ; 
2cosh^(2a) cosh^ (a)+3 cosh(2s)-4 sinh^ (a) sinh(2a)-l (14.26) 
4[cosh^(o)+e2s sinh^(o)] ' 
otherwise, 

which we plot in Fig. 114.81 The entanglement increases with s and decreases with a 
with a stronger rate of decay for increasing s. The main difference with Fig. 114.21 is 
that entanglement here completely vanishes at finite acceleration. Even for infinite 
entanglement in the inertial frame, entanglement vanishes at a > arcsinli(l) w 
0.8814. 

14.3.2. Residual multipartite entanglement 

It is straightforward to show that the four-mode state t^^^^ of Eq. (|14.17p is 
fully inseparable, which means that it contains multipartite entanglement shared 
among all the four parties involved. This follows from the observation that the 
determinant of each reduced one- and two-mode CM obtainable from cr^^^^ is 
strictly bigger than 1 for any nonzero squeezings. This in addition to the global 
purity of the state means that there is entanglement across all global bipartitions 
of the four modes. We now aim to provide a quantitative characterization of such 
multipartite entanglement. This analysis in the general case ^ 7^ n is performed in 
Ref. [GA21] . 

Here, following Ref. [GA20j . we focus once more for ease of simplicity on the 
case of two observers with equal acceleration parameters I = n= a. The state un- 
der consideration is obtained from Eq. (|14.17p via the prescription Eq. (|14.24p . and 
it turns out to be exactly the four-mode state described in Chapter [8] in an optical 
setting, Eq. (|8.ip . The entanglement properties of this four-mode pure Gaussian 
state have been therefore already investigated in detail in Chapter [8l [GA19] . where 
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Figure 14.8. Bipartite entanglement between tiie two non-inertial observers 
Leo and Nadia, botti traveling with uniform acceleration given by the effec- 
tive squeezing parameter a. Prom an inertial perspective the two observers 
share a two-mode squeezed state with squeezing degree s. Plot (a) depicts the 
Gaussian contangle Gt(o"£|jv), given by Pqs. I|6.13l I14.26|l . as a function of 
a and s. In plot (b) the same quantity is normalized to the contangle in the 
Minkowski frame, Gt{(t^^j^) = is^ . Notice in (a) how the bipartite Gaussian 
contangle is an increasing function of the inertial entanglement, s, while it 
decreases with increasing acceleration, a. This decay is faster for higher s, as 
clearly visible in (b). At variance with the case of only one accelerated observer 
(Fie. ni^^ . in this case the bipartite entanglement can be completely destroyed 
at finite acceleration. The black line depicts the threshold acceleration a*{s), 
Pq. I|14.25[l . such that for a > a*{s) the bipartite entanglement shared by the 
two non-inertial observers is exactly zero. 

we showed in particular that the entanglement sharing structure in such state is 
infinitely promiscuous. The state admits the coexistence of an unlimited, gen- 
uine four-partite entanglement, together with an accordingly unlimited bipartite 
entanglement in the reduced two- mode states of two pair of parties, here referred 
to as {Leo, anti-Leo}, and {Nadia, anti-Nadia}. Both four-partite and bipartite 
correlations increase with a. We will now recall the main results of the study of 
multipartite entanglement in this four-partite Gaussian state, with the particular 
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aim of showing the effects of the relativistic acceleration on the distribution of 
quantum information. 

We have that the residual Gaussian contangle [see Eq. (|8.5p ]. 



quantifies precisely the multipartite correlations that cannot be stored in bipartite 
form. Those quantum correlations, however, can be either tripartite involving three 
of the four modes, and/or genuinely four-partite among all of them. 

The tripartite portion (only present in equal content in the tripartitions L\L\N 
and L\N\N) can be estimated as in Fig. l8.2[ and specifically it decays to zero in the 
limit of high acceleration. Therefore, in the regime of increasingly high a, eventually 
approaching infinity, any form of tripartite entanglement among any three modes in 
the state cil^n is negligible (exactly vanishing in the limit of infinite acceleration). 

It follows that, exactly like in Chapter [HI in the regime of high acceleration a, 
the residual entanglement C^^" determined by Eq. (|14.27p is stored entirely in the 
form of four-partite quantum correlations. Therefore, the residual entanglement in 
this case is a good measure of genuine four-partite entanglement among the four 
Rindler spacetime modes. It is now straightforward to see that G'^^'^^[(Tii^j^fi) is 
itself an increasing function of a for any value of s (see Fig. 18. 3|) , and it diverges in 
the limit a — > oo. 

The four-mode state Eq. (|14.27p obtained with an arbitrarily large acceleration 
a, consequently, exhibits a coexistence of unlimited genuine four-partite entangle- 
ment, and pairwise bipartite entanglement in the reduced two-mode states (Ti^\^i and 
(T^|jY. This peculiar distribution of CV entanglement in the considered Gaussian 
state has been defined as infinitely promiscuous in Chapter [8l where its conse- 
quences are discussed in a practical optical setting [GA19| . It is interesting to note 
that in the relativistic analysis we present here [GA20] . the genuine four-partite 
entanglement increases unboundedly with the observers' acceleration. This is in 
fact in strong contrast with the case of an inertial observer and an accelerating one 
(Sec. 114. 2[) . where we find that, in the infinite acceleration limit, the genuine tripar- 
tite entanglement saturates at 4s^ {i.e. the original entanglement encoded between 
the two inertial observers). 

In the scenario considered in this Section, the acceleration of Leo and Nadia 
creates ex novo entanglement (function of the acceleration) between the respective 
Rindler regions of both observers independently. The information loss at the double 
horizon is such that even an infinite entangled state in the inertial frame contains 
no quantum correlations when detected by two observers traveling at finite accel- 
eration. If one considers even higher acceleration of the observers, it is basically 
the entanglement between the Rindler regions which is redistributed into genuine 
four-partite form. The tripartite correlations tend to vanish as a consequence of 
the thermalization which destroys the inertial bipartite entanglement. The multi- 
partite entanglement, obviously, increases infinitely with acceleration because the 
entanglement between the Rindler regions increases without bound with accelera- 
tion. It is remarl-cable that such promiscuous distribution of entanglement can occur 
without violating the fundamental monogamy constraints on entanglement sharing 
(see Chapter [6|). 



GV^i'^ llnn) 



— G'r(cr^|(^^^j) - Gr(c^i^) 



(14.27) 
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To give a simple example, suppose the bipartite entanglement in the inertial 
frame is given by 4s^ = 16 for s — 2. If both observers travel with an effective 
acceleration parameter a = 7, the four-partite entanglement [given by Eq. (|14.27p ] 
among all Rindler modes is 81.2 ebits, more than 5 times the inertial bipartite 
entanglement. At the same time, a bipartite entanglement of 4a^ = 196 is generated 
between region / and region // of each observer. 

A final caveat needs to be stated. The above results show that unbounded 
entanglement is created by merely the observers' motion. This requires of course an 
unlimited energy needed to fuel their spaceships. Unfortunately, in this setting such 
entanglement is mostly unaccessible, as both Leo and Nadia are confined in their 
respective Rindler region /. The only entangled resource that can be used is the 
degraded two- mode thermal squeezed state of modes A/ and i^j, whose entanglement 
soon vanishes for sufficiently high, finite acceleration. 

Let us remark, once more, that in the practical setting of quantum optics 
the same four-mode Gaussian states of light beams can be instead accessed and 
manipulated, as shown in Chapter [H The role of the acceleration on the detection 
of the field is played in that case by the effects of a nonhnear crystal through the 
mechanism of parametric down-conversion. In such a non-relativistic context, the 
different types of entanglement can be readily used as a resource for bipartite and / or 
multipartite transmission and processing of C V quantum information [GA19| . 

14.3.3. Mutual information 

It is very interesting to evaluate the mutual information /(cr^i^v) between the states 
measured by Leo and Nadia, both moving with acceleration parameter a. 

In this case the symplectic spectrum of the reduced (mixed) two-mode CM 
(Tl|7V of Eq. (|14.17p is degenerate as it belongs to the family of GMEMS (see 

Sec. 14.3.3. ip . yielding i'-{(Tl\n) = v+{<tl\n) = (Dct(Ti|^)\ From Eq. (|2.40p . the 
mutual information then reads 



I{^l\n) = /( VDcwI) + /( v/Dcto^) - 2/ [(Dot (7^^) 'J , (14.28) 

with f{x) defined by Eq. ([239]) . 
Explicitly: 

/(cr^ljv) = 2cosh^(a) cosh^(.s) log[cosh^(a) cosh^(s)] — [cosh(2s) cosh^(a)+sinh^(a) — 
l]log{i[cosh(2s)cosh^(a) + sinh^(a) - 1]} + i{ [2 cosh(2.s) sinh^(2a) + cosh(4a) + 
3]^ - 2} log{[2cosh(2s) sinh2(2a) + cosh(4a) -f 3]^ - 2} - i{[2 cosh(2s) sinh2(2a) + 
cosh(4a) + 3]i + 2} log{[2 cosh(2s) sinh^(2a) 4- cosh(4a) + 3]5 2} + log(16). 

We plot the mutual information both directly, and normalized to the inertial 
entropy of entanglement, which is equal to Eq. (|14.15p . 

^vKlw) = /(cosh2s), (14.29) 

with f{x) given by Eq. (|2.39p . We immediately notice another novel effect. Not only 
the entanglement is completely destroyed at finite acceleration, but also classical 
correlations are degraded, see Fig. 114. 9f b). This is very different to the case of a 
single non- inertial observer where classical correlations remain invariant. 

The asymptotic state detected by Leo and Nadia, in the infinite acceleration 
limit (a oo), contains indeed some residual classical correlations (whose amount 
is an increasing function of the squeezing s). But these correlations are always 
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Figure 14.9. Total correlations between the two non-inertial observers Leo 
and Nadia, traveling with equal, uniform acceleration given by the effective 
squeezing parameter a. In the inertial frame, the modes are in a two-mode 
squeezed state with squeezing degree s. Plot (a) shows the mutual information 
/((Tj^ljv), given by Eq. I|14.28[l . as a function of a and s. In plot (b) the same 
quantity is normalized to the entropy of entanglement perceived by inertial 
observers, Ey{it'^^j^), Eq. I|14.29|l . Notice in (a) how the mutual information is 
an increasing function of the squeezing parameter s and saturates to a nonzero 
value in the limit of infinite acceleration; in contrast, the entanglement vanishes 
at finite acceleration (see Fig. 114. 8|l . Plot (b), shows that this asymptotic 
value is smaller than the entropy of entanglement in the Minkowski frame 
(which is equal to the classical correlations detected by the inertial observers). 
Therefore, classical correlations are also degraded when both observers are 
accelerated, in contrast to the case where only one observer is in uniform 
acceleration (see Fig. ll4.8ll . 



smaller than the classical correlations in the inertial frame given by Eq. (|14.29p . 
Classical correlations are robust against the effects of the double acceleration only 
when the classical correlations in the inertial frame are infinite (corresponding to 
infinite shared entanglement in the inertial frame, s oo). The entanglement, 
however, is always fragile, since we have seen that it is completely destroyed at a 
finite, relatively small acceleration parameter a. 

Another intriguing fact is that, comparing Figs. I14.5lf a) and 114.9( a). one sees 
that in both cases (either one or two non-inertial observers) the mutual information 
between the two "real" observers is a function of the acceleration parameter and 
of the initial squeezing. In the case of both accelerated observers, however, the 
mutual information is always smaller, as we have just discussed. We can study 
the difference between them, once we set for ease of comparison equal acceleration 
parameters, r ~ a, where r regulates Rob's acceleration when Alice is inertial, and 
a is related to the acceleration of both Leo and Nadia in the present situation: 

D{a, s) = I{fTAiR)l^^ - ^('^m) ■ (14.30) 

The quantity D(a, s) is plotted in Fig. 114.101 surprisingly, it is strictly bounded. It 
increases both with s and a, but in the asymptotic limit of infinite inertial shared 
entanglement, D{a, s — > co) saturates exactly to 1 (as it can be checked analytically) 
for any a > 0. We remark that both mutual informations I{(Ta\r) and /((T^itv) 
diverge in this limit: yet their difference is finite and equal to one. Clearly, the 
small deficit of the mutual information seen when both observers are accelerated, 
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Figure 14.10. Plot, as a function of ttie acceleration parameter a and the 
squeezing parameter s, of the difference between the mutual information shared 
by the inertial Alice and the non-inertial Rob, and the mutual information 
shared by the uniformly accelerating Leo and Nadia, as given by Eq. 1)14. 30|l . 

is detected as loss of classical correlations, as plotted in Fig. ll4.9f b). Mysteriously, 
the Unruh thermalization affects classical correlations when both observers are 
accelerated: however, it degrades at most one absolute unit of classical correlations. 
This means that in the case when both Leo and Nadia escape the fall into a black 
hole, not only their entanglement is degraded but there is also a loss of classical 
information. 

14.4. Discussion and outlook 

In this Chapter, based on Ref. [GA20j . we presented a thorough study of classical 
and quantum correlations between modes of a scalar field measured by observers in 
relative acceleration. By considering the state of the field in the inertial frame in the 
simplest multi-mode squeezed state possible (the two-mode case) we were able to 
investigate in detail the entanglement in all partitions of the system. We considered 
two observers carrying single mode detectors and discussed the correlations on their 
measurements when both observers are in uniform acceleration and when only one 
of them is non-inertial. We find that in both settings entanglement is degraded 
with acceleration and we explain this degradation as an effect of re-distribution of 
the entanglement measured in an inertial frame. 

Our main results can be summarized as follows. When one of the observers 
is non-inertial the entanglement lost between the modes measured by him and the 
inertial observer is re-distributed in tripartite correlations. No entanglement is gen- 
erated between the modes measured by the inertial observer and the modes in the 
causally disconnected region //. This shows that indeed the behavior for bosonic 
fields is very different to the Dirac case where the entanglement lost in the non- 
inertial frame is re-distributed not into tripartite correlations but into bipartite 
correlations between the mode measured by the inertial observer and the mode in 
region //. The analysis of the mutual information shows that in this case classical 
correlations are conserved independently of the acceleration. The situation changes 
drastically by considering that both observers are non-inertial. In this case the 
entanglement lost between two non-inertial observers is re-distributed into mainly 
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four-partite correlations although some tripartite correlations exist for finite acceler- 
ation. The surprising result here (though expected in the framework of distributed 
entanglement, as the additional fourth mode comes into play) is that entanglement 
vanishes completely at a finite acceleration. This is also strikingly different to the 
results in the Dirac case where entanglement remains positive for all accelerations 
(as a direct consequence of the restricted Hilbert space in that instance). Another 
surprising result in this case is that we find that classical correlations are no longer 
invariant to acceleration but are also degraded to some extent. We analyzed the en- 
tanglement between the modes of the field detected by two non-inertial observers as 
a function of the frequencies of their modes, and found that for a fixed acceleration 
high frequency modes remain entangled while lower frequency modes disentangle. 
In the limit of infinitely accelerated observers, the field modes are in a separable 
state for any pair of frequencies. 

The take-home message of this Chapter is the following. 

Continuous variable entanglement in non-inertial reference frames. The 

degradation of entanglement due to the Unruh effect is analytically studied 
for two parties sharing a two-mode squeezed state in an inertial frame, in the 
cases of either one or both observers undergoing uniform acceleration. For 
two non-inertial observers moving with finite acceleration, the entanglement 
vanishes between the lowest frequency modes. The loss of entanglement 
is precisely explained as a redistribution of the inertial entanglement into 
multipartite quantum correlations among accessible and unaccessible modes 
from a non-inertial perspective. Classical correlations are also lost for two 
accelerated observers but conserved if one of the observers remains inertial. 

The tools developed in this Chapter can be used to investigate the problem of 
information loss in black holes [GA21| . There is a correspondence [233| between the 
Rindler-Minkowski spacetime and the Schwarzschild-Krusl-cal spacetime, that allows 
us to study the loss (and re-distribution) of quantum and classical correlations for 
observers outside the black hole, extending and re-interpreting the results presented 
in Sec. 114.31 In that case the degradation of correlations can be understood as 
essentially being due to the Hawking effect [1081 1109| . 

The next step concerns the study of classical and quantum correlations in the 
most general particle states definable in a spacetime with at least two asymptot- 
ically fiat regions, represented by multi-mode squeezed states which involve all 
modes being pair-wise entangled (like in the phase-space Schmidt decomposition, 
see Sec. I2.4.2?T|) . The study of entanglement in this state, from a relativistic per- 
spective, will provide a deeper understanding of quantum information in quantum 
field theory in curved spacetime [25] . 



Part VI 
Closing remarks 




Entanglement Puzzle. Tom Jolly, 2005. 

http : //uuu . abstract strategy . com/2 -entanglement .html 
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Entanglement of Gaussian states: what next? 

The centrality of Gaussian states in CV quantum information is motivated not only 
by their pecuHar structural properties which make their description amenable of an 
analytical analysis, but also by the ability to produce, manipulate and detect such 
states with remarkable accuracy in realistic, experimental settings. 

The scope of this Dissertation has been almost entirely theoretical. We provided 
important advances for what concerns the structural and informational characteri- 
zation of bipartite entanglement, and the definition and quantification of multipar- 
tite entanglement in Gaussian states. State engineering prescriptions and several 
applications to diverse fields (quantum communication, quantum optics, many- 
body physics, relativity) were discussed as well. We are not going here to Hst again 
the individual and numerous results obtained in all those contexts — retrievable 
in Refs. [GA2I — [GA20j and in the previous Parts of this Dissertation — to avoid 
unnecessary repetitions with the front matter. We will try instead to frame our 
results into a broader perspective, with the aim of providing an as self-contained as 
possible outlook of the current directions of the CV quantum information research, 
with and beyond Gaussian states. 

For reasons of space and time, we cannot discuss in sufficient detail all the 
additional proposals and experimental demonstrations concerning on one hand the 
state engineering of two-, three- and in general iV-mode Gaussian states, and on 
the other hand the use of such states as resources for the realization of quantum 
information protocols, which were not covered by the present Dissertation. Excel- 
lent review papers are already available for what concerns both the optical state 
engineering of multiphoton quantum states of discrete and CV systems [65] . and 
the implementations of quantum information and communication with continuous 
variables [2351140] . 

Let us just mention that, from a practical point of view, Gaussian resources 
have been widely used to implement paradigmatic protocols of CV quantum in- 
formation, such as two-party and multiparty teleportation (39l [89l |236, 277] I182j 
(see Chapter [T2|) , and quantum key distribution [1021 11601 llOSj ; they have been 
proposed for achieving one-way quantum computation with CV generalizations of 
cluster states [155j, and in the multiparty setting they have been proven useful 
to solve Byzantine agreement [161| . Gaussian states are currently considered key 
resources to realize light-matter interfaced quantum communication networks. It 
has been experimentally demonstrated how a coherent state of light can be stored 
onto an atomic memory [130| . and teleported to a distant atomic ensemble via a 
hybrid light-matter two-mode entangled Gaussian resource [216] . 
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Gaussian states also play a prominent role in many-body physics, being ground 
and thermal states of harmonic lattice Hamiltonians [Tl]. Entanglement entropy 
scaling in these systems has been shown to follow an area law [1871 I60j . Ther- 
modynamical concepts have also been applied to the characterization of Gaussian 
entanglement: recently, a "microcanonical" measure over the second moments of 
pure Gaussian states under an energy constraint has been introduced [209] (see also 
Sec. lll.4| ). and employed to investigate the statistical properties of the bipartite en- 
tanglement in such states. Under that measure, the distribution of entanglement 
concentrates around a finite value at the thermodynamical limit and, in general, 
the typical entanglement of Gaussian states with maximal energy E is not close to 
the maximum allowed by E. 

A rather recent field of research concerns the investigation of Gaussian states in 
a relativistic setting (H IGA20| , as we have seen in Chapter [HI Within the general 
framework of relativistic quantum information [179] . such studies are of relevance 
to understand the phenomenon of information loss through a black hole horizon 
[GA21] . and more generally to gain some knowledge on the structure of the curved 
spacetime [25l fT4] . 

In a non-relativistic framework, the investigation of the structure of entangle- 
ment in hybrid CV-qubit systems is not only of conceptual importance, but it is 
relevant for applications as well. From the monogamy point of view (see Chapter[6l), 
some interesting hints come from a recent study of the ground-state entanglement in 
highly connected systems made of harmonic oscillators and spin-1/2 systems [83] . 
On a more practical ground, we should at least mention a proposal for a quan- 
tum optical implementation of hybrid quantum computation, where qubit degrees 
of freedom for computation are combined with Gaussian modes for communica- 
tion [241| . and a suggested scheme of hybrid quantum repeaters for long-distance 
distribution of quantum entanglement based on dispersive interactions between co- 
herent light with large average photon number and single, far-detuned atoms or 
semiconductor impurities in optical cavities [136] . A hybrid CV memory reaHzed 
by indirect interactions between different Gaussian modes, mediated by qubits, 
has been recently shown to have very appealing features compared to pure-qubit 
quantum registers [175] . 

It seems fitting to conclude this overview by commenting on the intriguing 
possibility of observing CV (Gaussian) entanglement at the interface between mi- 
croscopic and macroscopic scales. In this context, it is encouraging that the exis- 
tence of optomechanical entanglement between a macroscopic movable mirror and 
a cavity field has been theoretically demonstrated and predicted to be quite robust 
in realistic experimental situations, up to temperatures well in reach of current 
cryogenic technologies [256] , 



Entanglement of non-Gaussian states: a new arena 

The infinite-dimensional quantum world, however, is not confined to Gaussian 
states. In fact, some recent results demonstrate that basically the current state-of- 
the-art in the theoretical understanding and experimental control of CV entangle- 
ment is strongly pushing towards the boundaries of the oasis of Gaussian states and 
Gaussian operations. For instance, the entanglement of Gaussian states cannot be 



Conclusion and Outlook 



263 



increased (distilled) by resorting to Gaussian operations only |78l 12051 [90] . Simi- 
larly, for universal one-way quantum computation using Gaussian cluster states, a 
single-mode non-Gaussian measurement is required [155] . 

There is indeed a fundamental motivation for investigating entanglement in 
non-Gaussian states, as the extremality of Gaussian states imposes that they are 
the minimally entangled states among all states of CV systems with given second 
moments [269] . Experimentally, it has been recently demonstrated [172| that a two- 
mode squeezed Gaussian state can be "de-Gaussified" by coherent subtraction of a 
single photon, resulting in a mixed non-Gaussian state whose non-local properties 
and entanglement degree are enhanced (enabling a better efHciency for teleporting 
coherent states [132| ). Theoretically, the characterization of even bipartite entan- 
glement (let alone multipartite) in non-Gaussian states stands as a formidable task. 

One immediate observation is that any (non-Gaussian) multimode state with a 
CM corresponding to an entangled Gaussian state is itself entangled too [2351 1269] . 
Therefore, most of the results presented in this Dissertation may serve to detect en- 
tanglement in a broader class of states of infinite-dimensional Hilbert spaces. They 
are, however, all sufficient conditions on entanglement based on the second mo- 
ments only of the canonical operators. As such, for arbitrary non-Gaussian states, 
they are in general very inefficient — meaning that most entangled non-Gaussian 
states fail to be detected by these criteria. The description of non-Gaussian states 
requires indeed (an infinite set of) high order statistical moments: as an obvi- 
ous consequence, also an inseparability criterion for these states should involve 
high order correlations. Recently, some separability criteria based on hierarchies 
of conditions involving higher moments of the canonical operators have been in- 
troduced to provide a sharper detection of inseparability in generic non-Gaussian 
states [3l fT62lfTT4lfl57] . 

In particular, Shchukin and Vogel [214] introduced an elegant and unifying 
approach to separability based on the PPT requirement, that is constructed in 
the form of an infinite series of inequalities, and includes as special cases all the 
above cited results (including the conditions on second moments (TOl I218| qualifying 
separability in Gaussian states, see Sec. 13.1. thus demonstrating the important 
role of PPT in building a strong criterion for the detection of entanglement. The 
conditions by Shchukin and Vogel can be applied to distinguish between the several 
separability classes in a multipartite CV system [215| . To this aim, entanglement 
witnesses are useful as well [125| . 

The efficiency of some of the above-mentioned inseparability criteria based on 
higher order moments, for detecting bipartite entanglement in the non-Gaussian 
family of squeezed number states of two-mode radiation fields, has been recently 
evaluated [64] . We mention a further interesting approach to non-Gaussian en- 
tanglement reported by McHugh et al. [154] . who showed that entanglement of 
multiphoton squeezed states is completely characterized by observing that with re- 
spect to a new set of modes, those non-Gaussian states actually assume Gaussian 
character. 

Future perspectives 

Many open issues and unanswered intriguing questions naturally arise when peeping 
out of the parental house of Gaussian states. There is always the risk of being 
trapped in the infinite mathematical complexity of the CV Hilbert space losing the 
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compass which points towards the physics under investigation. However, the brief 
hints summarized above concerning the study of non-Gaussian entanglement in its 
actual infancy, seem to suggest at least two things. On one hand, that it is worth 
taking the risk, as the possibilities offered by non-Gaussian states may be really 
intriguing; on the other hand, that wise footpaths in the CV labyrinth may be 
traced and followed back and forth, leading to physically insightful, novel results 
on both fundamental and practical grounds, obtainable with a finite, accountable 
complexity rise compared to the Gaussian case. 

The most exciting challenge for me is to enter this huge, largely unexplored 
treasure island aiming to draw a map first of its underworld (foundations), and 
then of its colorful surface (applications). The structure and distribution of en- 
tanglement in non-Gaussian states have to be understood, qualified and quantified 
properly, at least in restricted famihes of states, in order to single out their use- 
fulness for quantum information (and not only) implementations. For instance, we 
have learned (see Part IIIip how the monogamy constraint imposes a natural hierar- 
chical structure on multipartite entanglement of Gaussian states. In this context, 
the promiscuity of some classes of Gaussian states was estabHshed, opening new 
frontiers for the implementation of such resources for multiparty communication 
purposes. Inspired by these results, and bearing in mind that Gaussian states are 
extremal in the sense of possessing minimal entanglement compared to the non- 
Gaussian cousins, it appears as an exciting perspective to look for exotic states 
in the CV arena with an enhancedly promiscuous sharing structure of quantum 
correlations, with a monogamy of entanglement stretched to its Hmits, and so with 
exceptional predispositions for the transfer of quantum information. 

These considerations, along with the few other examples mentioned above, 
should suffice to convince the reader that CV entanglement of Gaussian and non- 
Gaussian states, together with its appHcations in fundamental quantum mechanics, 
quantum "multimedia", and several other areas of physics, is a very active and 
lively field of research, where more progress and new fascinating developments may 
be forecast in the near future. The results of this Dissertation, while of inherent 
fundamental interest for quantum information theory, are thus expected to play 
— either directly or as premises for new advances — an increasingly important 
role in the practical characterization of the physical processes which underHe these 
multifaceted, sometimes stunningly revolutionary situations. 



APPENDIX A 



Standard forms of pure Gaussian states 

under local operations 

In this Appendix, based on Ref. [GAlSj . we study the action of local unitary opera- 
tions on a general CM of a pure A^-mode Gaussian state and compute the minimal 
number of parameters which completely characterize pure Gaussian states up to 
local unitaries. 



A.l. Euler decomposition of symplectic operations 

Central to our analysis will be the following general decomposition of a symplectic 
transformation S (referred to as the "Euler" or "Bloch-Messiah" decomposition [TOl 

my- 

S^O'ZO, (A.l) 

where O, O' £ K{N) = Sp{2N,B.) ^ SO{2N) are orthogonal symplectic transforma- 
tions, while 

with Zj > 1 y j. The set of such Z's forms a non-compact subgroup of Sp(^2N,'R) 
comprised of local (single- mode) squeezing operations (borrowing the terminology of 
quantum optics, where such transformations arise in degenerate parametric down- 
conversion processes). Moreover, let us also mention that the compact subgroup 
K{N) is isomorphic to the unitary group U{N), and is therefore characterized 
by independent parameters. To acquaint the reader with the flavor of the 
counting arguments which will accompany us through this Appendix (and with the 
nontrivial aspects contained therein) , let us combine the Williamson and the Euler 
decompositions to determine the number of degrees of freedom of a generic TV-mode 
Gaussian state (up to first moments), given by N + 2N'^ + N - N = 2N'^ + N. 
The N subtracted from the sum of the numbers of symplectic eigenvalues and of 
degrees of freedom of a symplectic operation takes into account the invariance under 
single-mode rotations of the local Williamson forms — which 'absorbs' one degree 
of freedom per mode of the symplectic operation describing the state according to 
Eq. (|2.29p . Actually, the previous result is just the number of degrees of freedom of a 
2N X 2N symmetric matrix (in fact, the only constraint cr has to fulfill to represent 
a physical state is the semidefinite cr + iQ > 0, which compactly expresses the 
uncertainty relation for many modes [208] 1. 
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A. 2. Degrees of freedom of pure Gaussian states 

Pure Gaussian states are characterized by CMs with WiUiamson form equal to the 
identity. As we have seen (Sec. 12.2. 2.ip . the WiUiamson decomposition provides a 
mapping from any Gaussian state into the uncorrelated product of thermal (gener- 
ally mixed) states: such states are pure (corresponding to the vacuum), if and only 
if all the symplectic eigenvalues are equal to 1. 

The symplectic eigenvalues of a generic CM cr are determined as the eigenvalues 
of the matrix |ir2cr|, where fl stands for the symplectic form. Therefore, a Gaussian 
state of N modes with CM cr is pure if and only if 

- O-fio-n = l2N ■ (A. 2) 

It will be convenient here to reorder the CM, and to decompose it in the three 
sub-matrices cr,, cr^ and a-qp, whose entries are defined as 

((Tq)jk = Tr [gqjQk], {(Tp)jk = Tr [gpjPk], Wqp)jk = Tr [Q{qj,pk} /2], (A. 3) 

such that the complete CM cr is given in block form by 
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(A.4) 



Let us notice that the matrices CTg and CTp are always symmetric and strictly posi- 
tive, while the matrix cr^p does not obey any general constraint. 

Eqs. (|A.2p and (|A.4p straightforwardly lead to the following set of conditions 

(TqCTp = 1n + cr^p , (A. 5) 

Cqpff/ — CqCqp = , (A. 6) 

(TpO-q = 1n + crip ' 

f^^qp^P - CTpO-qp = . (A. 8) 

Now, the last two equations are obviously obtained by transposition of the first 
two. Moreover, from (jA.sp one gets 

ctp^ct-\1n + (tIp) , (A.9) 

while Eq. (|A.6P is equivalent to 

cT-^aqp-cT]j,a-' ^0 (A.IO) 

(the latter equations hold generally, as cTq is strictly positive and thus invertible). 
Eq. (jA.lOP allows one to show that any cr p determined by Eq. (|A.9P satisfies the 
condition (jA.Sp . Therefore, only Eqs. (jA.sp and (|A.6P constitute independent con- 
straints and fully characterize the CM of pure Gaussian states. 

Given any (strictly positive) matrix cr, and (generic) matrix a-qp, the fulfillment 
of condition (|A.6P allows to specify the second moments of any pure Gaussian state, 
whose sub-matrix o-p is determined by Eq. (|A.9P and does not involve any additional 
degree of freedom. 

A straightforward counting argument thus yields the number of degrees of free- 
dom of a generic pure Gaussian state, by adding the entries of a generic and sym- 
metric N X N matrix and subtracting the equations of the antisymmetric condition 
dAj}: N'^+N{N + l)/2-N{N-l)/2 = N^ + N, in compliance with the number 
dictated by the Euler decomposition of a symplectic operation: 

a- = S'^12nS = O'^Z^O . (A. 11) 
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Notice that, if either a-q or a-gp are kept fixed, the constraint (|A.6P is just a Hnear 
constraint on the entries of the other matrix, which can be always solved; in fact, 
it cannot be overdetermined, since the number of equations N{N — l)/2 is always 
smaller than the number of variables, either N'^ or N{N + l)/2. 

A preliminary insight into the role of local operations in determining the num- 
ber of degrees of freedom of pure CMs is gained by analyzing the counting of 
free parameters in the CV version of the Schmidt decomposition, as introduced in 
Sec. 12.4.2m The CM of any pure (M + A^)-mode Gaussian state is equivalent, up to 
local symplectic transformations on the Af-mode and TV- mode subsystems, to the 
tensor product of Af decoupled two-mode squeezed states (assuming, without loss of 
generality, M < N) and N — M uncorrelated vacua [29] . Besides the M two-mode 
squeezing parameters, the degrees of freedom of the local symplectic transforma- 
tions to be added are 2N'^ + N + 2A'P + M. However, a mere addition of these two 
values leads to an overestimation with respect to the number of free parameters of 
pure CMs determined above. This is due to the invariance of the CM in 'Schmidt 
form' under specific classes of local operations. Firstly, the {N — Af)-mode vacuum 
(with CM equal to the identity) is trivially invariant under local orthogonal sym- 
plectics, which account for {N — M)^ parameters. Furthermore, one parameter is 
lost for each two-mode squeezed block with CM cr^™ given by Eq. (|2.22p : this is due 
to an invariance under single-mode rotations peculiar to two- mode squeezed states. 
For such states, the sub-matrices cr^™ and cTp™ have identical — and all equal — 
diagonal entries, while the sub-matrix cr^™ is null. Local rotations embody two 
degrees of freedom — two local 'angles' in phase space — in terms of operations. 
Now, because they act locally on 2 x 2 identities, rotations on both single modes 
cannot affect the diagonals of cr^'" and c^™, nor the diagonal of Cq™, which is 
still null. In principle, they could thus lead to two (possibly different) non-diagonal 
elements for cr^™ and/or to two different non-diagonal elements for <t^™ and cTp™ 
(which, at the onset, have opposite non-diagonal elements), resulting in 
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However, elementary considerations, easily worked out for such 2x2 matrices, show 
that Eqs. (|A.6P and (|A.9P imply 

Cl ~ — C2 , y ^ z and — = 1 + . 

These constraints reduce from five to two the number of free parameters in the state: 
the action of local single-mode rotations — generally embodying two independent 
parameters — on two-mode squeezed states, allows for only one further independent 
degree of freedom. In other words, all the Gaussian states that can be achieved 
by manipulating two-mode squeezed states by local rotations ("phase-shifters", in 
the experimental terminology) can be obtained by acting on only one of the two 
modes. One of the two degrees of freedom is thus lost and the counting argument 
displayed above has to be recast a.& M + 2N^ + N + 2NP + M - {M - Nf - M = 
{M -\- NY + (A/ + N), in compliance with what we had previously established. 

As we are about to see, this invariance peculiar to two-mode squeezed states 
also accounts for the reduction of locally invariant free parameters occurring in pure 
two-mode Gaussian states. 
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A. 2.1. Reduction under single-mode operations 

Let us now determine the reduction of degrees of freedom achievable for pure Gauss- 
ian states by applying local single-mode symplectic transformations. Notice that 
all the entanglement properties (both bipartite and multipartite) of the states will 
solely depend on the remaining parameters, which cannot be canceled out by local 
unitaries. 

In general, for iV-mode systems, local symplectic operations have 3A^ degrees 
of freedom, while A^-mode pure Gaussian states are specified, as we just saw, by 
A^^ + N quantities. The subtraction of these two values yields a residual number 
of parameters equal to iV^ — 2N. However, this number holds for iV > 3, but fails 
for single- and two-mode states. Let us analyze the reasons of this occurrence. 

For single-mode systems, the situation is trivial, as one is allowing for all the 
possible operations capable, when acting on the vacuum, to unitarily yield any 
possible state. The number of free parameters is then clearly zero (as any state 
can be reduced into the vacuum state, with CM equal to the 2x2 identity). The 
expression derived above would instead give —1. The reason of this mismatch is 
just to be sought in the invariance of the vacuum under local rotations: only two of 
the three parameters entering the Euler decomposition actually affect the state. On 
the other hand, one can also notice that these two latter parameters, characterizing 
the squeezing and subsequent last rotation of the Euler decomposition acting on the 
vacuum, are apt to completely reproduce any possible single-mode state. Clearly, 
this situation is the same as for any iV-mode pure Gaussian state under global 
operations: the first rotation of the Euler decomposition is always irrelevant, thus 
implying a corresponding reduction of the free parameters of the state with respect 
to the most general symplectic operation. 

As for two-mode states, the above counting argument would give zero locally 
invariant parameters. On the other hand, the existence of a class of states with a 
continuously varying parameter determining the amount of bipartite entanglement 
[the two-mode squeezed states of Eq. (|2.22p ]. clearly shows that the number of free 
parameters cannot be zero. Actually, local symplectic operations allow one to bring 
any (pure or mixed) two-mode Gaussian state in a "standard form" with cr^p = 
and with identical diagonals for o-q and cTp. Imposing then Eq. (|A.6P on such matri- 
ces, one finds that the only pure states of such a form have to be two-mode squeezed 
states. Therefore, we know that the correct number of locally invariant free param- 
eters has to be one. Even though local symplectic operations on two-mode states 
are determined by 6 parameters, they can only cancel 5 of the 6 parameters of pure 
two-mode states. This is, again, due to the particular transformation properties 
of two-mode squeezed states under single-mode rotations, already pointed out in 
the previous Section when addressing the counting of degrees of freedom in the 
Schmidt-like decomposition: local rotations acting on a two-mode squeezed state 
add only one independent parameter. The most general two-mode pure Gaussian 
state results from a two-mode squeezed state by a single local rotation on any of 
the two modes, followed by two local squeezings and two further rotations acting 
on different modes. Notice that the same issue arises for (M -I- A^)-mode states to 
be reduced under local M- and A^-mode symplectic operations. A mere counting 
of degrees of freedom would give a residual number of local free parameters equal 
to (M + N)'^ + M + N - 2M^ - 2N^ - M - N = -(M - N)^. This result is 
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obviously wrong, again due to a loss of parameters in the transformations of par- 
ticular invariant states. We have already inspected this very case and pointed out 
such invariances in our treatment of the Schmidt decomposition (previous Section) : 
we know that the number of locally irreducible free parameters is just min(Af, A^) 
in this case, corresponding to the tensor product of two-mode squeezed states and 
uncorrelated vacua. 

For iV > 3, local single-mode operations can fully reduce the number of degrees 
of freedom of pure Gaussian states by their total number of parameters. The 
issue encountered for two-mode states does not occur here, as the first single-mode 
rotations can act on different non-diagonal blocks of the CM {i.e., pertaining to 
the correlations between different pairs of modes). The number of such blocks is 
clearly equal to (A^^ — N)/2 while the number of local rotations is just A^. Only 
for = 1, 2 is the latter value larger than the former: this is, ultimately, why the 
simple subtraction of degrees of freedom only holds for A^ > 3. To better clarify 
this point, let us consider a CM (T"^™ in the limiting instance A^ = 3. The general 
standard form for (mixed) three-mode states impHes the conditions (see Sec. 12.4. ip 

diag«")=diag(^^™) 12) 

and 

/ \ 

<t|" = u ] . (A.13) 
\ s t J 

The diagonal of cr^™ coincides with that of cTp™ (which always results from the local 
single-mode Williamson reductions) while six entries of tr ^™ c an be set to zero. Let 
us now specialize to pure states, imposing the conditions (jA.sp and (|A.6p . Eq. (|A.6P 
results into a linear system of three equations for the non-null entries of c^™, with 
coefficients given by the entries of cr^"* . The definite positivity of cr^™ impHes that 
the sub-system on s and t is determinate and thus imposes s = t = 0. This fact 
already implies (cr^™)^ = and thus a-p"' = (crj^™)"^. As for u, the system entails 
that, if a 7^ 0, then the entry (c^'")i3 = 0. But, as is apparent from Eq. (|A.2p (and 
from cr > 0), the determinant of the CM of any pure state has to be equal to 1. Now, 
working out the determinant of the global CM cr^™ under the assumptions (|A.12p . 
(|Al3| and s = t ^ (crq")i3 = one gets Dot cr^™ = (a + (^2 _ cr)/3)/(a - cr/3) 
with /? > (again from the strict positivity of cr^™ ), which is equal to 1 if and only 
if u = 0. Therefore, for pure three-mode Gaussian states, the matrix <t^™ can be 
made null by local symplectic operations alone on the individual modes. The entries 
of the symmetric positive definite matrix cr^™ are constrained by the necessity of 
Eqs. (|A.5P — which just determines a^™ — and (|A.12p . which is comprised of three 
independent conditions and further reduces the degrees of freedom of the state to 
the predicted value of three. An alternative proof of this is presented in Sec. 17.1.21 

[gaTi] . 

Let us also incidentally remark that the possibility of reducing the sub-matrix 
(Tqp to zero by local single-mode operations is exclusive to two-mode (pure and 
mixed) and to three-mode pure states. This is because, for general Gaussian states, 
the number of parameters of (Tqp after the local Williamson diagonalizations is given 
by N{N — 1) (two per pair of modes) and only A^ of these can be canceled out by 
the final local rotations, so that only for A^ < 3 can local operations render cTqp null. 
For pure states and N > 2 then, further N{N— l)/2 constraints on (Tqp ensue from 
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the antisymmetric condition (|A.6P : this number turns out to match the number of 
free parameters in a-qp for iV = 3, but it is no longer enough to make (Tqp null for 
pure states with > 4. This is further discussed in Chapter [TTl 

Summing up, we have rigorously determined the number of "locally irreducible" 
free parameters of pure Gaussian states [GA18| . unambiguously showing that the 
quantification and qualification of the entanglement (which, by definition, is pre- 
served under local unitary operations) in such states of N modes is completely 
determined by 1 parameter for N = 2 and {N'^ — 2N) parameters for iV > 2, as 
reported in Eq. (|2.56p . 
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